
A . , . ^.£": 

Chs,. No 


Bh. 

Isp^SSSSij^ja'ifr-^v - ' 'rssqi?i*7^ir,.v 


A COURSE IN MATHEMATICAL 



VOLUME I 


' <r^- - 


083 


fioT LIBRARY )g'^ 

'' ‘A; ■!_, /CODAlKAV-i^:^ 



ANALYSIS 



A COURSE IN MATHEMATICAL ANALYSIS 


VOLUME I 


DERIVATIVES AND 
DIFFERENTIALS 

DEFINITE INTEGRALS 

EXPANSION IN SERIES 

APPLICATIONS TO GEOMETRY 


BY 

EDOUARD GOURSAT 

TRANSLATED BY 
EARLE RAYMOND HEDRICK 


DOVER PUBLICATIONS, INC. 
NEW YORK 


lA Lib., 


Entered At Stationers' Hall 
Copyright, 1904, by 
Earle Raymond Hedrick 
All Rights Reserved. 

This new Dover edition first published in 1959 
is an unabridged and unaltered republication 
of the Hedrick Translation of A Course in 
Mathematical Analysis^ Volume I. This book is 
republished by permission of Ginn and Com- 
pany, the original publisher of this text. 


Manufactured in the United States of America. 


Dover Publications, Inc. 
180 Varick Street 
New York 14, N. Y. 



AUTHOR’S PREFACE 


This book contains, with slight variations, the material given in 
my course at the University of Paris. I have modified somewhat 
the order followed in the lectures for the sake of uniting in a single 
volume all that has to do with functions of real variables, except 
the theory of differential equations. The differential notation not 
being treated in the Classe de Mathematiques speciales,’’ * I have 
treated this notation from the beginning, and have presupposed only 
a knowledge of the formal rules for calculating derivatives. 

Since mathematical analysis is essentially the science of the con- 
tinuum, it would seem that every course in analysis should begin, 
logically, with the study of irrational numbers. I have supposed, 
however, that the student is already familiar with that subject. The 
theory of incommensurable numbers is treated in so many excellent 
well-known works t that I have thought it useless to enter upon such 
a discussion. As for the other fxindamental notions which lie at the 
basis of analysis, — such as the upper limit, the definite integral, the 
double integral, etc., — I have endeavored to treat them with all 
desirable rigor, seeking to retain the elementary character of the 
work, and to avoid generalizations which would be superfluous in a 
book intended for purposes of instruction. 

Certain paragraphs which are printed in smaller type than the 
body of the book contain either problems solved in detail or else 


♦An interesting account of French methods of instruction in mathematics will 
be found in an article by Pierpont, Bulletin Amer. Math. Societxf , y o\. VI, 2d series 
(1900), p. 226.— Trans. 

t Such boohs are not common in English. The reader is referred to Pierpont, 
Theory of Functions of Real VaHahles, Ginn & Company, Boston, 1906; Tannery, 
Lef;ons d’arithm^tique, 1900, and other foreign works on arithmetic and on real 
functions. 
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AIJTHOirs PREFACE 


siipplementary matter which the reader may omit at the first read- 
ing without inconvenience. Each chapter is followed by a list of 
examples which are directly illustrative of the methods treated in 
the chapter. Most of these examples have been set in examina- 
tions. Certain others, which are designated by an asterisk, are 
somewhat more difficult. The latter are taken, for the most part, 
from original memoirs to which references are made. 

Two of my old students at the IScole iN’ormale, M. fimile Cotton 
and M. Jean Clairin, have kindly assisted in the correction of proofs; 
I take this occasion to tender them my hearty thanks. 


January 27, 1902 


E. GOURSAT 


TKANSLATOE’S PKEFACE 


The translation of this Course was undertaken at the suggestion 
of Professor W. F. Osgood, whose review of the original appeared 
in the July number of the Bulletin of the American Mathematical 
Society in 1903. The lack of standard texts on mathematical sub- 
jects in the English language is too well known to require insistence. 
I earnestly hope that this book will help to fill the need so generally 
felt throughout the American mathematical world. It may be used 
conveniently in our system of instruction as a text for a second course 
in calculus, and as a book of reference it will be found valuable to 
an American student throughout his work. 

Few alterations have been made from the French text. Slight 
changes of notation have been introduced occasionally for conven- 
ience, and several changes and additions have been made at the sug- 
gestion of Professor Goursat, who has very kindly interested himself 
in the work of translation. To him is due all the additional matter 
not to be found in the French text, except the footnotes which are 
signed, and even these, though not of his initiative, were always 
edited by him. I take this opportunity to express my gratitude to 
the author for the permission to translate the work and for the 
sympathetic attitude which he has consistently assumed. I am also 
indebted to Professor Osgood for counsel as the work progressed 
and for aid in doubtful matters pertaining to the translation. 

The publishers, Messrs. Ginn & Company, have spared no pains to 
make the typography excellent. Their spirit has been far from com- 
mercial in the whole enterprise, and it is their hope, as it is mine, 
that the publication of this book will contribute to the advance of 


mathematics in America. 


E. R, HEDRICK 


August, 1904 
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A COURSE IN MATHEMATICAL 
AIS-ALYSIS 

CHAPTER I 

DERIVATIVES AND DIFFERENTIALS 
L FUNCTIONS OF A SINGLE VARIABLE 

1. Limits. When the successive values of a variable x approach 
nearer and nearer a constant quantity in such a way that the 
absolute value of the difference x — a finally becomes and remains 
less than any preassigned number, the constant a is called the 
limit of the variable x. This definition furnishes a criterion for 
determining whether a is the limit of the variable x. The neces- 
sary and sufficient condition that it should be, is that, given any 
positive number c, no matter how small, the absolute value of a; — a 
should remain less than c for all values which the variable x can 
assume, after a certain instant. 

Numerous examples of limits are to be found in Geometry 
and Algebra. Tor example, the limit of the variable quantity 
x = (a® — wF) f — 'w); as m approaches a, is 2 a j for a; — 2 a will 
be less than c whenever m -- a is taken less than c. Likewise, the 
variable £c = a — 1 /n, where is a positive integer, approaches the 
limit a when n increases indefinitely ; for a — a; is less than c when- 
ever Ti is greater than 1 /c. It is apparent from these examples that 
the successive values of the variable a;, as it approaches its limit, may 
form a continuous or a discontinuous sequence. 

It is in general very difficult to determine the limit of a variable 
quantity. The following proposition, which we will assume as self- 
evident, enables us, in many cases, to establish the existence of a limit. 

Any varidhle quantity which never decreases, and 'which always 
remains less than a constant q'UMntity L, a.pproaches a limit I, which 
is less than or at most equal to L. 

Similarly, any variable quantity icliich never increases, and which 
always remains greater than a coiistant quantity L , approaches a 
limit V, tahich is greater than or else equal to L, 

1 
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For example, if each of an infinite series of positive terms is 
less, respectively, than the corresponding term of another infinite 
series of positive terms which is known to converge, then the first 
series converges also ; for the sum of the first n terms evidently 
increases with n, and this sum is constantly less than the total sum 
5 of the second series. 

2. Functions. When two variable quantities are so related that 
the value of one of them depends upon the value of the other, they 
are said to be functions of each other. If one of them be sup- 
posed to vary arbitrarily, it is called the indejpendent variable. Let 
this variable be denoted by x, and let us suppose, for example, 
that it can assume all values between two given numbers a and h 
{a <h). Let y be another variable, such that to each value of x 
between a and h, and also for the values a and b themselves, there 
corresponds one definitely determined value of y. Then y is called 
a function of a;, defined in the interval (a, h ) ; and this dependence 
is indicated by writing the equation y = /(x). For instance, it may 
happen that y is the result of certain arithmetical operations per- 
formed upon X. Such is the case for the very simplest functions 
studied in elementary mathematics, e.g. polynomials, rational func- 
tions, radicals, etc. 

A function may also be defined graphically. Let two cobrdinate 
axes Ox^ Oy be taken in a plane ; and let us join any two points A 
and B of this plane by a curvilinear arc A CB, of any shape, which 
is not cut in more than one point by any parallel to the axis Oy. 
Then the ordinate of a point of this curve will be a function of the 
abscissa. ^ The arc ACB may be composed of several distinct por- 
tions which belong to different curves, such as segments of straight 
lines, arcs of circles, etc. 

In short, any absolutely arbitrary law may be assumed for finding 
the value of y from that of «. The word function, in its most gen- 
eral sense, means nothing more nor less than this : to every value of 
X corresponds a value of y. 

3. Continuity. The definition of functions to which the infini- 
tesimal calculus applies does not admit of such broad generality. 

et y -/(a) be a function defined in a certain interval (a, b), and 
let xo and x„ + h be two values of x in that interval. If the differ- 
ence /(x„ +;,) approaches zero as the absolute value of h 

approaches zero, the function f(x) is said to be continuous for the 
value X,. From the very definition of a limit we may also say that 
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a fimction f(x) is continmus for a; == aJo iff corresjiondmg to every 
positive number c, no matter how small^we can find a positive yium- 
her 77, such that 

1 f (xq + A) — / (xf) I < e 

for every value ofh less than rj in absolute value.^ We shall say that 
a function f(x) is continuous in an interval (a, b) if it is continuous 
for every value of x lying in that interval, and if the differences 

/(« + A) -/(«), f(h-h)-f{h) 

each approach zero when which is now to be taken only positive, 
approaches zero. 

In elementary text-books it is usually shown that polynomials, 
rational functions, the exponential and the logarithmic function, 
the trigonometric functions, and the inverse trigonometric functions 
are continuous functions, except for certain particular values of 
the variable. It follows directly from the definition of continuity 
that the sum or the product of any number of continuous functions 
is itself a continuous function ; and this holds for the quotient of 
two continuous functions also, except for the values of the variable 
for w'hich the denominator vanishes. 

It seems superfluous to explain here the reasons which lead us to 
assume that functions which are defined by physical conditions are, 
at least in general, continuous. 

Among the properties of continuous functions we shall now state 
only the two following, which one might be tempted to think were 
self-evident, but which really amount to actual theorems, of which 
rigorous demonstrations will be given later, t 

I. If the function y =f{x) is continuous in the interval (a, 5), and 
if N is a 7 iumber between f(<a) andf(b)j then the equatioyi f(x) = N 
has at least one root between a and b. 

II. There exists at least one value of x belonging to the interval 
(a, 6), inclusive of its end points, for which y takes on a value M 
which is greater than, or at least equal to, the value of the function at 
any other point in the interval. Likewise, there exists a value of x 
for which y takes on a value m, than which the function assumes no 
smaller value in the interval. 

The numbers M and m are called the maximum and the minimum 
values of f(x), respectively, in the interval (a-, hf It is clear that 


* The notation I a \ denotes the absolute value of a. 
t See Chapter IV. 
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the value of x for which/(a:) assumes its maximum value M, or the 
value of X corresponding to the mininaum m, may be at one of the 
end points, a or b. It follovrs at once from the two theorems above, 
that if N is a number between M and m, the equation /(a:) = JV has 
at least one root which lies between a and b. 

4. Examples of discontinuities. The functions which we shall study 
will be in general continuous, but they may cease to be so for 
certain exceptional values of the variable. We proceed to give 
several examples of the kinds of discontinuity which occur most 
frequently. 

The function y = 1 / (a: — as) is continuous for every value Xo of 
X except as. The operation necessary to determine the value of y 
from that of x ceases to have a meaning when x is assigned the 
value as; but we note that when x is very near to a the absolute 
value of y is very large, and y is positive or negative with x - a. 
As the difference x — a dmiinishes, the absolute value of y increases 
indefinitely , so as eventually to become and remain greater than any 
preassigned number. This phenomenon is described by saying that 
y becomes infinite when as == a. Discontinuity of this kind is of 
great importance in Analysis. 

Let us consider next the function y = sin 1 /as. As as approaches 
zero, 1/as increases indefinitely, and y does not approach any limit 
whatever, although it remains between + 1 and — 1. The equation 
sinl/as=A, where |A|<1, has an infinite number of solutions 
which lie between 0 and e, no matter how small e be taken. What- 
ever vdue be assigned to y when as = 0, the function under con- 
sideration cannot be made continuous for as = 0. 

An example of a still different kind of discontinuity is given by 
the coEYergent infiEite series 


S(x) = 05 ^ 4 - 


l-f 


■-I- 


(1 + xy 


+ ■ 


men as approaches zero, S (as) approaches the limit 1, although 
5(0) = 0 For, when a: = 0, every term of the series is zero, and 
hence S (0) _ 0. But if as be given a value different from zero, a 
geometric progression is obtained, of which the ratio is 1/(1 -f as»). 

HieEce 


CM- . aVl + as*-) , 

S(as)_ 


l-fas* 
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and the limit of S (x) is seen to be 1. Thus, in this example, the 
function approaches a definite limit as x approaches zero, hut that 
limit is different from the value of the function for x = 0. 

5. Derivatives. Let/(x) be a continuous function. Then the two 
terms of the quotient 

f(x + h)-f(x) 
h 

approach zero simultaneously, as the absolute value of A approaches 
zero, while x remains fixed. If this quotient approaches a limit, 
this limit is called the derivative of the function /(x), and is denoted 
by y\ or by f* (x), in the notation due to Lagrange. 

An important geometrical concept is associated with this analytic 
notion of derivative. Let us consider, in a plane XOY, the curve 
AMB, which represents the function y=f(x), which we shall assume 
to be continuous in the interval {a, b). Let M and M' be two points 
on this curve, in the interval (a, h), and let their absciss© be x and 
X + h, respectively. The slope of the straight line MM' is then 
precisely the quotient above. Now as h approaches zero the point 
M' approaches the point M j and, if the function has a derivative, 
the slope of the line AfAf' approaches the limit y'. The straight line 
MM', therefore, approaches a limiting position, which is called the 
tangent to the curve. It follows that the equation of the tangent is 

i"-y = y(A-x), 

where X and Y are the running coordinates. 

To generalize, let us consider any curve in space, and let 

*=/(<)) y = = 

be the coordinates of a point on the curve, expressed as functions of 
a variable parameter t. Let M and M' be two points of the curve 
corresponding to two values, t and t -(- A, of the parameter. The 
equations of the chord MM' are then 

^ -m L -<#-(«) „ Z-,Kt) 

f(f + h)-f{t) <t>(t + h)-^(t) ^(t + h)-^{t) 

If we divide each denominator by A and then let A approach zero, 
the chord MM’ evidently approaches a limiting position, which is 
given by the equations 
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providBdj of coursoj tli3<t 63.cli of th.6 tluoG functions 

possesses a derivative. The determination of the tangent to a curve 

thus reduces, analytically, to the calculation of derivatives. ^ 

Every function which possesses a derivative is necessarily con- 
tinuous, but the converse is not true. It is easy to give examples 
of continuous functions which do not possess derivatives lor par- 
ticular values of the variable. The function y = a; sin 1 /a*, for 
example, is a perfectly continuous function of ar, for a; = 0,* and y 
approaches zero as x approaches zero. But the ratio y /x = sinl/x 
does not approach any limit whatever, as we have already seen. 

Let us next consider the function y = x\ Here y is continuous 
for every value of x ; and y = 0 when a; = 0. But the ratio y /x=x 
increases indefinitely as x approaches zero. For abbreviation the 
derivative is said to be infinite for x — the curve which repre- 
sents the function is tangent to the axis of y at the origin. 

Finally, the function 

y = 1 

1+ e* 


is continuous at cc = 0,* but the ratio y /x approaches two different 
limits according as x is always positive or always negative while 
it is approaching zero. When x is positive and small, is posi- 
tive and very large, and the ratio y / x approaches 1 . But if x 
is negative and very small in absolute value, is very small, and 
the ratio y /x approaches zero. There exist then two values of the 
derivative according to the manner in which x approaches zero : the 
curve which represents this function has a corner at the origin. 

It is clear from these examples that there exist continuous func- 
tions which do not possess derivatives for particular values of the 
variable. But the discoverers of the infinitesimal calculus confi- 
dently believed that a continuous function had a derivative in ge7i- 
eral Attempts at proof were even made, but these were, of course, 
fallacious. Finally, Weierstrass succeeded in settling the question 
conclusively by giving examples of continuous functions which do not 
possess derivatives for any values of the variable whatever.t But 
as these functions have not as yet been employed in any applications, 

* After the value zero has been assigned to y for a: = 0. — Translatok. 

t Note read at the Academy of Sciences of Berlin, July 18, 1872. Otlier examples 
are to be found in the memoir by Darboux on discontinuous functions {Ajinales tU 
VEcole Normale Sup^rieure, Vol. IV, 2d series.). One of Weierstrass’s examples is 
given later (Chapter IX) . 
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we shall not consider them here. In the future, when we say that 
a function /(a;) has a derivative in the interval {a, h), we shall mean 
that it has an unique finite derivative for every value of x between 
a and h and also for x a (h being positive) and for x =z h (Ji being 
negative), unless an explicit statement is made to the contrary. 

6. Successive derivatives. The derivative of a function f(x) is in 

general another function of x, f\x). li f\x) in turn has a deriva- 
tive, the new function is called the second derivative of /(a:), and is 
represented by if or by f\x). In the same way the third deriva- 
tive or f'^(x), is defined to be the derivative of the second, and 
so on. In general, the ^th derivative y<">, or is the deriva- 

tive of the derivative of order - 1). If, in thus forming the 
successive derivatives, we never obtain a function which has no 
derivative, we may imagine the process carried on indefinitely. In 
this way we obtain an unlimited sequence of derivatives of the func- 
tion fi(po) with which we started. Such is the case for all functions 
which have found any considerable application up to the present 
time. 

The above notation is due to Lagrange. The notation 7)„y, or 
Ai/(^)> <1^® to Cauchy, is also used occasionally to represent the 
wth derivative. Leibniz’ notation will be given presently. 

7. Rollers theorem. The use of derivatives in the st\idy of equa- 
tions depends upon the following proposition, which is known as 
Boilers TheoreTTi : 

Let a and h he two roots of the equation f(x) = 0. If the function 
f(x) is contimious and possesses a derivative in the interval (a, h)^ 
the equation fi (x^ = 0 has at least one root which lies between a and b. 

For the function f(x) vanishes, by hypothesis, for x — a and x = h. 
If it vanishes at every point of the interval (a, b), its derivative also 
vanishes at every point of the interval, and the theorem is evidently 
fulfilled. If the function f(x) does not vanish throughout the inter- 
val, it will assume either positive or negative values at some points. 
^'•■‘•Ppose, for instance, that it has positive values. Then it will have 
a maximum value M for some value of Xj say which lies between 
a and ^ (§ 3, Theorem II). The ratio 

f(xi -b h) -f(xi) 

h ' 
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where h is taken positive, is necessarily negative or else zero. 
Hence the limit of this ratio, i.e. /'(a^i), cannot be positive; i.e. 
/X^i) S ^ consider f(xi) as the limit of the ratio 

-h 

where Ji is positive, it follows in the same manner that f(x^ > 0. 
From these two results it is evident that/'(a;i) = 0. 

8. Law of the mean. It is now easy to deduce from the above 
theorem the important law of the mean:* 

Let f(x) he a continuous function which has a derivative in the 
interval (a, 6). Then 

(1) f(p)^f(a) = (b^a)f{c), 

where c is a number between a and h. 

In order to prove this formula, let <#> {x) be another function which 
has the same properties as /(a;), i.e. it is continuous and possesses a 
derivative in the interval (a, h'). Let us determine three constants, 
A, R, C, such that the auxiliary function 

(cc) = Af(x) 4- (a?) H- C 

vanishes for x = a and for x = h. The necessary and sufficient 
conditions for this are 

Af(a) -f R <#> (a) 4- C = 0 , A f{h) + B ^(h) Q \ 

and these are satisfied if we set 

A = <;> (a) - <#> (&), B =f{b) C ^f{a) {b) ^f(h) <t> (^). 

The new function \p(x) thus defined is continuous and has a derivative 
in the interval (a, b). The derivative xf/'ix) = Af(x) 4- B <j>Xx) there- 
fore vanishes for some value e which lies between a and by whence, 
replacing A and B by their values, we find a relation of the form 

(1') [<;. (J) - <f> (a)] f{e) = [/(J) -/(a)] <j>'(c). 

It is merely necessary to take <j>(x)=^x in order to obtain the equality 
which was to be proved. It is to be noticed that this demonstration 
does not presuppose the continuity of the derivative /'(x). 


* “ Formule des accroissements finis.’* The French also use “ Formule de la 
moyenne ” as a synonym. Other English synonyms are “ Average value theorem ” 
and “Mean value theorem.” — Trans. 
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From the theorem just proven it follows that if the derivative 
f'(x) is zero at each point of the interval {a, h), the function f(x) 
has the same value at every point of the interval ; for the applica- 
tion of the formula to two values Xi, x^, belonging to the interval 
(a, d), gives f(xi) =f(x^. Hence, if two functions have the same 
derivative, their difference is a constant; and the converse is evi- 
dently true also. If a function F(x) he given whose derivative is 
f{x), all other functions which have the same derivative are fotind hy 
adding to F(x) an arbitrary constant^ 

The geometrical interpretation of the equation (1) is very simple. 
Let us draw the curve A MB which represents the function y =f(x) 
in the interval (a, b). Then the ratio \_f(b) — /(«)]/ (J — a) is the 
slope of the chord AR, while f\c) is the slope of the tangent at a 
point C of the curve whose abscissa is c. Hence the equation (1) 
expresses the fact that there exists a point C on the curve AMB^ 
between A and R, where the tangent is parallel to the chord AB, 
If the derivative f(z) is continuous, and if we let a and h approach 
the same limit Xq according to any law whatever, the number c, 
which lies between a and b, also approaches Xq, and the equation (1) 
shows that the limit of the ratio 

m-m 

b a 

is /'(xo)* The geometrical interpretation is as follows. Let us 
consider upon the curve y =/(x) a point M whose abscissa is Xq, 
and two points A and B whose abscissae are a and 5, respectively. 
The ratio [/(^)-~/(a)]/(^> — a) is equal to the slope of the chord 
AR, while f(x^ is the slope of the tangent at M, Hence, when 
the two points A and B approach the point M according to any law 
whatever, the secant AB approaches, as its limiting position, the 
tangent at the point AT. 


* This theorem is sometimes applied without due regard to the conditions imposed in 
its statement. Let / (a) and 0 (x ) , for example, he two continuous functions which have 
derivatives /'(«), in an interval (a, h). If the relation f'{x) 4>{x) —f{x) tf>''{x) = 0 

is satisfied hy these four functions, it is sometimes accepted as proved that the deriva- 
tive of the function// <p, or [f'(x) <f> (x) — /(») is zero, and that accordingly 

//0 is constant in the interval (a, 6). But this conclusion is not absolutely rigorous 
unless the function (p (x) does not vanish in the interval (a, &). Suppose, for instance, 
that <p (x) and ^^(x) both vanish for a value c between a and 6. A function /(«) equal 
to Gi4>{x) between a and c, and to Ci4>{x) between c and b, where Ci and are dif- 
ferent constants, is continuous and has a derivative in the interval (a, 6), and we have 
f'{x)<p{x) -~fix)tf>'(x) = 0 for every value of x in the interval. The geometrical 
interpretation is apparent. 
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This does not hold in general, however, if the derivative is not 
continuous. For instance, if two points be taken on the curve 
y = a;*, on opposite sides of the y axis, it is evident from a figure 
that the direction of the secant joining them can be made to approach 
any arbitrarily assigned limiting value by causing the two points to 
approach the origin according to a suitably chosen law. 

The equation (!') is sometimes called the generalized law of the 
mean. From it de I’Hospital’s theorem on indeterminate forms fol- 
lows at once. For, suppose /(a) = 0 and if,(a) = 0. Replacing 6 
by * m m, w« SBl 

4>(x) ci>Xxiy 

where lies between a and x. This equation shows that if the 
ratio f(x) oupP’^oaches a limit as x approaches a, the ratio 

f{x)/4>(x) approaches the same limit, iff(a) — 0 and <^(a) = 0. 

9. Generalizations of the law of the mean. Various generalizations of the law 
of the mean have been suggested. The following one is due to Stieltjes (Bulletin 
de la Socim MatMmatique, Vol. XVI, p. 100). Tor the sake of definiteness con- 
sider three functions, /(x), g{x), h{x), each of which has derivatives of the first 
and second orders. Let a, 6, c be three particular values of the variable (a < 6 < c). 
Let ^ be a number defined by the equation 


and let 




/(a) g{a) h(a) 


1 a a2 

/(6) g(h) h{h) 


1 & 62 

/(c) g(c) h(c) 


1 C C2 

f(a) g(a) h{a) 


1 a a2 

f (b) g (h) h (b) 

^A 

1 6 62 

f(x) g{x) h{x) 


1 X x2 


= 0 , 



9 {a) 

h{a) 


1 

a 

a2 

f{f>) 

9(b) 

ft (6) 

-A 

1 

6 

62 

f'(D 

9'(t) 

h'(l) 


0 

1 

2r 


be an auxiliary function. Since this function vanishes when x = 6 and when 
X = c, its derivative must vanish for some value f between h and c. Hence 


= 0 . 


If & be replaced by x in the left-hand side of this equation, we obtain a function 
of X which vanishes when x = a and when x = b. Its derivative therefore van- 
ishes for some value of x between a and &, which we shall call f. The new 
equation thus obtained is 


= 0 . 


Pinally, replacing ^-hy x in the left-hand side of this equation, we obtain a func- 
tion of X which vanishes when x = ^ and when x = Its derivative vanishes 


/(“) 

S' (a) 

A (a) 


1 

a 

a2 

/'(«) 

9'(i) 

m 

-A 

0 

1 

2^ 

Af) 

9'(l) 

m 


1 0 

1 

2f 
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for some value 77, wliich lies between $ and f and therefore between a and c. 
Hence A must have the value ^ 

/ (a) g (a) h (a) 

/'(«) 9 '{^) *'(0 . 

/"W 9 "{v) 

where $ lies between a and 6, and 77 lies between a and c. 

This proof does not presuppose the continuity of the second derivatives 
f"{x), g"{x), h"{x). If these derivatives are continuous, and if the values a, 6, c 
approach the same limit Xo, we have, in the limit, 

/ {xo) g (xo) h (xo) 
f' («o) g' {Xo) h' (xo) 
f"{xo) g"{xo) h"{xo) 

Analogous expressions exist for n functions and the proof follows the same 
lines. If only two functions f{x) and g (x) are taken, the formulse reduce to the 
law of the mean if we set g (x) = 1. 

An analogous generalization has been given by Schwarz {Annali di Mathe- 
matical 2 d series, Vol. X). 

11 . FUNCTIONS OF SEVERAL VARIABLES 

10. Introduction. A variable quantity a> whose value depends on 
the values of several other variables, x, y, z, •••, t, which are in- 
dependent of each other, is called a function of the inde^^end- 
eM variables x, y, z, • t; and this relation is denoted by writing 
<0 =f(Xj y,Zy • • ' ,f). For definiteness, let us suppose that m = y) 
is a function of the two independent variables x and y. If we think 
of X and y as the Cartesian coordinates of a point in the plane, 
each pair of values (x, y) determines a point of the plane, and con- 
versely. If to each point of a certain region A in the xy plane, 
bounded by one or more contours of any form whatever, there 
corresponds a value of w, the function f(x, y) is said to be defined 
in the region A. 

Let (xo, yo) he the coordinates of a point hi this region. 

The function /(x, y) is said to be continuous for the pair of values 
(xo, yo) if corresponding to any preassigned positive number e, another 
positive number rj exists such that 

I /(xo + A, 2/0 + A) — /(ajo, 2/0) I < « 

whenever \h\<.rj and 1 7 c | < 17. 

This definition of contihuity may be interpreted as follows. Let 
us suppose constructed in the xy plane a square of side 2 rj about 
Mq as center, with its sides parallel to the axes. The point 


lim^ = 


1.2 
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whose coordinates are Xq 4* 2^o + h inside this square, if 

\h\<yiBJ}.d\k\<rj. To say that the function is continuous for the 
pair of values (aso, yo) amounts to saying that by taking this square 
sufficiently small we can make the difference between the value of 
the function at Mo and its value at any other point of the square less 
than c in absolute value. 

It is evident that we may replace the square by a circle about 
fxoy yo) as center. For, if the above condition is satisfied for all 
points inside a square, it will evidently be satisfied for all points 
inside the inscribed circle. And, conversely, if the condition is 
satisfied for all points inside a circle, it will also be satisfied for all 
points inside the square inscribed in that circle. We might then 
define conti nuity by saying that an exists for every c, such that 
whenever ^ we also have 

\f(^o + 2/0 + *) Vo) 1 < c- 

The definition of continuity for a function of 3, 4, • • • , n inde- 
pendent variables is similar to the above. 

It is clear that any continuous function of the two independent 
variables x and y is a continuous function of each of the variables 
taken separately. However, the converse does not always hold.* 

11. Partial derivatives. If any constant value whatever be substi- 
tuted for y, for example, in a continuous function f(x, y), there 
results a continuous function of the single variable x. The deriva- 
tive of this function of x, if it exists, is denoted by f^(x, y) or by 
Likewise the symbol or fy (ac, y), is used to denote the derivative 
of the function /(x, y) when x is regarded as constant and y as the 
independent variable. The functions (x, y) and fy (x, y) are called 
the jpartial derivatives of the function /(x, y). They are themselves, 
in general, functions of the two variables x and y. If we form their 
partial derivatives in turn, we get the partial derivatives of the sec- 
ond order of the given function /(x, y). Thus there are four partial 
derivatives of the second order, /^(x, y),f^y(Xj y),fpx(^) 2/)- 

The partial derivatives of the third, fourth, and higher orders are 

♦ Consider, for instance, the function/ (aj, j/), which is equal to2xy / •+■ y'^) when 
the two variahles aj and y are not both zero, and which is zero when x = y = 0. It is 
evident that this is a continuous function of x when y is constant, and vice versa. 
Nevertheless it is not a continuous function of the two independent variables x and y 
for the pair of values a; = 0, y = 0. For, if the point (a;, y) approaches the origin upon 
the line a; = y, the function/ (x, y) approaches the limit 1, and not zero. Such functions 
have been studied by Baire in his thesis. 
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defined similarly. In general, given a function o) = /(a:, y, 
of any number of independent variables, a partial derivative of the 
nth order is the result of n suceessive differentiations of the function 
/, in a certain order, with respect to any of the variables which occur 
in /. We will now show that the result does not depend upon the 
order in which the differentiations are carried out. 

Let us first prove the following lemma : 

Let to = /(£c, y) he a fwiietion of the two variables x and y. Then 
fxy = fyxi provided that these two derivatives are continuous. 

To prove this let us first write the expression 

U =/(£C -f Acc, y + Ay) -f(x, y + Ay) -f(x + Aa;, y) -f-/(a;, y) 

in two different forms, where we suppose that x, y, Aa:, Ay have 
definite values. Let us introduce the auxiliary function 

(^) =/(^ + 

where v is an auxiliary variable. Then we may write 
17 = <#>(y4-Ay)--<;>(y). 

Applying the law of the mean to the function <l>{v)^ we have 
U" = Ay <^/y 4- ^Ay), where 0 < ^ < 1 ; 
or, replacing </>y by its value, 

U = Ay [/,(a; + Aa;, y + e^y) y + ^Ay)]. 

If we now apply the law of the mean to the function (w, y + 6^y), 
regarding u as the independent variable, we find 

U = ^x t^yfy^ {x + & ^x, y 4* B^y), 0 < < 1. 

From the symmetry of the expression U in x, y, Aaj, Ay, we see that 
we would also have, interchanging x and y, 

U =:^/^y (x 4 Aa;, y 4 Ay), 

where 0i and 0[ are again positive constants less than unity. Equat- 
ing these two values of U and dividing by Aas Ay, we have 

f^{x 4 B[^x, y 4 ^1 Ay) ^fy^ix 4 Aa, y 4 B^y). 

Since the derivatives Xy (a;, y) 2 jsAfy^{x, y) are supposed continuous, 
the two members of the above equation approach (a;, y) and 
fyx(x, y), respectively, as Acc and Ay approach zero, and we obtain 
the theorem which we wished to prove. 
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It is to be noticed in the above demonstration that no hypothesis 
whatever is made concerning the other derivatives of the second order, 
and fyi. The proof applies also to the case where the function 
f(x, y) depends upon any number of other independent variables 
besides x and y, since these other variables would merely have to 
be regarded as constants in the preceding developments. 

Let us now consider a function of any number of independent 

variables, .v 

Vy Vi 


and let O be a partial derivative of order n of this function. Any 
permutation in the order of the differentiations which leads to D 
can be effected by a series of interchanges between two successive 
differentiations; and, since these interchanges do not alter the 
result, as we have just seen, the same will be true of the permuta- 
tion considered. It follows that in order to have a notation which 
is not ambiguous for the partial derivatives of the ?zth order, it is 
sufficient to indicate the number of differentiations performed with 
respect to each of the independent variables. For instance, any wth 
derivative of a function of three variables, to =f(x, y, «), will be 
represented by one or the other of the notations 

tfxPyiz^ (x, ?/, z), D^py,,rf(x, y, z), 

where + r = Either of these notations represents the 

result of differentiating / successively p times with respect to x, 
q times with respect to y, and r times with respect to z, these oper- 
ations being carried out in any order whatever. There are three 
distinct derivatives of the first order, Z^., fy, six of the second 
order, 4=, /,*, 

f cyJ ; and so on. 

In general, a function of p independent variables has just as many 
distinct derivatives of order n as there are distinct terms in a homo- 
geneous polynomial of order nm p independent variables ; that is, 


(?i -f 1) (?i -h 2) • * • (w. -f ^ - 1) 
1.2. ’ 


as is shown in the theory of combinations. 


Fractical rules, A certain number of practical rules for the cal- 
culation of derivatives are usually derived in elementary books on 


=*^The notation ?/, z) is used instead of the notation (a:, y, z) for 

simplicity. Thus the notation /ay (k, y), used in place of y), is simpler and 
equally clear. — Trans. 
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the Calculus. A table of sucli rules is appended, the function and 
its derivative being placed on the same line : 

y = a®, y' = ; 

y = y* = log a, 

where the symbol log denotes the natural logarithm ; 


y = log X, 


y = sin X, 

y' = cos X ; 

y = cos 

y' = — sin a; ; 

y == arc sin x, 

y = — T==; 

±Vl-a:^ 

y = arc tan x, 

y' ~ T ~ — 

1 -l-x^ 

y=zuv, 

f zzzXl'v -H 

u 

^ V 

, u'v — uv\ 

2/'= > 

y =/(“)> 

y* =/'(«) “a:! 

< 

11 

yx ~ '^^xfu d” ^Xi/u ”1- ‘^xfw 


The last two rules enable us to find the derivative of a function 
of a function and that of a composite function if fuifv^fw con- 
tinuous. Hence we can find the successive derivatives of the fac- 
tions studied in elementary mathematics, — polynomials, rational 
and irrational functions, exponential and logarithmic functions, 
trigonometric functions and their inverses, and the functions deriv- 
able from all of these by combination. 

For functions of several variables there exist certain formulse 
analogous to the law of the mean. Let us consider, for definite- 
ness, a function f(x, y) of the two independent variables x and y. 
The difierence/(a; + y + h) -/(a;, y) may be written in the form 

fix + A, y + h) -^f(x, y) = [f(x -h A, y + A) ~f(x, y -h A)] 

4-[/(a^, y + A)-/(x, y)], 

to each part of which we may apply the law of the mean. We 
thus find 

f(x + h,y + k) -f(x, y) = hMx + eh, y + k)+ kf,(x, y + B'k), 

where 6 and & each lie between zero and unity. 

This formula holds whether the derivatives/, aad/„ are continu- 
ous or not. If these derivatives are continuous, another formu a, 
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similar to the above, but involving only one undetermined number 
may be employed,* In order to derive this second formula, con- 
sider the auxiliary function -i- ht^ y + let), where x, y, h, 

and h have determinate values and t denotes an auxiliary variable. 
Applying the law of the mean to this function, we find 

4 >( 1 ) - (#>( 0 )= <^'(^), 0 < 0 < 1 . 

Now 4*(t) is a composite function of t, and its derivative <f>\t) is 
equal to hf^ {x + ht, y Jet) -f kf^ (x + ht, y + kt ) ; hence the pre- 
ceding formula may be written in the form 

f(x -f A, 2^ 4- A) -“/(a?, y) = hfx{^ -h ?/ 4- Ok) 4- kfy(x + dh, y-\-ek), 

12. Tangent plane to a surface. We have seen that the derivative 
of a function of a single variable gives the tangent to a plane curve. 
Similarly, the partial derivatives of a function of two variables occur 
in the determination of the tangent plane to a surface. Let 

(2) s — F{x,y) 

be the equation of a surface S, and suppose that the function F(x, y), 
together with its first partial derivatives, is continuous at a point 
(ajo, 2/o) of the xy plane. Let «o be the corresponding value of 
and ilfo (aJoj 2/o> «o) the corresponding point on the surface 5. If 
the equations 

( 3 ) *=/(<). ^ = 

represent a curve C on the surface S through the point Mo, the 
three functions f(t)} <f>(t), ijr(t), which we shall suppose continuous 
and differentiable, must reduce to Xq, yo, Zq, respectively, for some 
value ^0 of tbio parameter t. The tangent to this curve at the point 
Mo is given by the equations (§ 5) 

ri\ X — Xq _ Y^-yo _ Z -Zq 

f(to) n^o) ’ 

Since the curve C lies on the surface S, the equation ^(t)=:Fl_f(t), fl>(t)2 
must hold for all values of that is, this relation must be an identity 

* Another formula may be obtained which involves only one undetermined number 
and which holds even when the derivatives and/^ are discontinuous. For the applica- 
tion of the law of the mean to the auxiliary function <f> (t) =f {x ■}-ht,y+ k) 4/(a;, y 4 kt) 
gives 

^(1)-0(O) = ^'(^), o<e<i, 

or 

fix + A, 2/ + Aj) -fix, y) = A^(aj + y + fc) + kfyiz, y + dk), 0<^<1. 

The operations performed, and hence the final formula, all hold provided the deriva- 
tives/* and fy merely exist at the points (« 4 y 4 A;) , («, y + JfcO , 0 ^ t ^ 1 . Trans. 
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in t. Taking the derivative of the second member by the rule for 
the derivative of a composite function, and setting t == we have 

(5) 

We can now eliminate /'(^o)? between the equations (4) 

and (5), and the result of this elimination is 

^6) ^ = (A — £Co) "h yo) 

This is the equation of a plane which is the locus of the tangents to 
all curves on the surface through the point Mq. It is called the tan- 
gent plane to the surface. 

13. Passage from increments to derivatives. We have defined the successive 
derivatives in terms of each other, the derivatives of order n being derived from 
those of order (n - 1), and so forth. It is natural to inquire whether we may 
not define a derivative of any order as the limit of a certain ratio directly, with- 
out the intervention of derivatives of lower order. We have already done sonae- 
thing of this kind for (§ 11) ; for the demonstration given above shows that/^y 
is the limit of the ratio 


/(x + Aa;, y 4- Ay) -/(x + Ax, y) y + Ay) +/ (g, V) 

Ax ^y 

as Ax and Isotli approach zero. It can he shown in like manner that the 
second derivative f" of a function /(x) of a single variable is the limit of the 

f(x + fti + Aji) — /(g + fti) —f¥ + M +/(x) 

h\h^ 

as hi and ^ both approach zero. 

For, let us set ^ v .p/ , \ 

/iW =/(a^ + fei) -’/(«)» 

and then write the above ratio in the form 

/i(g + ^2) - M^) , 0<«<1; 

hi hi' hi 

or 

/'(X + fti + e7ii)-f'(.x + ehj) 0 < 9' < 1. 

hi 

The limit of this ratio is therefore the second derivative Provided that 

derivative is continuous. , „ ^ 

Passing now to the general case, let ns consider, for definiteness, a function of 

three independent variables, a =/(®, Vi ^)- 

Aju =/(x + h,y,z) -ftp, y, *). 

=/(x, y + k,z) -/(X, y, z), 

A* w =/{x, 2/, 2 ; + 1) — /(Xi y. *)i 

whereA»u A* w. A' u are the Jlrsf increments of u. If we consider ft, fas given 
constante, then these three first increments are themselves ^ 

and we may form the relative increments of these functions corresponding to 
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increments h., ki, h of the variables. This gives us the second increments, 
A* w A^'i A"^' w, • • • . This process can be continued indefinitely ; an increment 
of order would be defined as a first increment of an increment of order {n - 1 ). 
Since we may invert the order of any two of these operations, it will be suffi- 
cient to indicate the successive increments given to each of the variables. An 
increment of order n would be indicated by some such notation as the following : 

A<»)« = A** • A*' aJ' • • • A*’A'i • • ■ iJ; fix, y, z), 

where p -f g + r = n, and where the increments h, k, I may be either equal or 
unequal. This increment may be expressed in terms of a partial derivative of 
order n, being equal to the product 

hihi • * * kpk^l • * * kqli • ' ■ Ir 

X fxPy 7 z^{^ -I- 0i/ii + • • • + dphp, y 4* Biki 4- - • . + Bqkq, z 4* Oi'h -f • • • 4- 
where every 6 lies between 0 and 1. This formula has already been proved for 
first and for second increments. In order to prove it in general, let us assume 
that it holds for an increment of order (n - 1 ), and let 

^ (®, y, z) = Al^... iif a‘> - . - aJ’ A^ • ■ a'' f. 

Then, by hypothesis, 

<^(X, y, z) = h- • -kph - • 'kgh' • • L/a;P-ly9^r(X + ^ 2 ^ 2 ^ 2 / 4" * * * , 2 4" * * *)• 

But the nth increment considered is equal to 4- — 0 (x, y, 2 ) ; and if we 

apply the law of the mean to this increment, we finally obtain the formula sought. 
Conversely, the partial derivative fxvytz^ is the limit of the ratio 

A^> A> ■ ■ ■ A^f A^;- ■ • • A;» a'' ■ ■ ■ A^/ 

hi hz ' ' ' hpkik^’^ ’ 'kqli ‘ ' • Ir 

as all the increments h, k, I approach zero. 

It is interesting to notice that this definition is sometimes more general than 
the usual definition. Suppose, for example, that w =:/(x, y) = 0 (x) + vt' (y) is a 
function of x and y, where neither 0 nor 0 has a derivative. Then a, also has 
no first derivative, and consequently second derivatives are out of the question, 
in the ordinary sense. Nevertheless, if we adopt the new definition, the deriva- 
tive fxy is the limit of the fraction 

fix 4- /i, y 4- -/(® + y) y -f y) 

_____ 

which is equal to 

0 (X 4 - /i) + 0 (y 4 k) - 0 (X 4 ^ (y) - 0 (X) - 0 iV fM . 

_ — — - 

But the numerator of this ratio is identically zero. Hence the ratio approaches 
zero as a limit, and we find fa-y = 0.^ 

* A similar remark may be made regarding functions of a single variable. For 
example, the fanction/(x) = xS cos l/x has the derivative 

1 . 1 

r (x) = ax2 cos ~ 4 X sm - , 

aiid/''(x) has no derivative for x = 0. But the ratio 
/(2a)-2/ (tr)4/(0) . 

cx'i 

or 8 a cos (1/2 a) — 2 a cos (1/ a), has the limit zero when a approaches zero. 
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III. THE DIFFERENTIAL NOTATION 

The differential notation, which has been in use longer than any 
other,* is due to Leibniz. Although it is by no means indispensable, 
it possesses certain advantages of symmetry and of generality which 
are convenient, especially in the study of functions of several varia- 
bles. This notation is founded upon the use of infinitesimals. 

14. Differentials. Any variable quantity which approaches zero as 
a limit is called an infinitely small quantity^ or simply an infinitesi- 
mal. The condition that the quantity be variable is essential, for 
a constant, however small, is not an infinitesimal unless it is zero. 

Ordinarily several quantities are considered which approach zero 
simultaneously. One of them is chosen as the standard of compari- 
son, and is called the principal infinitesimal. Let a be the principal 
infinitesimal, and jS another infinitesimal. Then /B is said to be an 
infinitesimal of higher order tvith respect to a, if the ratio p/a 
approaches zero with a. On the other hand, P is called an infini- 
tesimal of the first order with respect to a, if the ratio p/a 
approaches a limit K different from zero as a approaches zero. In 
this case 

^ = X + £, 

a 

where e is another infinitesimal with respect to a. Hence 
p== a (K -^ €)= Ka «c, 

and Ka is called the principal part of p. The complementary term 
ac is an infinitesimal of higher order with respect to a. In general, 
if we can find a positive power of «, say a", such that p / 
approaches a finite limit K different from zero as a approaches 
zero, p is called an infinitesimal of order n with respect to a. Then 
we have 

a" 


P = a” (K -j- c) = Ka” -f- a”€. 

The term Ka” is again called the principal part of p. 

Having given these definitions, let us consider a continuous func- 
tion y z=:f(x)j which possesses a derivative Let Ax be an 


* With the possible exception of Newton’s notation, — Teans. 
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ineremeat of x, and let Ay denote the corresponding increment of y. 
From the very definition of a derivative, we have 


A.y 




where c approaches zero with Ax. If Ax be taken as the principal 
infinitesimal. Ay is itself an infinitesimal whose principal part is 
f'(x) Ax.^ This principal part is called the differential of y and is 
denoted by dy, 

dy —f(x)Ax. 

When f(x) reduces to x itself, the above formula becomes dx^ Ax \ 
and hence we shall write, for symmetry, 

dy=f{x)dxy 

where the increment dx of the independent variable x is to be given 
the same fixed value, which is otherwise arbitrary and of course 
variable, for all of the several dependent 
functions of x which may be under consid- 
eration at the same time. 

Let us take a curve C whose equation is 
y a^d consider two points on it, M 

and M\ whose abscissae are x and x + dx^ 
respectively. In the triangle MTN we have 

NT = MN tan Z TMN = dxf(x). 

Hence NT represents the difierential dy, 
while Ay is equal to NM\ It is evident from the figure that M'T 
is an infinitesimal of higher order, in general, with respect to NT, 
as M approaches M, unless MT is parallel to the a: axis. 

Successive differentials may be defined, as were successive deriv- 
atives, each in terms of the preceding. Thus we call the differ- 
ential of the differential of the first order the differential of the 
second order, where dx is given the same value in both cases, as 
above. It is denoted by d‘^y\ 

dPy = d {dy) = [/"(k) dx] dx =f\x) {dxy. 

Similarly, the third differential is 



d?y = d{d^y) = [/''(k) da?]dx =f"(x) {dx)\ 


* Strictly speaking, we should here exclude the case where /T®) =: 0. 
ever, convenient to retain the same definition of dy =.f'{z) in this 
even though it is not the principal part of Ay. Trans. 


It is, how- 
case also, 
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and so on. In general, the difiEerential of the differential of order 
(n — 1) is 

==/^"i(a:) dx\ 

The derivatives f(x), /"(*), • • /<»)(»), ... can be expressed, on 
the other hand, in terms of differentials, and we have a new nota- 
tion for the derivatives : 


^ dx 


dx^ 


Un->, 


. d’‘y 
cZa:’*’ 


To each of the rules for the 'calculation of a derivative corresponds 
a rule for the calculation of a differential. For example, we have 


iZcc”* = mx^~^dx, 


d log as = — ) 
d arc sin x = 


dx 


da^ log a dx ; 
sin aj = cos x dx j 
dx 


±vr 


d arc tan x = 


1 + x^ 


Let ns consider for a moment the case of a function of a function. 
Let y=f(u)j where w is a function of the independent variable x. 
Then 

y^=^f(u)u^, 

whence, multiplying both sides by dx, we get 
ya:<^X=f(u) X U^dX‘, 

that is, 

dy =f(u)du. 

The formula for dy is therefore the same as if u were the inde- 
pendent variable. This is one of the advantages of the differential 
notation. In the derivative notation there are two distinct formulae, 

yx=f(?:), yx=/(w)«x> 

to represent the derivative of y with respect to x, according as y is 
given directly as a function of x or is given as a function of x by 
means of an auxiliary function u. In the differential notation the 
same formula applies in each case.* 

If y z=f(u, V, w) is a composite function, we have 

Vx = %/« + '^xfv + '^xfw7 

at least if /„,/„,/„ are continuous, or, multiplying by dx, 
y^dx = u^dxf^ + ^x^^fv + ; 


* This particular advanta^ye is slight, however ; for the last formula above is equally 
well a general one and covers both the cases mentioned. — Trans, 
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that is, 


+fvdv 


Thus we have, for example, 

d(uv) = udv+vdu, d{^) = 

\v/ 

The same rules enable us to calculate the successive differentials. 
Let us seek to calculate the successive differentials of a function 
y=:f(u), for instance. We have already 


—f\u)du. 

In order to calculate d^y, it must be noted that du cannot be regarded 
as fixed, since u is not the independent variable. We must then 
calculate the differential of the coTnposite function where u 

and du are the auxiliary functions- We thus find 


d^y =:f\u)du^ +f(u)d^u. 

To calculate d^y, we must consider d^^y as a composite function, with 
u, du, d^u as auxiliary functions, which leads to the expression 

d^y =f%u) du^ +. Zf\u) du d^u +/'(w) dhi ; 

and so on. It should be noticed that these formulse for d‘^y, d^y, 
etc., are not the same as if u were the independent variable, on 
account of the terms d'^u, d^u, etc.* 

A similar notation is used for the partial derivatives of a function 
of several variables. Thus the partial derivative of order n of 
/(^) y? which is represented by in our previous notation, 
is represented by 

in the differential notation.f This notation is purely symbolic, and 
in no sense represents a quotient, as it does in the case of functions 
of a single variable. 


15. Total differentials. Let co =/(a;, y, z) be a function of the 
three independent variables x, y, z. The expression 

OX hj dz 


* This disadvantage would seem completely to offset the advantage mentioned 
above. Strictly speaking, we should distinguish between dly and dly, etc. — Trans. 

t This use of the letter d to denote the partial derivatives of a function of several 
variables is due to Jacobi. Before his time the same letter d was used as is used for 
the derivatives of a function of a single variable. 
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is called the total differential of m, where dx, dy, dz are three fixed 
increments, which are otherwise arbitrary, assigned to the three 
independent variables x, y, z. The three products 






are called partial differentials. 

The total differential of the second order is the total differ- 
ential of the total differential of the first order, the increments 
dx, dy, dz remaining the same as we pass from one differential to 
the next higher. Hence 


or, expanding, 

-f 

+ 


: d (do)) : 


3 dd> 3 do) 3 ddn 


d^f , gV \ 


dx^ 
d\f 
dx dy 

ay 

dx dz 


dx -}- 


ay dH , 


dx ■ 


ay 


dy + 


dy dz 


%dz)dz 


^ ay d^f 

^ ^ ^ ^ dy 

If ay be replaced by dff, the right-hand side of this equation 
becomes the square of 


^-^dx + f^dy + f^dz 


dx 


We may then write, symbolically, 


d\ 




( 2 ) 


it being agreed that df^ is to be replaced by ay after expansion. 

In general, if we call the total differential of the total differential 
of order (n — 1) the total differential of order n, and denote it by 
we may write, in the same symbolism, 




where 3/» is to be replaced by 3"/ after expansion ; that is, in our 
ordinary notation. 
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= i> + 2 + »- = «, 

where , 

A = 

^ p\q\r\ 

is the coefficient of the term aP¥(f in the development of (a H- 5 +c)“. 
Tor, suppose this formula holds for d" o. We -will show that it then 
holds for d“+' 10 ; and this will prove it in general, since we have 
already proved it for n = 2. From the definition, we find 


d"+*<o = d(d"a)) 

^+lf 1 

4 - ^ dx^d'fdz^-^^ > 

dx^dy^dz^^^ ^ J 

whence, replacing by the right-hand side becomes 


^A. 


^^^^dt^d'fdz'&dx + ^dy+^£dx), 


'^dx’‘dfds' 


%dx + £dy + £d,y(^Jx + £^dy + . 

Hence, using the same symbolism, we may write 


Note. Let ns suppose that the expression for dui, obtained in any 
way whatever, is 

(7) d(ti — P dx Qdy R dz^ 

where P, Q, R are any functions a;, y, z. Since by definition 

j ^(0 j , ^<0 j d<a ^ 

we must have 


+ -R)dz = 0, 

where dx, dy, dz are any constants. Hence 


( 8 ) 





The single equation (7) is therefore equivalent to the three separate 
equations (8); and it determines all three partial derivatives at once. 



THE DIFFERENTIAL NOTATION 


25 


I. § 16 ] 


In general, if the w-th total differential be obtained in any way 
whatever, 

w = 2 dz^ j 

then the coefficients ai-e respectively equal to the corresponding 
nth derivatives multiplied by certain numerical factors. Thus all 
these derivatives are determined at once. We shall have occasion 
to use these facts presently. 


16 . Successive differentials of composite functions. Let <0= F(m, », w) 

be a composite function, u, v, w being themselves functions of the 
independent variables a, y, s, t. The partial derivatives may then be 
written down as follows : 


cFdw 

dx du dx dv dx ^ dw dx* 

~ — dFdw 

dy du dy ^ dv dy^ dw dy ^ 

__dl^djLi dF dv dFdw 

dz du dz dv dz ^ dw dz^ 

^<0 _ dj^ dF dv dF dw 

dt du dt dv dt dw 

If these four equations be multiplied by dx, dy, dz, dt, respectively, 
and added, the left-hand side becomes 




that is, dot j and the coeflGicients of 


dF 

du 


dv ’ 


dw 


on the right-hand side are du, dv, dw, respectively. Hence 

( 9 ) 


d,o-^du+-^dv + ~dw, 


and we see that the expression of the total differential of the first 
order of a composite function is the same as if the auxiliary functions 
were the independent variaUes. This is one of the main advantages 
of the differential notation. The equation (9) does not depend, in 
form, either upon the number or upon the choice of the independent 
variables ; and it is equivalent to as many separate equations as 
there are independent variables. 

To calculate d^m, let us apply the rule just found. for do, noting 
that the second member of (9) involves the six auxiliary functions 
Uy V, w, du, dv, dw. We thus find 



2(3 


DERIVATIVES AND DIFFERENTIALS 


[I, §1« 




d'^F 

dii^ 

d^F 


d'F ^F , , , 9^ ,, 


d^F 

+ T-V + TT 

OV^ 


du 

+ o ""T ~ dvdw -{• - 1 ^ <Pv 
^ dv dw ov 


+ ^— 5 - du dw + r-^ dv dw + 
du dw ov dw 


d^F 

dw^ 


dw^ + d^w, 


or, simplifying and using the same symbolism as above, 


f.=(: 


dF 


dF , \<2) . dF 


dF 


dF 


du + -^dv + -^Jw) H- ^ ^ d^^'v + ^ 


dw 


du 


dv 


dw 


This formula is somewhat complicated on account of the terms in 
d-u, d^v, which drop out when u, v, w are the independent 
variables. This limitation of the differential notation should he 
home in mind, and the distinction between d^uy in the two cases 
carefully noted. To determine d^w, we would apply the same rule 
to d^(j}j noting that d^ay depends upon the nine auxiliary functions 
u, Vf w, du, dv, dw, d^u, d^v, d^w', and so forth. The general expres- 
sions for these differentials become more and more complicated ; 
d^ijy is an integral function of du, dv, dw, dP'u, • • •, d^u, d)^v, d'^w, and 
the terms containing d^u, dJ'v, d^w are 


d_F 

du 


, dF dF 
d^u -f d^v -f- d^ia. 
ov dw 


If, in the expression for c?”a), u, v, w, du, dv, dw, • • • be replaced by 
their values in terms of the independent variables, becomes an 
integral polynomial in dx, dy, dz, ^ whose coefficients are equal 
(cf..J\oftf, §15) to the partial derivatives of o> of order n, multiplied 
by certain numerical factors. We thus obtain all these derivatives 
at once. 

Suppose, for example, that we wished to calculate the first and 
second derivatives of a composite function where -w is a 

function of two independent variables u = <j>(x, y). If we calculate 
these derivatives separately, we find for the two partial derivatives 
of the fii'st order 


( 10 ) ~ ^ ^^daydu 

dx dll dx dy du dy 

Again, taking the deriyatives of these two equations with respect 
to X and then with respect to y, we find only the three following 
distinct equations, which give the second derivatives : 
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id ^ A ^ 

^a;=2 du^ \^a; / 

(11) ^ ^ 4^ 

dy du^ dx dy du dx dy* 

^^<*> ^^ct) /^24V dia d^u 

■ 8i/‘ du^\8y) Til Ty^' 

The second of these equations is obtained by differentiating the 
first of equations (10) with respect to y, or the second of them with 
respect to x. In the differential notation these five relations (10) 
and (11) may be written in the form 


( 12 ) 


d<.> = ^du, 


If du and d^u in these formulae be replaced by 


3m 3m 

+ and 


dx^ 


dx^ + 2 


d^u 
dx dy 


dx d y + 


dy^ 




respectively, the coefficients of dx and dy in the first give the first 
partial derivatives of a>, while the coefficients of dx^, 2 dx dy, and 
dy^ in the second give the second partial derivatives of w. 


17. Differentials of a product. The formula for the total differential 
of order n of a composite function becomes considerably simpler 
in certain special (iases which often arise in practical applications. 
Thus, let us seek the differential of order n of the product of two 
functions <0 = ww. Tor the first values of n we have 

dui=zv d'u 4 - udv, — vd^u + 2 dud%} + ud^v, 

and, in general, it is evident from the law of formation that 

d^(x>=:v d^u + Cidv d'^-^u + C^d^vd'^'-'^u H \-ud^v, 

where Ci, • are positive integers. It might be shown by alge- 
braic induction that these coefficients are equal to those of the 
expansion of {a + hy ; but the same end may be reached by the 
following method, which is much more elegant, and which applies 
to many similar problems. Observing that Ci, O 2 , • • • do not depend 
upon the particular functions %t and v employed, let us take the 
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special functions = e®, v = where x and y are the two inde- 
pendent variables, and determine the coeficients for this case. We 
thus find 

Hi = dui = (c?£c -f* dy), • • •, c?”(o = e‘^'^^(dx -f- dy)% 

du = ^dx, d^u = e^dx-^ • • •, 
dv = e^dy, d^v = e'-^dy^^ • . 

and the general forninla, after division by 6®+^, becomes 

(dx -f dyY = dx'^ -f Cxdydx^-'^ 4- C^dy^dx'^~^ H -j- 

Since tfoj and are arbitrary, it follows that 

P p. 72.(n— 1) 

""‘-1’ •••- = rx::^ •••! 

and consequently the general formula may be written 

(13) <?•(«») =v H \-ud^v. 

This formula applies for any number of independent variables. 
In particular, if u and v are functions of a single variable cc, we 
have, after division by dir”, the expression for the wth derivative of 
the product of two functions of a single variable. 

It is easy to prove in a similar manner formulae analogous to 
(13) for a product of any number of functions. 

Another special case in which the general formula reduces to a 
simpler form is that in which Uj v, w are integral linear functions 
of the independent variables cc, y, z. 

aaj-h hy-\- cz+f , 
v= or/aj-f h^y-ir dz+f ^ 
w = a”x -f d'y 4 c”z 

where the coefldcients a, a^, a", &, Z>', • • • are constants. For then we 
have 

du = a dx 4 h dy 4 c dz , 
dv =: a'da;4 Vdy^ ddz, 
dw — a'^dx 4 h'’dy 4 d'dzj 

and all the differentials of higher order c^u, d’v, d'w, where >i> 1, 
vanish. Hence the formula for is the same as if u, v, w were 
the independent variables ; that is, 
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We proceed to apply this remark. 

18. Homogeneous functions. A function ^{x, y, z) is said to be 
homogeneous of degree m, if the equation 

<li(uj V, ‘iv)=zt’^<l>(x,yj z) 

is identically satisfied when we set 


u = tXf V =ityj w = tz. 

Let us equate the differentials of order n of the two sides of this 
equation with respect to t, noting that u, v, w are linear in t, and that 

du=zx dty dv =:y dt, dw ==.z dt. 

The remark just made shovv’s that 

I H , d(b 

If we now set = 1, w, v, w reduce to x, y^ z, and any term of 
the development of the first member, 

du^dtdvf ^ 

becomes 

whence we may write, symbolically, 

! d4> a<A\<”> 

y,*), 

which reduces, for n = 1, to the well-known formula 




dz 


Various notations. We have then, altogether, three systems of nota- 
tion for the partial derivatives of a function of several variables, — 
that of Leibniz, that of Lagrange, and that of Cauchy. Each of 
these is somewhat inconveniently long, especially in a complicated 
calculation. For this reason various shorter notations have been 
devised. Among these one first used by Monge for the first and 
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SGCond d6rivatives of a function of two variables is now in common 
use. If be the function of the two variables x and y, we set 





= __ 
dx dy ^ dif" ’ 


and the total differentials dz and d^z are given by the formulae 


dz — pdx-\-c[ dy^ 
d^z — rdx^ -\-2sdxdy di/. 

Another notation which is now coining into general use is the 
following. Let be a function of any number of independent vari- 
ables Xij X 2 , Xq, then the notation 


‘ dx\^ • • . dx°^'‘ 

is used, where some of the indices may be zeros. 

19. Applications. Let y—f{x) be the equation of a plane curve C with 
respect to a set of rectangular axes. The equation of the tangent at a point 
Jf (x, y) is 

Y-y^y'{X-z). 

The slope of the normal, which is perpendicular to the tangent at the point of 
tangency, is — l/y'j and the equation of the normal is, therefore, 

(r~y)y' + (X-x) = 0. 

Let P he the foot of the ordinate of the point M, and let T and N be the 
points of intersection of the x axis with the tangent and the normal, respectively. 

The distance FISF is called the subnormal ; 
PT, the subtangent; AfiV, the normal; and 
ifT, the tangent. 

From the equation of the normal the ab- 
scissa of the point jV" is x + whence the 
subnormal is ± yy'. If we agree to call the 
length Pi\r the subnormal, and to attach the 
sign -f or the sign — according as the direc- 
tion PiVis positive or negative, the subnormal 
will always be y\/ for any position of the curve 
<7. Likewise the subtangent is — y fy\ 

The lengths MN and MT are given by the triangles JfPJf and ATPT: 

-j- = y Vl -j- 2/'^, 

ATT = vTTF. 

y' 

Various problems may be given regarding these lines. Let us find, for 
instance, all the curves for which the subnormal is constant and equal to a given 
number a. This amounts to finding all the functions y - /(x) which satisfy 
the equation yy' = a. The left-hand side is the derivative of yV2, while the 
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right-hand side is the derivative of ax. These functions can therefore differ 
only by a constant ; whence 

= 2ax + C, 

which is the equation of a parabola along the x axis. Again, if we seek the 
curves for which the subtangent is constant, we are led to write down the equa- 
tion yVy = 1 /a ; whence 

X — 

log 2 / = - -1- log C, or 2 / = Ce", 


which is the equation of a transcendental curve to which the x axis is an asymp- 
tote. To find the curves for which the normal is constant, we have the equation 

2/ Vl + = a, 

or 


Va2 - 

The first member is the derivative of — Va^ — ; hence 

— Va2 - y^ = X 4- C, 
or 

(X 4- 0)2 + 2/2 = a2, 

which is the equation of a circle of radius a, whose center lies on the x axis. 

The curves for which the tangent is constant are transcendental curves, which 
we shall study later. 

Let 2 / =/(x) and Y = F (x) be the equations of two curves C and and let 
M, M' be the two points which correspond to the same value of x. In order that 
the two subnormals should have equal lengths it is necessary and sufficient that 

rr' = ±2/y'; 

that is, that F2 = db 2 /* 4- O', where the double sign admits of the normals’ being 
directed in like or in opposite senses. This relation is satisfied by the curves 


and also by the curves 

M 


a2 


r2 = 


62X2 

a2~’ 


which gives an easy construction for the normal to the ellipse and to the hyperbola. 


EXERCISES 

1. Let p = f{$) be the equation of a plane curve in polar coordinates, 
the pole 0 draw a line perpendicular to the radius 
vector OAf, and let T and N be the points where this 
line cuts the tangent and the nornial. Find expres- 
sions for the distances OT, OAT, MN^ and MT m 
terms of f (6) and f'{0). 

Find the curves for which each of these distances, 
in turn, is constant. 

2. Let y—f{x)^ z=<p{x) be the equations of a 

skew curve r, i.e. of a general space curve. Let N Fia. 3 
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be the point where the normal plane at a point Jlf, that is, the plane perpendicu- 
to to the tangent at 3f, meets the z axis; and let P be the foot of the perpen- 
dicular from Jlf to the z axis. Tmd the curves for which each of the distances 
and JOT, in turn, is constant. 

[Nofe. These curves lie on paraboloids of revolution or on spheres.] 

3. Determine an integral polynomial /{*) of the seventh degree in x, given 
that /(X) + 1 is divisible by {x - 1)« and f{x) - 1 by (i+l)4 Generalize the 
problem. 


4. Show that if the two integral polynomials P and Q satisfy the relation 
then 


VT- P2 = Q Vi - 
dP ndx 


Vi ~ pi vr^’ 

where a is a positive integer. 

[3r ote. Prom the relation 

(a) 1-P“= 

it follows that 

O’) - ZPP' = <2[2 0^(1 - iZ) _ 2 Qx]. 

The^equation (a) shows that Q is prime to P; and (b) shows that P' is divisible 

6*. Let jB(x) be a polynomial of the fourth degree whose roots are aU dif- 
ferent, and let « = IT/ F be a rational function of such that 

SW ^ P/ <2 is a rational function. 

Show that the function UJV satisfies a relation of the form 


dz 

Vp(x) 


kdt 


where A; is a constant. 

[Jacobi,] 


(a). 

where 

0 >) 




— = 4>'{u) + ^ <f>"{u) H- . . . + ^ 




d^u^ 

dx^ 


1.2 

k d^u^- 


1 . 2 . 




^■^“172-“”^ + ■ 


+ (— l)*-iA:Mt“i 


d^u 

dz^ 


(* = 1 , 2 , 


COefflSnte aT “a “T <*)’ 

Ai, A„ . . . , are independent of the form of the function ^(u). 
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To find their values, set ^ (u) equal to u, • • • , successively, and solve the 
resulting equations for J.i, J.2, ■ • • , Jl„. The result is the form (b).] 


7 *. Show that the nth derivative of (f> (x^) is 
d” d> (x'^) 

— = (2x)»<j!>0*)(a;2) 4 n(n - 1) (2»)«-2^(n-i)(aj2) 4. . . . 

n (n — 1 ) • • • (n ~ 2 » 4 11 

4 iLZJl (2xy-^p<p(^-p){x^) 4 • 


where p varies from zero to the last positive integer not greater than n /2, and 
where <^(0(jc2) denotes the ith derivative with respect to x. 

Apply this result to the functions arc sin », arc tan x. 


8* If X = cos u, show that 


^m-1 


[Olindk Rodrigues.] 


9 . Shovr that Legendre’s polynomial, 

1 






2 . 4 . 6 • • • 2 n do;” 
satisfies the difierential equation 


- l)n, 


Hence deduce the coefficients of the polynomial. 


10 . Show that the four functions 

j/i = sin {n arc sin jc), ys = sin (n arc cos a), 

Pi = cos (n arc sin a;), 3^4 = cos (n arc cos x), 

satisfy the differential equation 

(1 — x2) y" — xy' n^y — 0. 

Hence deduce the developments of these functions when they reduce to poly- 
nomials. 


11 *. Prove the formula 


d” 

dx« 


1 

(x«-ie*) = (— 1)“ 


i 

xft+i 


[Halphen.] 


12 . Every function of the form z = x<j>(y /x) + f (y/ai) satisfies the equation 
rx2 4 2 8xy + ty^ = 0, 
whatever be the functions ^ and 


13 . The function z = x<^(x + 2/) + y^(a 5 + y) satisfies the equation 
r — 2s-j-^ = 0, 


whatever be functions and 
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14. The function z =/[« -f- <^(y)] satisfies the equation ps = gr, whatever 
be the functions /and <p. 

15. The function z = x'^(p{y/x) + y-^i^(y/x) satisfies the equation 

ra;2 + 2 sxy + ty‘^ -|- jpx + gy = 
whatever be the functions <p and 

16. Show that the function 

y = |x - ail 01 (a:) + |x - a:2| 02 (a:) + • • • + 1 « - a„ I <?!>„ (x), 

where 0i (x), 02 {x), • • • , 0„(x), together with their derivatives, <t>i (x), 02 («), • • • , 
0n (x), are continuous functions of x, has a derivative which is discontinuous 
for X = ui, 02 , • • •, a„. 

17. Find a relation between the first and second derivatives of the function 
z =/(xi, u), where m = 0 (x 2 , xs); Xi, X 2 , Xs being three independent variables, 
and / and 0 two arbitrary functions. 

18. Let/(x) be the derivative of an arbitrary function /(x). Show that 

1 __ 1 
U dx2 D dx^’ 

where u = [/(s)]-i and o =/(*) [/•'(j:)]-5. 

19*. The nth derivatiTe of a function of a function u = d>hj), where y = ^(x). 
may be written in the form 



where the sign of summation extends over all the positive integral solutions of 
the equation i + 2i + 3 ft + . . . + ifc = „, and where ;p = i +/ + ... + ft. 

[Faa de Bbtoo, Quarterly Journal of Mathematics, Vol. I, p. 359.] 


CHAPTER II 


IMPLICIT FUNCTIONS FUNCTIONAL DETERMINANTS 
CHANGE OF VARIABLE 

I. IMPLICIT FUNCTIONS 

20. A particular case. We frequently have to study functions for 
which no explicit expressions are known, but which are given by 
means of unsolved equations. Let us consider, for instance, an 
equation between the three variables a:, y, 

( 1 ) F{x,y,z)^0, 

This equation defines, under certain conditions which we are about 
to investigate, a function of the two independent variables x and y. 
We shall prove the following theorem : 

Let X =:Xqj y = ijo, r: ^z^lea set of values which satisfy the equa- 
tion (l)j and let us suppose that the futiction F, toqethev with %ts first 
de7*ivativeSj is continuous in the neighborhood of this set of values*^ 
If the derivative does not vanish for x = Xq, y = yo, ^ ~ there 
exists one and only one continuous function of the independent variables 
X and y which satisfies the equation (1), atid which assumes the value Zq 
when X aiid y assume the values Xq and yo? respectively. 

The derivative not being zero for x = Xq^ y yo, z =: zq, let us 
suppose, for definiteness, that it is positive. Since F, F^., F^ are 
supposed continuous in the neighborhood, let us choose a positive 
number I so small that these four functions are continuous for all 
sets of values x, y, which satisfy the relations 

(2) |a;-aJo|<^, \y-'yo\ih 

and that, for these sets of values of x, y, z, 

^»(P, ?A 


* In a recent article {Bulletin de la Socidte Mathdmatique de Fra/nce, Vol. XXXI, 
1903, pp. 184-192) Ooursat has shown, by a method of successive approximations, that 
it is not necessary to make any assumption whatever regarding F ^ and F,jy even as to 
their existence. His proof makes no use of the existence of and jP'y. His general 
theorem and a sketch of his proof are given in a footnote to § 25. — Trans. 
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whore P is some positive number. Let Q, be another positive num- 
ber greater than the absolute values of the other two derivatives 
F^, Fy in the same region. 

Giving X, y, z values which satisfy the relations (2), we may then 
write down the following identity : 

F(x, y, z) — F{X(i, z^ = F (x, y, z) — F(x^, y, z) -f- F(Xa, y, s) 

F (X(^^ y^y z^ -|- 2 /(jj s!) F (X0f y^y z^ j 

or, applying the law of the mean to each of these differences, and 
observing that F(x 0 , y^, So) = 0, 

F(x,y,z)= (x-X0)F„lx0 + 6{x-X0), y, z^} 

+ (y - yo) Fy [xo, yo + «'(y - yo), s] 

+ (« — ®o) y, C«o, yo, *0 + S''(« — «o)]- 
Hence F(x, y, z) is of the form 

(3) j y, «) = ^ (», y, ») (a - X 0 ) 

\ + B(x, y, z) {y _ y„) 4. c (x, y, z) (z — 2 „), 

where the absolute values of the functions A(x, y, z), B(x, y, z), 
CC*, y, s) satisfy the inequalities 


M1<Q, |N|<e, \C\>P 

for all sets of values of x, y, z which satisfy (2). ISTow let t be a 
positive number less than 1 , and y the smaller of the two numbers 
I and Pe/2Q,. Suppose that as and y in the equation (1) axe given 
definite values which satisfy the conditions 

1^ ~ *o| < ’?, |y — yd < tj, 

and that we seek the number of roots of that equation, 2 being 
regarded as the unknown, which lie between « and »„ -|- «. In 
the expression (3), for T'(®, y, ») the sum of the first two terms is 
always less than 2 Qr, in absolute value, while the absolute value of 
the third term is greater than Pt when z is replaced by 2 „ ± «. Prom 
the manner in which r, was chosen it is evident that this last term 
determines the sign of P. It follows, therefore, that F{x, y, «(, — e) < 0 
and P(a, y, 2 ,, -t- e) > 0 ; hence the equation (1) has at least one root 
which hes between 2 „ - c and 20 -p e. Moreover this root is unique, 
since the derivative F, is positive for aU values of 2 between 2 „ - ^ 
and 2 o -p £. It IS therefore clear that the equation (1) has one and 
only one root, and that this root approaches 2 , as a: and y approach 
ojo and ?/oj respectively. 
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Let us investigate for just what values of the variables x and y 
the root whose existence we have just proved is defined. Let h be 
the smaller of the two numbers I and PI /2Ct\ the foregoing reason- 
ing shows that if the values of the variables x and y satisfy the 
inequalities | a; — iCo | < A, < 4 ^ the equation (1) will have one 

and only one root which lies between and -l - 1 Let 22 be a 
square of side 2 A, about the point Mq(xq^ with its sides parallel 
to the axes. As long as the point (x, y) lies inside this square, 
the equation (1) uniquely determines a function of x and y, which 
remains between — l and -f- A This function is continuous, by 
the above, at the point Mq, and this is likewise true for any other 
point Ml of R\ for, by the hypotheses made regarding the func- 
tion A’ and its derivatives, the derivative F,(xi, ?/i, Zi) will be posi- 
tive at the point iLq, since \xi^x^\<l, \yi-y,\<l, \zi-z^\<L 
The condition of things at Mi is then exactly the same as at Mq, 
and hence the root under consideration will be continuous for 

a;==fl;i, 2/ = 2/1. 

Since the root considered is defined only in the interior of the 
region 22, we have thus far only an element of an implicit function. 
In order to define this function out- 
side of 22, we proceed by successive 
steps, as follows. Let X be a con- 
tinuous path starting at the point 
(a;o, 2/o) and ending at a point (A, 7) 
outside of 22. Let us suppose that 
the variables x and y vary simul- 
taneously in such a way that the 
point (x, y) describes the path L. 

If we start at y^) with the value 
Zq of Zj we have a definite value of this root as long as we remain 
inside the region 22. Let Mi (xi, yi) be a point of the path inside 22, 
and the corresponding value of The conditions of the theorem 
being satisfied for x ^xi, y = yi, z = Zi^ there exists another region 
22i, about the point Mi, inside which the root which reduces to Zi for 
X =Xiy y = 2/i is uniquely determined. This new region 22i will 
have, in general, points outside of 22. Taking then such a point 
on the path X, inside 22i but outside 22, we may repeat the same con- 
struction and determine a new region 222 , inside of which the solu- 
tion of the equation (1) is defined; and this process could be 
repeated indefinitely, as long as we did not find a set of values of 
Xy y, z for which = 0. We shall content ourselves for the present 
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with these statements; we shall find occasion in later chapters to 
treat certain analogous problems in detail. 

21. Derivatives of implicit functions. Let us return to the region 
R, and to the solution z = y) of the equation (1), which is a 
continuous function of the two variables x and y in this region. 
This function possesses derivatives of the first order. For, keeping 
y fixed, let us give x an increment Aa;. Then z will have an incre- 
ment dkZ, and we find, by the formula derived in § 20, 

F{x -h Aaj, y, z + Az) - F(Xj y, z) 

= Aaj jPa;(a; + QAXj y, z + Az) + Az (x, y, z d'Az) = 0. 

Hence 

Az __ F^{x-\-QAx, y,z-\-Az) , 

Ax^ F^(x,y,z-{-6^Az) 

and when Ax approaches zero, Az does also, since z is sl continuous 
function of x. The right-hand side therefore approaches a limit, 
and z has a derivative with respect to x : 

In a similar manner we find 

^ p.’ 

Note, If the equation F = 0 is of degree m in z, it defines m 
functions of the variables x and y, and the partial derivatives dz /dx, 
dz/dy also have m values for each set of values of the variables 
X and y. The preceding formulae give these derivatives without 
ambiguity, if the variable z in the second member be replaced by 
the value of that function whose derivative is sought. 

For example, the equation 

+• 3 /^ + — 1 == 0 

defines the two continuous functions 

-f- Vl — x^ — y^ and — Vl — — y^ 

for values of x and y which satisfy the inequality < 1. 

The first partial derivatives of the first are 

— ^ • — y 

Vl — Vl — “ y* 
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and the partial derivatives of the second are found by merely chang- 
ing the signs. The same results would be obtained by using the 
formulae 


replaciug z by its 


^ dz 
dx z dy~ 

two values, successively. 


y 
— , 
z 


22. Applications to surfaces. If we interpret r, y, « as the Cartesian 
coordinates of a point in space, any equation of the form 

W F(x,y,z)=.^ 

represents a surface S. Let (ajo, be the coordinates of a point 
A of this surface. If the fuuctiou Fy together with its first deriva- 
tives, is continuous in the neighborhood of the set of values x^y y^y %^y 
and if all three of these derivatives do not vanish simultaneously 
at the point A, the surface has a tangent plane at A, Suppose, 
for instance, that F, is not zero for — = z^. Accord- 

ing to the general theorem we may think of the equation solved 
for « near the point Ay and we may write the equation of the surface 
in the form 

z^cl>(x, y\ 

where ^{Xy y) is a continuous function; and the equation of the 
tangent plane at A is 

Replacing 8z j dx and 3,1! J dy by the values found above, the e(juation 
of the tangent plane becomes 


( 5 ) 





[^f\ , , f8F\ 


If F, = 0, but F^ = 5 «^= 0, at /I, we would consider y and ;s as inde- 
pendent variables and x as a function of them. We would then 
find the same equation (5) for the tangent plane, which is also evi- 
dent a. yorloritmm the symmetry of the left-hand side. Likewise 
the tangent to a plane curve F(xy y) = 0, at a point (cc^, yo), is 








d_F 


= 0. 


If the three first derivatives vanish simultaneously at the point A, 


ldP\ IZf\ fdF\ 
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the preceding reasoning is no longer applicable. We shall see later 
(Chapter III) that the tangents to the various curves which lie on 
the surface and which pass through A form, in general, a cone and 
not a plane. 

In the demonstration of the general theorem on implicit functions 
we assumed that the derivative did not vanish. Our geometrical 
intuition explains the necessity of this condition in general. Eor, 
if = 0 but ^ 0 , the tangent plane is parallel to the axis, 
and a line parallel to the z axis and near the line x = Xy, y = 
meets the surface, in general, in two points near the point of 
tangency. Hence, in general, the equation (4) would have two 
roots which both approach Zq when x and y approach and 3 / 0 , 
respectively. 

If the sphere -j- + 5 ;^ — 1 = 0, for instance, be cut by the line 

2 / = 0 , X = 1 -f €, we find two values of z, which both approach zero 
with € ; they are real if e is negative, and imaginary if c is positive. 

23. Successive derivatives. In the formulae for the first derivatives, 
dz ^ 

dx "■ fJ dy fJ 

we may consider the second members as composite functions, z being 
an auxiliary function. We might then calculate the successive deriv- 
atives, one after another, by the rules for composite functions. The 
existence of these partial derivatives depends, of course, upon the 
existence of the successive partial derivatives of F(x, y, z). 

The following proposition leads to a simpler method of determin- 
ing these derivatives. 

If several fractions of an independent variable satisfy a relation 
F = 0 , their derivatives satisfy the equation obtained by equating to 
zero the derivative of the left-hand side formed by the rule for differ- 
entiating composite functions. For it is clear that if F vanishes 
identically when the variables which occur are replaced by func- 
tions of the independent variable, then the derivative will also van- 
ish identically. The same theorem holds even when the functions 
which satisfy the relation F = 0 depend upon several independent 
variables. 

Now suppose that we wished to calculate the successive derivatives 
of an implicit function y of a single independent variable x defined 
by the relation 

F(x, y)= 0 . 
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d‘F 




S®* ^ 2®“ dy 


y' + 3 


a»F 
2® ay® 


, dF , 

Tx^T^y 

a“F , „ a®F , , a*F ,, , a^ „ „ 

■■*'^a®2y^ 2y»^ 2y ^ 


dx^ 


d^F 


d^F 
dx dy^ ^2^ 


2 ''“+ 35 :ri:,y' + 


y" 


a®F dF 


from whiohi we could calculate successively y\ y'\ 


Example. Given a function 2/ =/W, we may, inversely, consider y as the^ 
independent variable and a as an implicit function of y defined by the equation 
y=f(x). If the derivative f'{x) does not vanish for the value Xq, where 
yo = /(«o)? there exists, by the general theorem proved above, one and only one 
function of y which satisfies the relation y z=:f{x) and which takes on the value 
*0 for y = yo- This function is called the inverse of the function /(«). To cal- 
culate the successive derivatives aiy, Xj/ty ajj^, • • • of this function, we need merely 
differentiate, regarding y as the independent variable, and we get 


whence 



1 = f'{^) 

0 = f"{X) {XyY + f'(X) V, 

0 =f"'(x) {Xyf 4- 3/''(a;)a;y V +/'(») 


V= - 


f"{^) 

[f'(x)Y' 


V = 


^[r(x)Y-f'{x)r'{x) 

[r{x)Y ’ ’**' 


It should be noticed that these formulae are not altered if we exchange Xp and 
/'(«), Xy» and/'^(aj), ay* and/'''(x), • • • , for it is evident that the relation between 
the two functions y = /(x) and x = ^ (y) is a reciprocal one. 

As an application of these formulae, let us determine all those functions 
y=/(x) which satisfy the equation 


yV" - 3y"2 = 0. 


Taking y as the independent variable and x as the function, this equation 
becomes 

xy> = 0. 

But the only functions whose third derivatives are zero are polynomials of at 
most the second degree. Hence x must be of the form 

X = Cl 4- Ca y + Ca, 

where Ci, Ca, Ca are three arbitrary constants. Solving this equation for y, 
we see that the only functions y = /(x) which satisfy the given equation are 
of the form 


y = a± V 6x 4- c, 
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where a, 6, c are three arbitrary constants. This equation represents a parabola 
whose axis is parallel to the x axis. 


24. Partial derivatives. Let us now consider an implicit function 
of two variables, defined by tbe equation 


(6) F(x,y,z) = 0. 

The partial derivatives of the first order are given, as we have seen, 
by the equations 


(7) 


'dx dz dx ’ di/ dz dy 


To determine the partial derivatives of the second order we need 
^only differentiate the two equations (7) again with respect to x and 
with respect to y. This gives, however, only three new equations, 
for the derivative of the first of the equations (7) with respect to y 
is identical with the derivative of the second with respect to sc. 
The new equations are the following: 


( 8 ) 


I dx^ dxdz dx ’ 

I d_z ^ ^ ^ ^ - 0 

dx dy dx dz dy dy dz dx dz^ dx dy dr: dxdy^ ' 

c dy^ dydz dy dz^ \%/ "" 


The third and higher derivatives may be found in a similar manner. 

By the use of total differentials we can find all the partial deriva- 
tives of a given order at the same time. This depends upon the 
following theorem : 


If several functions v^w, of any number of independent vari- 
ables X, y, z, • • • satisfy a relation F = 0, the total differentials satisfy 
the relation dF — 0, which is obtained by forming the total differential 
of F as if all the variables which occur in F were independent vaynables. 

In order to prove this letF(Uj v, = 0 be the given relation between 
the three functions u, v, w of the independent variables sc, ?/, t. The 
first partial derivatives of v, w satisfy the four equations 

du dx dv dx dw dx ” 


du dy dv dy dw dy 
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du dz dv dz dw dz ^ 

dF du I dF dw 

du dt dv dt dw dt 

Multiplying these equations by dx, dy, dz, dt, respectiyely, and 
adding, we find 

dF dF dF 

— du ^ dv ^ dw = (iF = 0. 

du ov ow 


This shows again the advantage of the differential notation, for the 
preceding equation is independent of the choice and of the number 
of independent variables. To find a relation between the second 
total differentials, we need merely apply the general theorem to the 
equation dF=0, considered as an equation between u, v, w, du, 
dv, dw, and so forth. The differentials of higher order than the 
first of those variables which are chosen for independent variables 
must, of course, be replaced by zeros. 

Let us apply this theorem to calculate the successive total differ- 
entials of the implicit function defined by the equation (6), where 
X and y are regarded as the independent variables. We find 


(dF 


dF 


dF . dF dF. ^ 
j-dx-h dz-0, 

ox oy ^ dz ' 

dF , , dF 




% 


au 


dz 


and the first two of these equations may be used instead of the five 
equations (7) and (8) ; from the expression for dz we may find the 
two first derivatives, from tliat for d!^z the three of the second order, 
etc. Consider for example, the equation 


Ax^ + = 


which gives, after two differentiations. 


Ax dx -f- A Uj dy -f A ''z dz = 0, 
A dx^^ + A ' dy^ -H A" dz^ 4- A " z(Fz=^ 0, 


whence 


dz ■ 


AxdxA" A 'ydy, 

_ , 


and, introducing this value of dz in the second equation, we find 

A{Ax^ A- A'^ dxA A A^xy dx dy A- A^A' y^ A- A'^ z^) dy^ 

(i z — ‘ 
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Using Monge’s notatioiij we have then 

Ax AUj 

A(Ax^ + A"e‘) __ AA'xy A' {A<y^ + A”z ^ 

*■ A"^z<‘’ 

This method is eyidently general, whatever be the number of the 
independent variables or the order of the partial derivatives which 
it is desired to calculate. 


Example. Let z =/(«, y) he a function of z and y. Let us try to calculate 
the diSerentials of the first and second orders dx and regarding y and z as 
the independent variables, and a; as an implicit function of them. First of all, 
we have 

dz=i^dx+ ^dy. 
dx dy 

Since y and z are now the independent variables, we must set 

d^y = d^z = 0, 

and consequently a second differentiation gives 

0 = Ai^dady + ?^dy'‘ + 
dx^ dxdy dy’^ dx 

In Monge’s notation, using p, g, r, 5, t for the derivatives of /(x, y), these 
equations may he written in the form 


From the first we find 


dz=:pdx + qdy, 

0 = r dx^ +• 2 s dx (i 


r + tdy^ i-pd^z. 


dx — 


dz — qdy 

~ — , 

P 


and, substituting this value of dx in the second equation, 

^ 2 .^ _ + 2 (pa - qr)dy dz +<g^r ~ ^pqs + pH)dy^ 


The first and second partial derivatives of x, regarded as a function of y and 
X, therefore, have the following values : 


^ 1 dx q 

dz p dy p ’ 

c)^x ^ 2pq8 — pH — q'^r 

dz^ JP®’ dydz'~ p8 ’ . 

^ an application of these formulae, let us find all those functions fix, y) 
which satisfy the equation 

q^r ’\-pH-2pq8. 


D, in the equation z =/{!, y), a; he considered as a function of the two inde- 
pendent vanahles y and z, the given equation reduces to i„> = 0. This ma.... 
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that Xy is independent of y ; and hence Xy=: <f> (z), where <i> (z) is an arbitrary 
function of z. This, in turn, may be written in the form 

^ [a - y<l>(z)] = 0, 
oy 

which shows that x — y 4>{z) is independent of y. Hence we may write 
x = y0(z) + ^(z), 

where ^ (z) is another arbitrary function of z. It is clear, therefore, that all the 
functions z =/(x, y) which satisfy the given equation, except those for which/* 
vanishes, are found by solving this last equation for z. This equation represents 
a surface generated by a straight line which is always parallel to the xy plane. 


25. The general theorem. Let its consider a system of n equations 


(E) 


(«i, iCj, • • •> s ; “2) ■••)“»)= o> 

^aj *■*; ^pj w-aj ***j — 0, 

J 


between the n-\-^ variables £Ci, Xa, •••, x^, Sujppose 

that these equations are satisfied for the values Xj = ic}, • • •, = a®, 

-Mj = 1 ^ 5 , . . u^ = the functions are continuous and possess 

first partial derivatives which are continuous, in the neighborhood of 
this system of values , and, finally, that the determinant 



dFi 

dFi 

dF, 


dui 

du^ 



dF^ 

dFi 


A = 

dui 


dic„ 


SF, 




dui 

dii^ 

du. 

does not vanish for 




ll 

11 

(i 

= 1,2, 



Under these conditions there exists one and only one system of con- 
tinuous functions Ui = (xi, x^, • • •, xf), u„ = <l}„ (xi, x^, • • x^) 

which satisfy the equations (E) and which reduce to u\, ^ , u\, 

forx^^x\, x^=zxl* 


*In his paper quoted above (ftn., p. 35) Goursat proves that the same conclusion 
may be reached without making any hypotheses whatever regarding the derivatives 

ZFi/ dxj of the functions Fi with regard to the x’s. Otherwise the hypotheses remain 
exactly as stated above. It is to be noticed that the later theorems regarding the 
existence of the derivatives of the functions ^ would not follow, however, without 

some assumptions regarding dFi/dxj. The proof given is based on the following 
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TI 16 (istBrniiiiSbilt A is c&llsd. tli6 tlacohicLThf^ or tliG Fu7ictio7icil DBicv- 
ininant, of the n functions Fi, • ••, F, with respect to the n vari- 
ables %hy *• is represented by the notation 

'll 2, 'y 

We will begin by proving the theorem in the special case of a 
system of two equations in three independent variables x, z and 
two unknowns u and v.- 

(9) Fi(rc, y, z, ti, v) = 0, 

(10) F^(x, y, z, ^) = 0. 

These equations are satisfied, by hypothesis, for x = x^y y = yQ, z =: Zf,, 
u=zUfyy V = Vo ; and the determinant 

^2 _ £^2 

du du do du 

does not vanish for this set of values. It follows that at least one 
of the derivatives dFijdv, dF^/dv does not vanish for these same 
values. Suppose, for definiteness, that dFiJdu does not vanish. 
According to the theorem proved above for a single equation, the 
relation (9) defines a function v of the variables Xy y, z, Uy 

^ =/(^j Vy ^y 

which reduces to % for x — x^yy^ ^ = '^^o- K.eplacing v 

in the equation (10) by this function, we obtain an equation between 
X, yy Zy and %iy 

3>(a:, y, s, u) = Fi[x, y, z, -u, f{x, y, z, «,)] = 0, 

lemma: Xe«/i(a: 3 _,a; 2 ,--,Kp; Wi,W 2 » •••,/„ (a^i, aja, he n 

functions of the n p vaHahles Xi and wjt, which, together with the 7 ^^ partial deriva^ 
tives dfi/dujcy are continuous near a:i = 0, Xg = 0, • • • , ccjo = 0, = 0, •• • , = 0, If 

the nfunciiomfi and the derivatives dfi/du^ all vaiiishfor this sgstem of values, 
then the n equations 

Ui=fi, W2=/2. Wtt=/n 

admit one and only 07ie system of solutions of the form 
ui = 0i(a;i, Xa* "-I a^p), ^2 = a:2. Kp), •••, = 0,,i (atj, 

where <^> 2 , •••, are continuous functiom of the p variables Xi, ;d>, •• which 

all approach zero as the variables all approach zero. The lemma is pro ve<l by means of 
asmteoffunctions^xS’”>=/,<a;i,a:2,...,a;p;wS™-i),4«‘”0,...,^,^^^^^ 2 ... 7i) 

wh€re uj > = 0. It is shown that the suite of functions thus defined approaches a 
limiting function Ut, which 1) satisfies the given equations, and 2) ooiistituteH the only 
solution. The passage from the lemma to the theorem consists in an easy transforma- 
tion of the equations (E) into a form similar to that of the lemma. -Tuans 
* Jacobi, Crelle’s Journal, Vol. XXII. 
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'W'liicli is satisfied for y = ^ == '^^o* Now 

^ ^ ^ . 

dv d'w 

and from equation (9), 

?Zi , £f_n. 

du dv 

whence, replacing df/du by this value in the expression for d^/dv,^ 
we obtain 

D{Fx, F2) 

— — ^ 
du 

dv 

It is evident that this derivative does not vanish for the values ccq, 
Vo} ^ 0 ) Hence the equation O = 0 is satisfied when u is replaced 
by a certain continuous function u — (f>(x, z), •which is equal to 

u-Q when a? = ccq, y — ; and, replacing by <j> (x, ?/, iu 

/(cc, y, we obtain for v also a certain continuous function. 

The proposition is then proved for a system of two equations. 

We can show, as in § 21, that these functions possess partial 
derivatives of the first order. Keeping y and z constant, let us 
give X an increment Acc, and let A?/- and Ai; be the corresponding 
increments of the functions tt and v. The equations (9) and (10) 
then give us the equations 



where c, c', c'', t;, 77 ', 77 " approach zero with A-r, Atq Av. It follows 
that 



When Acc approaches zero, A^z and also approach zero ; and hence 
c, c", 7 /, r{, rf'' do so at the same time. The ratio Au/^.x therefore 
approaches a limit; that is, u possesses a derivative with respect to x : 
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SFi dF^ 

dFi dFt 

du 

dx dv 

dv dx 

dx 

dFi dF^ 

dFi ^ 


du dv 

dv du 


It follows in like manner that the ratio Av j Ax approaches a finite 
limit dv /dx^ which is given by an analogous formula. Practically, 
these derivatives may be calculated by means of the two equations 

gFi dF^du 

dx du dx dv dx * 

dF, dFgdu 

dx du dx dv dx ^ 

and the partial derivatives with respect to y and z may be found in 
a similar manner. 

In order to prove the general theorem it will be sufficient to show 
that if the proposition holds for a system of (ti — 1) equations, it 
will hold also for a system of n equations. Since, by hypothesis, 
the functional determinant A does not vanish for the initial values 
of the variables, at least one of the first minors corresponding to the 
elements of the last row is different from zero for these same values. 
Suppose, for definiteness, that it is the minor which corresponds to 
dF^fdu^ w’hich is not zero. This minor is precisely 

D (tq, * * *? Ht-i) 

and, since the theorem is assumed to hold for a system of (» — 1) 
equations, it is clear that we may obtain solutions of the first (n — 1) 
of the equations (E) in the form 

% = aJj, •••, aJa, •••, 

where the functions are continuous. Then, replacing 

by the functions <#>i, •• *, in the last of equations (E), we obtain 

a new equation for the determination of 

Xa, • • •, ajj, ; = F„(a;i, x^, • • •, = 0. 

It only remains for us to show that the derivative d^/du^ does 
not vanish for the given set of values < ; for, if so, we 

can solve this last equation in the form 

% = • • •, «„), 

where \ft is continuous. Then, substituting this value of in 
we would obtain certain continuous functions” for 
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Wi, ^ 2 , also. In ordei to skew that the derivative in ques- 

tion does not vanish, let ns consider the equation 


( 11 ) 


du^ dill 


The derivatives d<l)i/du^y d<l» 2 jdu^, •••, are given hy the 

(ti — 1) equations 


( 12 ) 


dj^ 

dui 


1 9^.-1 

2“» 

i 

r 



2m„ 

1 




and Tre may consider the equations (11) and (12) as n linear equa- 
tions for dti^ijdu^, • ••, d^fdu^^ from which we find 


D(Fi, F,, F„_0 D(Fi, F„ fi) 

a%„ D(^1, ^n-l) f>(«^l, ’ 


It follows that the derivative d^/du^ does not vanish for the initial 
values, and hence the general theorem is proved. 

The successive derivatives of implicit functions defined by several 
equations may be calculated in a manner analogous to that used in 
the case of a single equation. When there are several independent 
variables it is advantageous to form the total differentials, from 
which the partial derivatives of the same order may be found. 
Consider the case of two functions u and v of the three variables 
tXj y, z defined by the two equations 


F{x, y, ;3, u, v) = 0, 
^{x, y, u, v) = 0. 


The total differentials of the first order du and dv are given hy the 
two equations 




dv 


dx + “b 

dx cy 




Likewise, the second total differentials d^u and d^v are given by the 
equations 
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(If *+■■•+ S' + S + S 

II + • ■ • + If *)' + If = 0, 


and so forth.' In the equations which give dJ^u and the’ deter- 
minant of the coefficients of those differentials is equal for all values 
of n to the Jacobian D (JF, $) lD(u^ v), which, by hypothesis, does not 
vanish. 


26 . Inversion. Let -wi, 1*2, • • be n functions of the n independent vari- 
ables Xi, aj2, * • • 1 »n, such that the Jacobian D (wi, 2^2, * • * , u,i)/I>(xi , X2, • • • , x„) 
does not vanish identically. The n equations 

fl 3 \ ( — 0 l(^li ® 2 j • ' ■ I ^n)i W2 = 02(2^11 X2, ’ • • ^n)i * * ' j 

define, inversely, Xi, X2, • • •, Xa as functions of wi, U2, * • * , w„. For, taking any 
system of values xj, Xg, *••, x®, for which the Jacobian does not vanish, and 
denoting the corresponding values of W25 • ■ • by uj, ’^11 » there 

exists, according to the general theorem, a system of functions 

Xi = 2^2, • • • , W„), X2 = W2, • • • , Wn), * * • , X„ = vi'n(Ui, W2, • • • , W„), 

which satisfy ( 13 ), and which take on the values x{, xj, • • • , xJi, respectively, 
when -ui = = u®. These functions are called the inverses of the func- 

tions 01, 02? • - ‘I 0nj and the process of actually determining them is called 
an inversion. 

In order to compute the derivatives of these inverse functions we need merely 
apply the general rule. Thus, in the case of two functions 


w=/(x, y), 


V = 0 (X, y). 


if we consider u and v as the independent variables and x and y as inverse 
functions, we have the two equations 


du = — dx + — dy, 
dx dy 


whence 


— du — ~ dv 


dx : 


dy 


dy 


dx dy dy dx 

We have then, finally, thja formulae 


dx _ 
Bu 


00 

dy 


^00 
0 x dy 


dy dx 


dv = ^dx + ^ dy, 
dx dy 


dy = 


dx dx 


dx dy 


^00 
dy dx 


dx 

dv 


dy 


d^H 

dx dy 


0 / 0^0 
dy dx 
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_ ^ 

gy 

^ * 

0SC 02 / dx 


!/ 

02/ 0^ 

^ '^UFZ^WIF 

dx dy dy dx 


27. Tangents to skew curves. Let us consider a curve C repre- 
sented by the two equations 


(14) 


/ Fi(a;, y,z) = 0, 
(Fa(x, y, 2 J) = 0 ; 


and let cc^, be the coordinates of a point Mq of this curve, such 
that at least one of the three Jacobians 


oF^ dF^ 

dy dz dz dy ^ dz dx dx dz dx dy By dx 

does not vanish when x, y, z are replaced by Xq, y^, z^, respectively. 
Suppose, for definiteness, that Z)(Fi, / D(ij^ z) is one which does 
not vanish at the point Then the equations (14) may be solved 
in the form 

y = <i>(x), Z=:xj,(x), 

where and ^ are continuous functions of x which reduce to and 
respectively, when x = cto - The tangent to the curve C at the 
point Mq is therefore represented by the two equations 


X - x^) _ F — yo _ ^ 

where the derivatives <l>\x) and ^\x) may be found from the two 
equations 


In these two equations let us set a: = ajj, y = t/oj * = *o) replace 
<^'(x„) and by ( — yo) / (-^^ — *^ 0 ) and {Z — z^j(X — x^, 

respectively. The equations of the tangent then become 


f . , (dF\ , . 

i W)y 




( 15 ) 
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or 



The geometrical interpretation of this result is very easy, Th<^ 
two equations (14) represent, respectively, two surfaces <an(i Xg, of 
which C is the line of intersection. The equations (15) rcqu-csent 
the two tangent planes to these two surfaces at the pc>ii>t aiwl 
the tangent to C is the intersection of these two planes. 

The formulse become illusory when the three Jacobians above all 
vanish at the point Mq. In this case the two equations ( 1 5) reduce 
to a single equation, and the surfaces Si and are tangtuii at the 
point Mq. The intersection of the two surfaces will then cHuisist, in 
general, as we shall see, of several distinct branches throtxgh tJu^ 
point Afo. 


II. FUNCTIONAL DETERMINANTS 


28. Fundamental property. We have just seen what an iinpf>rtiant 
r61e functional determinants play in the theory of implicnt fuiutiions. 
All the above demonstrations expressly presuppose that a <*ertaiu 
Jacobian does not vanish for the assumed set of initial values. 
Omitting the case in which the Jacobian vanishes only for <^ertain 
particular values of the variables, we shall proceed to examine tln^ 
very important case in which the Jacobian vanishes id6nti<‘.ally. 
The following theorem is fundamental. 


Let 'Ui, • • , , he n fmictiom of the 7i indepmident varMlt$ 
®i} ***> order that there exist between these 7 i funetions 

a relation n (wj, = 0, which does not wivolve expliritii/ anp 

of the variables Xi^ x^, • • •, a!„, is necessary and suffleimt that ths 
functional determinant 

Djui, ?0 

D(xi, X2) • • cc„) 

should vanish identically. 


In th 3 first place this condition is necessary. For, if such a reho- 
tion n(%, ■■■,u„) = Q exists between the n functions u,, „ 

the following n equations, deduced by differentiating with respect to 
eacn of the a’s in order, must hold ; 
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— gn 8;f„ 

dill dxi du^ dxi dx^ ^ 


dlldu^ 

dui dx^ du2 dx^ ^ du^ dx^ ~ 

and, since we cannot have, at the same time, 

— = ^ = . . . = ^ - n 
dui du2 du,^ ’ 

since the relation considered would in that case reduce to a trivial 
identity, it is clear that the deteiun. inant of the coefficients, which is 
precisely the Jacobian of the theorem, must vanish.* 

The condition is also sufficient To prove this, we shall make 
use of certain facts which follow immediately from the general 
theorems. 

1) Let % V, w be three functions of the three independent variables 
Xf 2 /, such that the functional determinant D{u, v, w) /D(x, y, z) 
is not zero. Then no relation of the form 

X du fx dv V dw =: 0 

can exist between the. total differentials dn, dv, dw, except for 
X = ^ = V = 0. For, equating the coefficients of dx, dy, dz in the 
foregoing equation to zero, there result three equations for X, /a, y 
which have no other solutions than X = />i = v = 0. 

2) Let ( 0 , Uj V, tv be four functions of the three independent 
variables a;, y, z, such that the determinant D('Uj w) /d \x, y, z) 
is not zero. We can then express x, y, z inversely as functions of 
u,v^w) and substituting these values for x, y, a; in w, we obtain 
a function 

Hi z=:(i?(u, Vj w) 

of the three variables u, v, tv. If by any process whatever tve can 
obtain a relation of the form 

(1^) do) = P du “f" Qdv Ji dw 


As Professor Osgood lias pointed out, tlie reasoning here supposes that the 
partial derivatives 511/ SIT do not all vanish simultaneously 
for any system of values which cause 11 («i , , ■ • • , w„) to vanish. This supposition 

is certainly justified when the relation n = 0 is solved for on© of the variables Ui. 
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helwean the total differentials dia, du, dv, dw, taken with respect to the 
independent variables x, y, «, then the ooeffkients P, Q, R are equal, 
respectively, to the three first partied derivatives of ^ (u, v, w) : 





Tor, by tbe rule 
(§ 16), we have 


for the total differential of a composite function 


aw + ^ av + dw ; 
die dv cw 


and there cannot exist any other relation of the form (16) between 
<Z(D, duy dv, dw, for that would lead to a relation, of the form 

X du fx dv -{■ V dw = 0, 

where X, fi, v do not all vanish. We have just seen that this is 
impossible. 


It is clear that these remarks apply to the general case of any 
number of independent variables. 

Let us then consider, for definiteness, a system of four functions 
of four independent variables 


X = Fi(x, y, z, t), 

Y = F^(x, y, z, t), 

Z = F^(x, y, z, t), 

T = F^(x, y, z, t), 

where the Jacobian D(Fi, F^, F^, F^/D(x, y, z, t) is identically 
zero by hypothesis ; and let us suppose, first, that one of the first 
minors, say D{F^, F^, F^)jD(x, y, z), is not zero. We may then 
think of the first three of equations (17) as solved for x, y, z as 
functions of X, Y,Z,t\ and, substituting these values for x, y, z in 
the last of equations (17), we obtain T as a function of X, Y,Z,ti 

(IS) T^^{X,Y,Z,t). 

We proceed to show that this function ^ does not contain the vari- 
able t, that is, that d^/dt vanishes identically. For this purpose 
let us consider the determinant 
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A = 


dFi 

dFi 

dFi 

dx 

dy 

dz 

dF^ 


dF„ 

dx 


dz 


8F, 

dF„ 

dx 

dy 

dz 

dF^ 

dFi 

dFi 

dx 

dy 

dz 

dx, ( 

iY, dZ 

, dT 


dX 

dr 

dZ 

dT 


dy + dz 4- dt, 


8x 


dy 


and if the determinant be developed in terms of dx, dy, dz, dt, it turns 
out that the coefficients of these four differentials are each zero ; the 
first three being determinants -with two identical columns, while the 
last is precisely the functional determinant. Hence A = 0. But if 
we develop this determinant with respect to the elements of the last 
column, the coefficient of dT is not zero, and we obtain a relation of 
the form 

dT= PdX-\-Q,dr-\-RdZ. 


By the remark made above, the coefficient of dt in the right-hand 
side is equal to d^/Zt. But this right-hand side does not contain 
dt, hence d^/dt — 0. It follows that the relation (18) is of the form 


T = ^{X, Y,Z), 

which proves the theorem stated. 

It can be shown that there exists no other relation, distinct from 
that just found, between the four functions X, Y, Z, T, independent 
of X, y, z, t. Bor, if one existed, and if we replaced T by 4>(Jr, Y, Z) 
in it, we would obtain a relation between X, Y, Z of the form 
n (X, Y, Z) = 0, which is a contradiction of the hypothesis that 
I>(X, r, Z) / I>(x, y, z) does not vanish. 

let us now pass to the case in which all the first minors of the 
Jacobian vanish identically, but where at least one of the second 
minors, say PiF,, F^ /P(x, y), is not zero. Then the first two of 
equations (17) may be solved for x and y as functions of X, Y, z, t, 
and the last two become 


Z=.tb^(_X,Y,z,t), 


r=d>,(x, Y,z,t). 
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Oe the other hand we can show, as before, that the determinant 

dX 
dY 


8Fi 

8Fi 

8x 

dy 


ZFj 

dx 

dy 

dFs 

8F, 

dx 

dy 


vanishesddentically ; and, developing it with respect to the elements 
of the last column, we find a relation of the form 
dZ =^PdX^ QdY, 

whence it follows that 


dz 


= 0 , 




dt 


= 0 . 


In like manner it can be shown that 


dz 


= 0 , 


IT 


= 0 ; 


and there exist in this case two distinct relations between the four 
functions Z, F, F, T, of the form 

There exists, however, no third relation distinct from these two; 
for, if there were, we could find a relation between X and F, which 
would be in contradiction with the hypothesis that D(A’’, F) J D (x, y) 
is not zero. 

Finally, if all the second minors of the Jacobian are zeros, but 
not aU. four functions X, F, T are constants, three of them are 
functions of the fourth. The above reasoning is evidently general. 
If the Jacobian of the n functions JPi, Fg, of the n independ- 

ent variables ajj, ccj, • ••, together with all its (n. — r + 1)- rowed 
minors, vanishes identically, but at least one of the (n — r) -rowed 
minors is not zero, there exist precisely r distinct relations l)etween 
the n functions ; and certain r of them can be expressed in terms 
of the remaining {n — r), between which there exists no relation. 

The proof of the following proposition, which is similar to the 
above demonstration, will be left to the reader. The necessary and 
sufficient condition that n functions o/ + p independent variables be 
connected by a relation which does not involve these variables is that 
every one of the Jacdbians of these n functions^ with respect to any n 
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of the independent variables, should vanish identically. In par- 
ticular, the necessary and suflacient condition that two functions 
•••, a;„) and h\(x„ x,) should he functions of each 

other IS that the corresponding partial derivatives dF, /dx- and 
dF^/dx, should be proportional. ' 


Note. The functions F„ F„...,F„ in the foregoing theorems may 
involve certain other variables y„ y,, besides a:., ■ . 

If the Jacobian i3 ,j; 

imctions Fj, F^, F„ are connected by one or more relations 
which do not involve explicitly the variables x„ x^, a , but 
which may involve the other variables y„ y„, ... y 


Appliccdions. The preceding theorem is of great importance. The funda- 
mental property of the logarithm, for instance, can he demonstrated by means 
of It, without using the arithmetic definition of the logarithm. For it is proved 
at the beginning of the Integral Calculus that there exists a function which is 
defined for all positive values of the variable, which is zero when a = 1 and 
whose derivative is 1/x. Let /(x) be this function, and let 


Then 


w =/(a;) -l-/(y), t> = a;y. 


J)(u, v) 
B {z, y) 


1 1 

X y 
y X 


= 0 . 


Hence there exists a relation of the form 


f(x) +/ (y) = 0(ccy) ; 

and to determine .p we need only set j, = 1, which gives /(x) = <b (x). Hence 
since x is arbitrary, ’ 

f¥) +f{y) =f(xy). 

It is clear that the preceding definition might have led to the discovery of 
the fundamental properties of tlie logarithm had they not been known before the 

Integral Calculus. 

As another application let us consider a system of n equations in n unknowns 

Wi, W2, • • •, 

( U2y • • • , Un) = Ifi, 

. igv J -^2 (i^l, Ws, • • • , U„) = Jfg, 


V Fn (?< 1 , U2y ’ • • , Un) — 

where J/i, JJ2, - JJ„ are constants or functions of certain other variables 
Xi, Z2y Zmy which may also occur in the functions Fi. If the Jacobian 
^{Fiy ^2, ■ • Fn) / B {ui, U2y • ’ • y Un) Vanishes identically, there exist between 
the n functions Fi a certain number, say n - A;, of distinct relations of the form 

Fk + 1 = Hi (Fi, . . . , Fa), . . . , j?*,, = • • •, Fa). 
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In order that the equations (19) be compatible, it is evidently necessary that 

ift+i = •• •> £■« = •• •, Hfc), 

and if this be true, the n equations (19) reduce to k distinct equations. We 
have then the same cases as in the discussion of a system of linear equations. 

29. Another property of the Jacobian. The Jacobian of a system of n 
functions of n variables possesses properties analogous to those of 
the derivative of a function of a single variable. Thus the preceding 
theorem may be regarded as a generalization of the theorem of § 8. 

The formula for the derivative of a function of a function may be 
extended to Jacobians. Let F^, F^, ■■■, F„ he a. system of n func- 
tions of the variables «i, «„•••, and let us suppose that 
. . themselves are functions of the li independent variables * 1 , 
Xt, ■ ■ ■, £c„. Then the formula 

D(Fu Fj, K) P2> K) u,, •••, vQ 

D (xi, Xj, • • •, a:„) “«) T>(xi, Xj, • • •, x„) 

follows at once from the rule for the multiplication of determinants 
and the formula for the derivative of a composite function. For, 
let us write down the two functional determinants 




dFi 


dui 

du2 

d u„ 

dui 

dUi 



dxi 

dxi 

dxi 




) 

dui 

duz 


dui 

dut 

du„ 


dx„ 

dx,, 

8x„ 


where the rows and the columns in the second have been inter- 
changed. The first element of the product is equal to 

4 . 4- • 

dux dxi dxu dxx du^ dxi 

that is, to dFx/dxi, and similarly for the other elements. 

30. Hessians. Let /(x, i/» 2 ) he a function of the three variables a, y, 2. Then 
the functional determinant of the three first partial derivatives df/dx^ df/dy^ 


av 

ay 

32/ 

ax2 

dxdy 

dx dz 

av 

aV 

o^f 

dx dy 

a2/2 

dy dz 

d^f 

e‘^/ 


Sx cz 

<;y dz 

vz^ 
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is called the Hessian of f{x, y, z). The Hessian of a function of n variables is 
defined in like manner, and plays a r61e analogous to that of the second deriva- 
tive of a function of a single variable. We proceed to prove a remarkable 
invariant property of this determinant. Let us suppose the independent vari- 
ables transformed by the linear substitution 

r z = <xX -{■ /3T-1- yZj 
<190 \y= oc'X-^ YZ, 

where X, T, Z are the transformed variables, and or, jS, 7 , • • • , 7 " are constants 
such that the determinant of the substitution, 


A = 


a ^ y 
a'' jS' Y 
a" y" 


is not zero. This substitution carries the function /(cc, y, z) over into a new 
function F(X, F, Z) of the three variables X, F, Z. Let JI (X, F, Z) be the 
Hessian of this new function. We shall show that we have identically 


H(X, F, Z) = A2/i(«, 2 /, 2 ), 

where cc, 2 /, z are supposed replaced in h{x, z) by their expressions from (190. 
Tor we have 


// = 


A 


/BF 

BF 

BF\ 


tF 

BF\ 

\BX' 

by' 

Bz) 


ir’ 

Bz) 


jO y, z) 


D(X, F, Z) Bix, y, z) D(X, F, Z) 

and if we consider df/dz^ for a moment, as auxiliary variables, 

we may write 

fdF dF dF\ 


H 


A 


dX BY dZ 


\jbz By dz / 

I>(x, y, z) 


\Bz By dz ) 

But from the relation F(X, F, Z) =/(x, 2 ), we find 


F){x, 2/, z) 
D(X, F, Z)' 


whence 


BF Bf , ,Bf , ,,Bf 

dX Bz By Bz 

BY ^ Bz ^ By ^ Bz 

BF Bf ^ ,Bf ^ „Bf 

— — 7 - 1 . 4 . 7 ' 7 " — , 

BZ ^ Bz By Bz 


and hence, finally, 


^/BF BF BF\ 
\Bz By Bz ) 


a a' a" 
/3 r r 
y 7 ' 7 " 


= A; 


/£== A/l R&lJhJl . = A2/i. 

JOiX, F, Z) 


It istslear that this theorem is general. 
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Let us now consider an application of this property of the Hessian. Let 

/(X, + S oxjfi + 

be a given binary cubic form whose coefiScients a, 6, c, d are any constants. 
Then, neglecting a numerical factor, 

I ox 4- -f cy 1 , ^ ^2 (aci - be) xy + {bd - c^) 

\bx-\-cy cx-\-dy\ 

and the Hessian is seen to be a binary quadratic form. First, discarding the 
case in which the Hessian is a perfect square, we may write it as the product of 
two linear factors : 

h = {mx -h ny) {px + qy). 

If, now, we perform the linear substitution 

mx + ny = X, px-\- qy= Y, 
the form/(x, y) goes oyer into a new form, 

F(X, Y) ■= AX^ + B BX^T + DY^ 

whose Hessian is 

H{X,Y) = (AC-B^)X^-^ {AD - BO) XT + {BD - C^) 

and this must reduce, by the invariant property proved above, to a product of 
the form EXY. Hence the coefficients Ay By C, D must satisfy the relations 

B^-AG=zOy BD-C^ = 0. 

If one of the two coefficients J?, C be different from zero, the other must be so, 
and we shall have 

p.(X, T) = ^(B^X^ + Z^CX-^r + ZSa‘XY^+C^T>) = ^^^^^ ■ 

whence F’(X, F), and hence /(x, 2 /), will be a perfect cube. Discarding this 
particular case, it is evident that we shall have B = C = 0 ; and the polynomial 
F(X, F) will be of the canonical form 

HX3 4 - DF3. 


Hence the reduction of the form /(x, y) to its canonical form only involves the 
solution of an equation of the second degree, obtained by equating the Hessian 
of the given form to zero. The canonical variables X, F are precisely the two 
factors of the Hessian. 

It is easy to see, in like manner, that the form/(x, y) is reducible to the form 
AX 8 4 - BX^ Y when the Hessian is a perfect square. When the Hessian van- 
ishes identically /(x, y) is a perfect cube : 


/(X, y) = {ax 4- /3y)*. 
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III. TRANSFORMATIONS 

It often happens, in many problems which arise in Mathematical 
Analysis, that we are led to change the independent variables. It 
therefore becomes necessary to be able to express the derivatives 
with respect to the old variables in terms of the derivatives with 
respect to the new variables. We have already considered a problem 
of this kind in the case of inversion. Let us now consider the 
question from a general point of view, and treat those problems 
which occur most frequently. 


31. Problem I. Let y he a function of the independent variable x, 
and, let the a new independent variable connected with x by the relation 
X = <l>(t'). It is required to express the successive derivatives of y with 
respect to x m tei'ms of t and the successive derivatives of y with 
respect to t 

Let y =f(x) be the given function, and F(t) =/[<j5>(^)] the func- 
tion obtained by replacing x by <j>{t) in the given function. By the 
rule for the derivative of a function of a function, we find 


whence 


dy __ d y 
dt dx 


X <#,'(0, 


dt ^ y^ 


This result may be stated as follows : To find the derivative of y 
with respect to £c, take the derivative of that function with respect to t 
and divide it by the derivative of x ivith respect to t. 

The second derivative dj^y Jdx^ may be found by applying this 
rule to the expression just found for the first derivative. We find : 


dx* d>'(0 [<#>'(03’ 

and another application of the same rule gives the third derivative 
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or, performing the operations indicated, 

d’^y + S,yW'(f)Y- . 

dx> [<#-'( 0 ]® 

The remaining derivatives may be calculated in succession by 
repeated applications of the same rule. In general, the Tz-th deriva- 
tive of y -with respect to x may be expressed in terms of 
• ••, and the first successive derivatives of y with respect to 

t. These formulae may be arranged in more symmetrical form. 
Denoting the successive differentials of x and y with respect to t by 
dx, dy, d^x, d^ij, d^x, d’^y, and the successive derivatives of y 
with respect to x by y', y", we may write the preceding 

formulae in the form 


r dy 


( 20 ) 


y" = 


dxd^y — dyd?x 
dx^ * ' 


, _d^y dx^ — 3 d^ydx d^x + 3 dy (d^xY — dy d^x dx 
dx^ ' 


The independent variable t, with respect to which the differentials 
on the right-hand sides of these formulae are formed, is entirely 
arbitrary ; and we pass from one derivative to the next by the 
recurrent formula 

^ dx 

the second member being regarded as the quotient of two differen- 
tials, 

32. Applications. These formulae are used in the study of plane 
curves, when the coordinates of a point of the curve are expressed in 
tertns of an auxiliary variable t, 

y==<#»(0- 

In order to study this curve in the neighborhood of one of its points 
it is necessary to calculate the successive derivatives y\ y'\ • • • of y 
with respect to x at the given point. But the preceding formulse 
give us precisely these derivatives, expressed in terms of the succes- 
sive derivatives of the functions f {t) and (t), without the necessity 
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of having recourse to the explicit expression of y as a function of x, 
which it might be very difficult, practically, to obtain. Thus the 
first formula 


2 /' 


dx fit) 


gives the slope of the tangent. The value of y" occurs in an impor- 
tant geometrical concept, the raditts of curvature, which is given by 
the formula 


R = 


ly'l ' 


which we shall derive later. In order to find the value of R, when 
the coordinates x and y are given as functions of a parameter t, we 
need only replace y' and y" by the preceding expressions, and we 


find 


(dx^ + dy^f 
\dxcPy —dyd^x^ 


where the second member contains only the first and second deriva- 
tives of X and y with respect to j5. 


The following interesting remark is taken from M. Bertrand’s TraiU de 
Calcul diffireidiel et integral {Vol I, p. 170), Suppose that, in calculating some 
geometrical concept allied to a given plane curve whose coordinates x and y are 
supposed given in terms of a parameter <, we had obtained the expression 

F(x^ y, dx, dy, d^y, • • d^x, d’^y), 

where all the differentials are taken with respect to t Since, by hypothesis, 
this concept has a geometrical significance, its value cannot depend upon the 
choice of the independent variable t. But, if we take x = t, we shall have 
dx — dt, =#«=•••= = 0, and the preceding expression becomes 

/(«, y, y', f \ •••» ; 

which is the same as the expression we would have obtained by supposing at the 
start that the equation of the given curve was solved with respect to y in the 
form y = # (x). To return from this particular case to the case where the inde- 
pendent variable is arbitrary, we need only replace y', yf', • • • by their values 
from the formulae (20). Performing this substitution in 

/(a:, 

vre should get hack to the expression Vs dx, dy, d?x, <J®y, •■•) with which 
we started. If .wc do not, we can assert that the result obtained is incorrect. 
For example, the expression 

d xd^^y -b dyd^x 
(dx® -f dy®)^ 
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cannot have any geometrical significance for a plane curve which is independent 
of the choice of the independent variable. For, if we set x = i5, this expression 
reduces to 2/^V(l + ; and, replacing y' and y" by their values from (20), we 

do not get back to the preceding expression. 


33. The formulae (20) are also used frequently in the study of 
differential equations. Suppose, for example, that we wished to 
determine all the functions y of the independent variable £c, which 
satisfy the equation 

( 21 ) 


where is a constant. Let us introduce a new independent variable 
t) where x = cos t. Then we have 


dy ^ dt 
dx — sin t 


dx^ 


sin t 


d^y 

dt^ ■ 


. dy 
• cos if 

dt 


sm^if 


and the equation (21) becomes, after the substitution, 

( 22 ) 


It is easy to find all the functions of t which satisfy this equation, 
for it may be written, after multiplication by 2 dy jdty 


whence 








where a is an arbitrary constant. Consequently 


or 




dt 




• ^^ = 0 . 
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Tlie left-hand side is the derivative of arc sin Qj/ a) — nt. It follows 
that this difference must be another arbitrary constant whence 

2 / = a sm(nt -f- b), 

which may also be written in the form 

y A sin nt A- ^ cos nt. 

Returning to the original variable x, we see that all the functions of 
X which satisfy the given equation (21) are given by the formula 

y = A sin (n arc cos a;) 4* ^ cos (n arc cos x), 

where A and B are two arbitrary constants. 

34. Problem II. To every relation between x and y there corresponds^ 
by means of the transformation x =f(t, u), y = relation 

between t and u. It is required to express the derivatives of y with 
respect to x in terms oft, u, and the derivatives ofu with respect to t 

This problem is seen to depend upon the preceding when it is 
noticed that the formulae of transformation, 

X ^f(t, u), y=<l> (t, u), 

give us the expressions for the original variables x and y as func- 
tions of the variable t, if we imagine that u has been replaced in 
these formulae by its value as a function of t. We need merely 
apply the general method, therefore, always regarding x and y as 
composite functions of t, and u as an auxiliary function of t. We 
jfind then, first, 


dy dy dx 
dx dt dt 


dtf> dtj} dji 
dt du dt 


dt dt I V 

dt du dt 


and then 




dx^ dt\dxj dt 


or, performing the operations indicated, 


(df , dfdu\ 


"ay ^ ay dit . 

dudtdt~^ 


u\dt) 


^ Z^dPu 
^ dt^ 


I dt 


[S-] 
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In general, the nth derivative is expressible in terms of % and 
the derivatives du / dt^ d^u/dt^^ • • •, d^u/ 

Suppose, for instance, that the equation of a curve be given in 
polar coordinates p = /(o)). The formulae for the rectangular coor- 
dinates of a point are then the following : 


£c = p cos < 0 , y p sin o>. 

Let p', p", • • - be the successive derivatives of p with respect to <o, 
considered as the independent variable. From the preceding formulae 
we find 

dx = cos m dp — p sin o) dw, 
dy = sm(i> dp + p cos to du>, 
d^x = Gos (tid^p — 2 sino) dto dp — p GOStado)^, 

<Py = sino) d^p -f 2 cos cu dw cZp — p sinw d(a% 

whence 

dx^ -}- dy^ = dp"^ -h p^ c2a)^, 

<^£C dyd^x — 2 dm dp^ — p dm d^p -f- p“ ci?a)®. 

The expression found above for the radius of curvature becomes 


i2 = ± 


P^ + 2p'=-pp''' 


35. Transformations of plane curves. Let us suppose that to every 
point m of a plane we make another point M of the same plane cor- 
respond by some known construction. If we denote the coordinates 
of the point m by (x, y) and those of M by (X, F), there will exist, 
in general, two relations between these coordinates of the form 


(23) X=f(x,y), Y = ^{x,y). 


These formulae define a jpoint transformation of which numerous 
examples arise in Geometry, such as projective transformations, the 
transformation of reciprocal radii, etc. When the point m describes 
a curve c, the corresponding point Af describes another curve C, whose 
properties may be deduced from those of the curve c and from the 
nature of the transformation employed. Let y\ • • • be the suc- 
cessive derivatives of y with respect to a;, and Y\ F", ■ • • the succes- 
sive derivatives of F with respect to X To study the curve C it 
is necessary to be able to express Y\ F", ... in terms of a;, y, y\ 
y'\ • ■ - . This is precisely the problem which we have just discussed j 
and we find 
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^ 4. M 

Y< —— — ‘ 

“ V+^v’ 

ote dx dy'^ 

r"- — = yga; dy* )\dx^ j 

^ /V, VyV 

rfa: \3a! ^ ) 

and so forth. It is seen that Y' depends only on x, y, y'. Hence, 
if the teansformation (23) be applied to two curves c, e', which are 
tangent at the point (x, y), the transformed curves C, C will also 
be tangent at the corresponding point (X, Y). This remark enables 
us to replace the curve c by any other curve which is tangent to it 
in questions which involve only the tangent to the transformed 

curve C. • i n j 

Let us consider, for example, the transformation defined by the 

f ormulse _ . 


' cc^ + 




which is the transformation of reciprocal radii, or inversion, with 
the origin as pole. Let m be a point of a curve c and M the cor- 
responding point of the curve C. In 
order to find the tangent to this curve y 
C we need only apply the result of 

ordinary Geometry, that an inversion n yj\ 

carries a straight line into a circle \ 

through the pole. ^ -3--"V 

Let us replace the curve c by its 
tangent wtn The inverse of mt is a — ^ ^ m 

circle through the two points M and 0, Kig. 6 

whose center lies on the perpendicular 

Ot let fall from the origia upon mt. The tangent MT to this circ e 
is perpendicular to AM, and the angles Mmt and mMT are equa , 
since Lch is the complement of the angle mOt. The tangents 
and MT are therefore antiparallel with respect to the radius vector. 


36. Contact transformations. The preceding transformations are 
not the most general transformations which carry two tangent 
curves into two other tangent curves. Let us suppose t a a poi 
M is determined from each point w of a curve o by a cons rue 
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which depends not only upon the point ni, hut also upon the tangent 
to the curve c at this point. The formulae which define the trans- 
formation are then of the form 


(24) X ==f(x, y, y'), Y=<j>(x, y, y ') ; 


and the slope y' of the tangent to the transfornaed curve is given 
by the formula 

d(l> dcj> , „ 


dY dx dy_ ' 


dX 


dy' 


dx ^ 


^y ^ Sy' 


In general, Y' depends on the four variables cc, y, y\ ?/" ; and if we 
apply the transformation (24) to two curves c, c' which are tangent 
at a point (cc, y), the transformed curves C, C" will have a point 
(X, y) in common, but they will not be tangent, in general, unless 
happens to have the same value for each of the curves c and c\ 
In order that the two curves C and C should always be tangent, it 
is necessary and sufficient that y' should not depend on y”; that is, 
that the two functions /(cc, y, y') and <j> (x, y, y^) should satisfy the 
condition 


dy' \ dx dy 


dy' \dx dy 



In case this condition is satisfied, the transformation is called a 
contact transformation. It is clear that a point transformation is a 
particular case of a contact transformation * 

Let us consider, for example, Legendre^s transformation, in which 
the point which corresponds to a point (x, y) of a curve c, is given 
by the equations 

X^y', y = icy' - y ; 

from which we find 


y' 


_dY 

dx ~ y" 


wMoli shows that the trausformatioa is a contact transformatioiL 
In like manner we find 


Y'f = 


dY^ 

dX 

dY" 

dX 


dx _ ^ 
y"dx y"’ 

___ 


* Legendre and Ampere gave many examples of contact transformations. Sophus 
Lie developed the general theory in various works; see in particular his Geometric 
der Beruhrungstransformationen. See also Jacobi, Vorksungen uber Bynamik. 
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and so forth. From the preceding formulae it follows that 

which shows that the transformation is involutory.* All these prop- 
erties are explained by the remark that the point whose coordinates 
are A == y', — y is the pole of the tangent to the curve c at 

the point {x, y) with respect to the parabola __ 2 y = 0. But, in 
general, if M denote the pole of the tangent at m to a curve c with 
respect to a directing conic % then the locus of the point M is a 
curve C whose tangent at M is precisely the polar of the point m 
with respect to % The relation between the two curves c and C is 
therefore a reciprocal one ; and, further, if we replace the curve c by 
another curve c', tangent to c at the point m, the reciprocal curve C' 
will be tangent to the curve C at the point M. 

Pedal curves. If, from a fixed point 0 in the plane of a curve c, a perpen- 
dicular OM be let fall upon the tangent to the curve at the point m, the locus of 
the foot M of this perpendicular is a curve 0 , which is called the pedal of the 
given curve. It would be easy to obtain, by a direct calculation, the codrdinates 
of the point M, and to show that the trans- 
formation thus defined is a contact transfor- 
mation, but it is simpler to proceed as follows. 

Let us consider a circle 7 of radius E, de- 
scribed aboutthe point Oas center; andletmi 
be a point on OM such that Omi x OM = 

The point mi is the pole of the tangent mt 
with respect to the circle ; and hence the 
transformation which carries c into C is the 
result of a transformation of reciprocal po- 
lars, followed by an inversion. When the 
point m describes the curve c, the point mi, 
the pole of 7nt^ describes a curve Ci tangent Fig. 6 

to the polar of the point m with respect to 

the circle 7 , that is, tangent to the straight line miti, a perpendicular let fall 
from mi upon Om. The tangent MT to the curve C and the tangent mih to the 
curve Cl make equal angles with the radius vector OmiM. Hence, if we draw 
the normal JifA, the angles AMO and AOM are equal, since they are the comple- 
ments of equal angles, and the point A is the middle point of the line Om. It 
follows that the normal to the pedal is found by joining the point M to the center 
of the line Om. 

37. Projective transformations. Every function y which satisfies the equation 
y" = 0 is a linear function of x, and conversely. But, if we subject x and y to 
the projective transformation 

That is, two successive applications of the transformation lead us back to the 
original coordinateH. — 'Irans. 
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aZ + bJT-hc a'X-\‘VY^c' 

* “ a" X ’\‘V' Y a"X + 6" F + c"' 


a straight line goes over into a straight line. Hence the equation y'' — 0 should 
become d^Y/dX^ = 0. In order to verify this we will first remark that the 
general projective transformation may he resolved into a sequence of particular 
transformations of simple form. If the two coefficients and are not hoth 
zero, we will set Xi z= a" X-{- b" F + c"' ; and since we cannot have at the same 
time ah'' — ba" — 0 and a'b" — b'a" = 0, we will also set Yi = a^ X -{■ b' Y c ^ 


on the supposition that a'b" — h' a" is not zero. The preceding formulse may 
then he written, replacing X and F by their values in terms of Xi and Fi, in 
the form 


2/= — 


Fi 

X^ 


._ ocX^^?Y^ + y _ y__ 

Xi 


It follows that the general projective transformation can he reduced to a 
succession of integral transformations of the form 


a; = aX + 6F+ c, y = a' X + b'Y + c', 


combined with the particular transformation 


X = 


i 

x’ 



Performing this latter transformation, we find 

, dy X Y' — Y — 1 ^ -p-xr/ 

and 

y" = ^ = - XY"{- X2) = X» Y". 
dx 


Likewise, performing an integral projective transformation, we have 

, dy a' b' Y' 

dx a + bY' 

dy' _ (ab'-ba')Y" 

^ ~ dx ~ (a + bFO® 

In each case the equation y" ^=0 goes over into Y" = 0. 

We shall now consider functions of several independent variables, and, for 
definiteness, we shall give the argument for a function of two variables. 


38, Problem IH Let m=f(x, y) he a function of the two indejpendr 
ent variables x and y, and let u and v he two new variables connected 
with the old ones by the relations 

x = <l>(u, v), y — v). 

It is required to express the partial derivatives of w with respect to thox 
variables x and y in terms of u, v, and the partial derivatives of to with 
reject to u and v. 
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Let <0 = F(m, v) be the function which results froni/(£c, ij) by the 
substitution. Then the rule for the differentiation of composite 
functions gives 

d<a d(o dify d<d 

du dx du dy du 

do) do) d<f> d<i) dij/ 

dv dx do dy dv^ 

whence we may find d<a/dx and diajdy'^ for, if the determinant 
ii/)/D(u, v) vanished, the change of variables performed 
would have no meaning. Hence we obtain the equations 


( 25 ) 


’ day . d<o , _ du) 

-r— = A h B 

ox cu cv 

do> Bit) 

dy du dv^ 


where A, B, C, D are determinate functions of u and v ; and these 
formulae solve the problem for derivatives of the first order. They 
show that the derivative of a function with resiyect to x is the sum of 
the two products formed hy multiplying the two derivatives with respect 
to u and v hy A and B, respectively. The derivative with respect to 
y is obtained in like manner, using C and D instead of A and B, 
respectively. In order to calculate the second derivatives we need 
only apply to the first derivatives the rule expressed by the preced- 
ing formulae j doing so, we find 

d‘^ia d A ~ A- B 

dx^ dx\dxj du dv/ 



or, performing the operations indicated, 

d^io / d^<o d^(t) dAdtti d^ ^<o \ 

( d^o> dA go) . ^ 

-f- B -j- j 

and we could find d^ ay /dx dy, d^uy /dif and the following derivatives 
in like manner. In all differentiations which are to be carried out 
we need only replace the operations d /dx and d /dyhj the operations 

. 4 + 4 ' 4 + 4 ' 
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respectively. Hence everything depends upon the calculation of the 
coefficients A, B, C, D. 

Example I. Let us consider the equation 

^ ^ ' dx^ dx cy cy^ 

where the coefficients a, 6, c are constants ; and let us try to reduce this equa- 
tion to as simple a form as possible. We observe first that if a = c = 0, it would 
be superfluous to try to simplify the equation. We may then suppose that c, 
for example, does not vanish. Let us take two new independent variables u 
and D, defined by the equations 

u = z-\- ay^ V = x + /Sy, 
where cc and j3 are constants. Then we have 

3cij __ 3w ^ 

dx du dv ’ 

dco du) 

<3: j- , 

dy du dv 

and hence, in this case, A = B = 1, C = u, D = /3. The general formulae then 
give 

d^cif __ d^w ^ 

dx^ du^ du dv dv^ 

d^(o d^o) 

dxdy du^ ' ^ dudv dv^ 

d^o) .d^(a A 

— - = a2 — + 2u/3 + /32 — , 

du^ dudv dv^ 

and the given equation becomes 

(a + 26a + + 2[a + 6(a + p) + ca/5]i^+ (a + 26(3 + c/32)^ = 0. 

du^ Sit 01) dv^ 

It remains to distinguish several cases. 

First case. Let 6^ — ac> 0. Taking for a and ^ the two roots of the equation 
a + 2 6r + cr* = 0, the given equation takes the simple form 


Since this may be written 


-(-) = 0 , 

B \0lt/ 


we see that du/du must be a function of the single variable, it, say/(w). Let 
F{u) denote a function of u such that F'(it) =f{u). Then, since the derivative 
of w — F (it) with respect to u is zero, this difference must be independent of m, 
and, accordingly, w = F{u) ^{v). The converse is apparent. Returning to 
the variables x and y, it follows that all the functions w which satisfy the equation 
(26) are of the form 


« = F(x + ay) + «► (X + ^y), 
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■where F and $ are arbitrary functions. For example, the general integral of 
the equation 

which, occurs in the theory of the stretched string, is 
« =/(» + ay) + 0(x - ayy' 


Second case. Let — ac =: 0. Taking a equal to the double root of the equa- 
tion a -i- 2 + cr2 = 0, and jS some other number, the coefficient of d^ui/du cv 

becomes zero, for it is equal to a -i- h a ^ {h c a). Hence the given equation 
reduces to = 0. It is evident that w must be a linear function of d, 

{,) z= ^/(w) + <^ (w), where f{u) and <p (u) are arbitrary functions. Beturning to 
the variables x and y, the expression for « becomes 


w = (x -h ^y)f{x -{• ay) + (i>{x + ay), 
which may be written 

Z= [x ay - a)y] f(x + ay) + (z + ay), 

or, finally, 

« = yF{x + ay) 4- + cty). 


Third case. If — ac< 0, the preceding transformation cannot be applied 
without the introduction of imaginary variables. The quantities a and /3 may 
then be determined by the equations 


which give 


a + 2ha->rca^ = a-{-2b^-{-c^, 
a -h & (a 4- jS) + c u = 0, 


0:4-^ = 



a^ = 


262 — etc 
c2 


The equation of the second degree. 


26 , 262 -ac 

7-2 -I r — = 0, 

C c2 


whose roots are a 
becomes 


and jS, has, in fact, real roots. 


Aw = 


02(0 



The given equation then 


This equation Aw = 0, which is known as Laplace'' s Equation, is of fundamental 
importance in many branches of mathematics and mathematical physics. 


Example 11. Let us see what form the preceding equation assumes when we 
set X = p cos <p,y=:p sin <p. For the first derivatives we find 


0 W 0 W 


0 W . 
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or, solving for dm/dx and Su/^y, 
8 


du sm<^ Bu) 

— = cos^- — 1 

dx Bp p B(p 

d (It <p Bo) 

By Bp p B<f> 


Hence 

B^ta 0 / Bu sin <p B<a\ sin0 B / ^B(a siii0 

dx^ Bp\ Bp p B<t>) p d<p\ dp p ^4*/ 

^ sin 2 <Ag 2 t^ 2ain<6cos<6 B^uf 2 sin <b cos 4> Bca . si 


Op\ Cp P C<PJ p 0(p\ op p 
^ B^ca sin^KbB^w 2sm<^>cos<^ B^o) . 2 sin 0 cos 5 w , sin®*^ 0w 
= COS^ <l> 1 — 1 t 1 ^ » 

Bp^ p^ B<p‘^ p Bp B(p P^ ^4* (* 


and the 


r ''T' r -r ^ r r • ' 

expression for B^u/By^ is analogous to this. Adding the two, we find 
Bx^ 


C‘^(t3 _B^ CO 1 B^ CO 1 Bta 

TSiA Btfi cfi Bdfi o Bo 


39. Another method. The preceding method is the most practical 
when the function whose partial derivatives are sought is unknown. 
But in certain cases it is more advantageous to use the following 
method. 

Let z = f(xy y) be a function of the two independent variables x 
and y. If x, y, and z are supposed expressed in terms of two aux- 
iliary variables u and v, the total differentials dx, dy, dz satisfy the 
relation 

which is equivalent to the two distinct equations 

dz _ dfdx dfdy 

dit dx du dy du ’ 

dv dx dv dy dv ^ 

whence df jdx and df j dy may be found as functions of u, v, dz /du^ 
dzjdv, as in the preceding method. But to find the succeeding 
derivatives we will continue to apply the same rule. Thus, to find 
d^f/ dx^ and d^ffdx dy, we start with the identity 



which is equivalent to the two equations 

gy dy 

du dx^ du dx dy du 
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d^f dx d^f Zy 
W dv dx dy dv 


where it is supposed that df/dx has been replaced by its value cal- 
culated above. Likewise, we should find the values of d'^fjdx dy and 
d^fjdy^ by starting with the identity 


d 





The work may be checked by the fact that the two values of 
d^fjdxdy found must agree. Derivatives of higher order may be 
calculated in like manner. 


Application to surfaces. The preceding method is used in the study 
of surfaces. Suppose that the coordinates of a point of a surface S 
are given as functions of two variable parameters u and v by means 
of the formula 

(27) x=f(u,v), y:=^{^i,v), z=^il;(u,v). 

The equation of the surface may be found by eliminating the vaxi- 
ables u and v between the three equations (27) ; but we may also 
study the properties of the surface S directly from these equations 
themselves, without carrying out the elimination, which might be 
practically impossible. It should be noticed that the three J acobians 

D(:ii,v)' Jf)(u,v)' 

cannot all vanish identically, for then the elimination of u and v 
would lead to two distinct relations between cc, y, z, and the point 
whose coordinates are (x>, ?/, z) would map out a curve, and not a sur- 
face. Let us suppose, for definiteness, that the first of these does not 
vanish : D (/, <^) /D (u, v) ^ 0. Then the first two of equations (27) 
may be solved for u and t?, and the substitution of these values in the 
third would give the equation of the surface in the form z = F (x, y). 
In order to study this surface in the neighborhood of a point we need 
to know the partial derivatives p, q, VjSjt, of this function F(Xj y) 
in terms of the parameters u and v. The first derivatives p and q 
are given by the equation 

dz ==pdx -f qdy, 

which is equivalent to the two equations 



76 


FUXCTIOXAL RELATIONS 


[II, §40 


(28) 


du 




du'^^ du 


J 




from -whick p and q may be found. The equation of the tangent 
plane is found by substituting these values of p and q in the equation 


Z-z=p(X~x) + q(Y-y), 
and doing so we find the equation 


(29) 


(X-x) 


-P(y. g) 

I>(u, v) 


+ (r-y) 


D(Uy v) 


-\-{Z -z) 


y) 

D{ti, v) 


= 0 . 


The equations (28) have a geometrical meaning which is easily 
remembered. They express the fact that the tangent plane to the 
surface contains the tangents to those two curves on the surface which 
are obtained by keeping v constant while u varies, and vice versa.* 
Having found p and p —fi(u, v), q v)y we may proceed 

to find r, 5, t by means of the equations 


dp =^rdx-\‘ s dy, 
dq ^ sdx-[- 1 dy^ 

each of which is equivalent to two equations ; and so forth. 


40. Problem IV. To every relation hetween x, y, z there corresponds 
hy means of the equations 

(30) X =f{Uy V, W), y = 'V, w), z=: il/(u, Vy ui)y 

a new relation hetween u, v, w. It is required to express the partial 
derivatives of z with respect to the variables x and y in terms of u, Vy 
and the partial derivatives of w with respect to the variables u and v. 

This problem can be made to depend upon the preceding. Tor, 
if we suppose that w has been replaced in the formula (30) by a 
function of u and v, we have x, y, expressed as functions of the 


* The equation of the tangent plane may also he found directly. Every curve on 
the surface is defined by a relation between w and say u = n {u) ; and the equations 
of the tangent to this curve are 


cu dv 


Z-z 


d4> ^ df , dxp 


du dv ' 


The elimination of n'iu) leads to the equation (29) of the tangent plane. 
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two parameters u and v ; and we need only follow the preceding 
method, considering /, <jy, xfi as composite functions of u and v, and 
xo as an auxiliary function of it and v. In order to calculate the 
first derivatives p and q, for instance, we have the two equations 

du div du dw du) ^ dtv du ) ’ 

^ dio __ / V I ^ /d(l> d<t> dw\ 

dv dw dv dxv dvj dw dv) 

The succeeding derivatives may be calculated in a similar manner. 

In geometrical language the above problem may be stated as fol- 
lows : To every point m of space, whose coordinates are (x, ?/, z)^ 
there corresponds, by a given construction, another point Af, whose 
coordinates are X, Y, Z. When the point m maps out a surface S, 
the point M maps out another surface % whose properties it is pro- 
posed to deduce from those of the given surface S. 

The formulse which define the transformation are of the form 

X = f(x, y, z), Y=cl> (x, y,z), Z = i/r (x, y, z). 

Let 

z^F(x,y), Z = <&(X, F) 

be the equations of the two surfaces S and % respectively. The 
problem is to express the partial derivatives P, Q, R, Sf T, ••• of the 
function <I>(X, F) in terms of a;, xj, z and the partial derivatives 
q, Tj s, ' of the function F(Xj y). But this is precisely the 
above problem, except for the notation. 

The first derivatives P and Q depend only on x, y, z, pj q ] and 
hence the transformation carries tangent surfaces into tangent sur- 
faces. But this is not the most general transformation which enjoys 
this property, as we shall see in the following example. 

41. Legendre’s transformation. Let z^f{x, y) be the equation of 
a surface and let any point m (x, y, z) of this surface be carried 
into a point M, whose coordinates are X, F, Z, by the transformation 

X=:jp, Y = q, Z=zpx^qy-Z, 

Let Z = $ (X, Y) be the equation of the surface ^ described by the 
point M. If we imagine p, q replaced by /, df/dx, df jdy, respec' 
tively, we have the three coordinates of the point M expressed as 
functions of the two independent variables x and y. 
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Let Pj Q, Ry S, T denote the partial derivatives of the function 
<E»(X, 7). Then the relation 

dZ :=z PdX^ QdY 

becomes 

pdx qdy X dp -\-t/dq — dz ^ P dp Q dq^ 
or 

xdp y dq — P dp 4* Q>dq. 

Let us suppose that^ and q^ for the surface S', are not functions of each 
other, in which case there exists no identity of the form \ dp-\- pdq = 0y 
unless X = ^ = 0. Then, from the preceding equation, it follows that 

P =zxy Q = y. 

In order to find R, 5, T we may start with the analogous relations 

dP^RdX-\- SdYy 
dQ, = SdX^TdY, 

which, when X, F, P, Q are replaced by their values, become 

dx ^ R{Tdx s dy) S(s dx -\-t dy ') , 
dy ^ S{Tdx ^ sdy) + T{sdx dij ) ; 

whence 

P?*4’<Sf5 = l, R s St Oy 
,Sr-fTs = 0, + = 

and consequently 



From the preceding formulae we find, conversely, 

= y=Q, « = PZ+Q7~X, i? = Z, ^=7, 

X g 

RT-S^’ RT- S^’ 

which proves that the transformatioa is involutoxy. Moreover, it 
is a contact transformation, since X, Y, Z, P, Q depend only on x, 
y, «, p, q. These properties become self-explanatory, if we notice 
that the formnlse define a transformation of reciprocal polars with 
respect to the paraboloid 

«* + — 2 « = 0. 

Note. The expressions for R, S, T become infinite, if the relation 
«! - s’" = 0 holds at every point of the surface S. In this case the 
point JIf describes a curve, and not a surface, for we have 
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Z)(Z, Y) D(p, q) 

and likewise 


rt — s^ = 0, 


0(X,Z) 
D{x, y) 

This is precisely the 


case whicli we had not considered. 


42. Ampere’s transformation. Retaining the notation of the preceding article* 
let us consider the transformation 

jr = x, 


F = (/, Z = qy-z. 
dZ = PdX+ QdY 
qdy + ydq — dz = Pdx + Qdg* 

2 / diy — p cto = P dte + Qdq, 

P = ~p, Q = y; 


The relation 
becomes 
or 

Hence 

and conversely we find 

x = X, p=Q, z = QF-Z, P = -’P, q=T. 

It follows that this transformation also is an involutory contact transformation. 

dP = RdX+SdT 
— r dx — 8 dy = R dx ■+ S (8 dx 4* ^ dy) j 
B + 58 = - r, = - 8, 

8^-rt 


The relation 
next becomes 
that is, 
whence 


P = ' 




Starting with the relation dQ = 5 dX + TdT, we find, in like manner, 



As an application of these formnlje, let us try to find all the functions /(®, y) 
which satisfy the equation ri - 8^ = 0. Let 8 be the surface represented by the 
equation 2 =/(x, y), S the transformed surface, and Z = 4> (X, F) the equation 
of S. From the formulae for R it is clear that we must have 


B = 


52 

5X2 


0, 


and ^ must be a linear function of X : 

2: = x^(r) + ^(r), 

where ^ and V' are arbitrary functions of F. It follows that 

p=:0(r), Q=x^W + nr); 
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and, conversely, the coordinates (re, y, z) of a point of the surface S are given 
as functions of the two variables X and Y by the formuhe 

a; = X, y = X0'(F) + r{Y), z = F [X^fr^(r) + F)] ™ X<p{Y) ~ ^ ( F). 

The equation of the surface may be obtained by eliminating .T and F ; or, what 
amounts to the same thing, by eliminating a between the equations 

z=:ay-x<t>{a)-xp{a), 

0= y -x<t>'{a)^f{a). 

The first of these equations represents a moving plane which depends upon t.he 
parameter or, while the second is found by differentiating the first witli resjH‘ct 
to this parameter. The surfaces defined by the two equations are the so-called 
developable surfaces, which we shall study later. 


43. The potential equation in curvilinear coordinates. The calculation to which 
a change of variable leads may be simplified in very many cases by vari{>u» 
devices. We shall take as an example the potential equation in orthogonal 
curvilinear coordinates.* Let 

F{x,y,z)zzp, 

Fi{x, y, z) =/oi, 

F 2 (x, y, z)=pfi, 

be the equations of three families of surfaces which form a triply orthogonal 
system, such that any t'wo surfaces belonging to two different families inters(‘rt 
at right angles. Solving these equations for x, y, ;z as functions of the panum‘- 
ters p, pi, p 3 , we obtain equations of the form 


(31) 


y = pu P2), 

Z = Pl, P2); 


orthogonal curvilinear ooilrdinatoH. 

Intemectit m rf orthogonal, the tangents to their curves of 
intersection must form a truectangular trihedron. It follows that the equations 


(32) 




S 


d<f> d<f> 
dp dp% 


= 0, 


“ '•pi- * pp 


(33) 


^ 3/02 
. Sx dx 


3® Sy dy dz Sz 


"f- • • • r= 0, 


^Pl Sp2 
dx dx 


: 0 , 


•=: 0 . 


difirentiel, Vol. I, p! ourvilignes. See also Bertrand, Traitd dc Oalcut 
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Let us then see what form the potential equation 


A2F = 


dw 

dx^ 


02 F d^V 
0^2 022 


=: 0 


assumes in the variables p, pi , P2 • First of all, we find 


dV _ 0 F ^ 0 F 0 pi ^ ^ 0 ^ 

001 dp dx dpi dx dpi dx 

and then 

02 F_ 02 F / 0 pV ^ dp dpi ^ 0 F 02 p 

0a;2 ~ 0p2 \0ai / 0 >p 3 pi dx dx dp dx^ 

02 F / dpi \ ^ 2 ^ 5^2 _j_ 5F 02 pi 

dpi \dx / dpi dpi dx dx dpi dx^ 

4. ?!Z /^V 4. 2 ^ 0F 02p2 

0P2 \ 001 / dp dpi dx dx dpi 0x2 

Adding the three analogous equations, the terms containing derivatives of the 
second order like 02 F/ dp dpi fall out, by reason of the relations ( 33 ), and we have 


'02F 02F . 02F . f ^ K A 

4 + _ = Ai(p) + Ai(pi) -h Ai(p2) 

, 0 x 2 02/2 32:2 0 p- 0 Pl 9 P 2 

^ , A / N A ^ \ 

+ A2 (p) " — 1 - A2 (Pl) 1 - A2 {pi) — » 

dp dpi opi 


where Ai and A2 denote Lam6''s differential parameters: 




A 2 (/) = 


^1^4. 

0X2 


02/ 0V^ 

0/2 022 


The differential parameters of the first order Ai(p), Ai(pi), Ai(p2) are easily 
calculated. From the equations ( 31 ) we have 


0 <f> 

3 p 

4. 

00 

dpi 

+ 

00 

3 p 2 

dp 

0 X 


dpi 

dx 

dpi 

dx 

d<f>i 

3 p 

4 

001 

dpi 

4 

301 

dpi 

dp 

0 X 


3 pi 

dx 


3 p 2 

dx 

d(pi 

?I 

4 

902 

dpi 

4 

002 

d Pi 

dp 

dx 


0 pl 

dx 


0 P 2 

dx 


whence, multiplying by respectively, and adding, we find 

’ dp dp dp 

d<f> 

^ dp 

Then, calculating dp/dy and dpfdz in like manner, it is easy to see that 

O' + O' O " ify+(^-py+{~f' 
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Let us now set 


JET 





where the symbol indicates, as before, that we are to replace <^6 by then 
by ^2, and add. Then the preceding equation and the two analogous equations 
may be written 

(p) = (pi) = (^2) = ~ 

Lam^ obtained the expressions for A2{/)), A2(/£>i), A2 (pa) as functions of p, pi, 
Pa by a rather long calculation, which we may condense in the following form. 
In the identity (34) 


1 1 02F 1 a2F_^ . .. 0F . . . ,aF_^ . . ,aF 

^ - iff + Fx + Si ’ 


let us set successively F = aj, F = y, F = 2. This gives the three equations 


1 

S 0 p 2 
1 0201 


JTi epf 


+iii 4 


+ W ^ + Aa (pt) ~ 
dpi ap2 


+±?^+± 

B di^ Ml JT, 


02 01 


+ A2 (p) ^ 4 * A2 (pi) 4- Aa (pa) ■ 


0 p 


3px 


JL , 1 32 02 1 0202 , * / 1 302 , ^ , ^302 , . 

fl-'^ + 5x-^ + Fxl^ + A,(p) — + Ax W ~ + Ax(px) 


3pa 

302 


:0, 


: 0 , 


: 0 , 


which we need only solve for Aa(p), A2(pi), A2(p2). For instance, multiplying 
hy 00 /0p, 001 /0p, 002 /0p, respectively, and adding, we find 


A,(p)ir+i,<7— — + A o£i j. J_ o8» ^0 _ n 
ap ap> +jffx^ Bp apUff*^ Bp b^ 


Moreover, we have 


O 00 020 1 0 jff 

O ap apj ~ 2 17’ 


and difterentiating the first of equations (32) -with respect to px, we find 


o 0 0 02 0 _ o30 020 

3 p 0 pi 0 pi 0 p 0 pi 


1 0Hi 

2 0 p 


In like manner we have 


and consequently 


o30 020 
^ 3 p dpi 


1 ^ 
2 Sp ’ 


Aj(p) = - -i- + _J_ 

2ff> ap ^2Hffx 


3 Hi ^ 1 0fr2 
0 p 2 3 p 


2 ffepD°*(H^,)]- 
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Setting 

"-S 

« 

II 

isy*- 

this formula becomes 

A,(p) = A»i( 

and in like manner we find 


a,(p0 = a!4(‘°®^)’ 


Hence the formula (34) finally becomes 


(36) 

'ai>F 3^ 

3(1? 3y= 3(5^ 

+ A® 

+ 

i. 

“8!I+ 1 Aog^)^' 

^ 0p2 dp \ hih^J dp ^ 

"!lI + ±/iogA^®I" 
3pi Spi \ hh^j dpi ^ 

r?!i+±/iogA)®z:i 
Lap| ep2\ 

or, in condensed form, 



AiV- hhihi 3/) / 8pi 8pi / ®P* ' J 


Let us apply this formula to polar coBrdinates. The formulse of transforma- 
tionare ^ ^ cos^, y = psinPsin.#., * = pC0s3, 

where 0 and 0 replace py and and the coefacients A, hy, h have the following 
values : ^ ^ 

h = l, hy = -, 

Hence the general formula becomes 

yi-.K + 5 (si S)] ' 


or, expanding, 


A^V = 


1 . . 
a/>2 0^ 


p^sin^d 0^* 


P 0p ’ 


which is susceptible of direct verification. 


EXERCISES 


1 Settinff u - 4- 1/^ V — z -{■ y + z, w =: xy + yz zx^ the function^ 

deir^Lflx; e, 1/D(a=, V, *) vanishes identically. Find the relation which 


exists between u, ti, w. 
Generalize the problem. 
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2. Let 



Derive the equation 

D{Uu ug, ‘ U n) _ 1 

D{xuXi, ■■ ■, *,.) xiy + ’i 

3. Using the notation 

fljj — • cos f 

X2 = 8 in(^i cos 02 » 

X3 = sin 01 sill 02 cos 08, 

> 

Xn = sin 01 sin 02 • • • sin 0,i _ i cos 0„, 

show that 

71 = ( ■“ ^)” ’ 02 sin" - 2 0^ . . . gins 0 _ ^ gin ^ , 

D(0i, 02, •• •, 0n) 

4. Prove directly that the function 2 = F{x, ?/) defined by the two equations 

2J = -f- yf{<x) + 0(ti’), 

0= ^-^yf'{a)-\-<t»'{a), 

where a is an auxiliary variable, satisfies the equation rt - ~ o, where f{a) 

and 0 (a) are arbitrary functions. 

5. Show in like manner that any implicit function z = JP(x, y) defined by 
an equation of the form 

y =x 0(2) + 0(2:), 

where 0 (2) and 0 (2) are arbitrary functions, satisfies the equation 
_ 2pqs + ip2 = 0 . 

6. Prove that the function 2 = P(x, y) defined by the two equations 

z<p'(a) = [y ~ 0(Qr)]2, (aj + cr)0'(ar) = y - 0(a), 

where a is an auxiliary variable and 4 , {a) an arbitrary function, satisfies the 
equation pq = 2. 


7. Prove that the function z = P(x, y) defined by the two equations 
[z - 0 (a)] 2 = a;2 (ys - efi), [z _ ^ (a)] 4' („) = cafl 

satisfies in like manner the equation pq = xy. 


X an*rt ^ function of the two variables 

X and or, defined by the relation j/ = a + x4>{y)-, and let u =f{y) be any funo- 
tion of y whatever. Show that, in general, 


^_u _ a«-i p 

xn “ 


[Laplaok. ] 
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Note. The proof is based upon the two formulge 

SxJ 0xL dz da 

where u is any function of y whatever, and F{u) is an arbitrary function of u. 
It is shown that if the formula holds for any value of n, it must hold for the 
value Ti -h 1. 

Setting X = 0, 2/ reduces to a and u tof(a); and the nth derivative of u with 
respect to x becomes 

9. If X =/(w, v), 2/ = 0 (w, u) are two functions which satisfy the equations 

a/__^ 

du dv ’ dv du^ 

show that the following equation is satisfied identically ; 

+ ?!z = /?!z + r 

du^' dv'^ \0x2 0y2/ lW/ J’ 


10. If the function V (x, y, z) satisfies the equation 


A2F = 


dW d^^V d^V 
0x2 a?/ 0^2 


show that the function 


r \ r2 



satisfies the same equation, where A: is a constant and r^ = x'^ -i-y^ + z'^. 

[Lord Kelvin.] 


11. If F(x, y, z) and Fi(x, y, z) are two solutions of the equation A2F = 0, 
show that the function 


U=V(z, y, z) + (x2 4. y2 4. ^2) Yi(x, y, z) 


satisfies the equation 


AoA2U=0. 


12. What form does the equation 

(x — x»)y" -H (1 - S x2) y'-xy = 0 
assume when we make the transformation z = V 1 


13. What form does the equation 

— 2 X2/2 4. 2 (y — ~ + x ^ y^z = 0 

0x2 dx dy 

assume when we make the transformation x = w'u, y = l/'u? 

14^. Let0(xi,X2,‘ tti, tt2, •••, w„) be a function of the 2 n independent 

variables Xi, X2, • • • , x„, ui, W2, • • Wni homogeneous and of the second degree 
with respect to the variables wi, W2, • • •, itn- If we set 
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dui 


= plt 




aad then take pi, Pa, • • • ,Pn as independent variables in the place of wi, Ws, • • 
the function 4* goes over into a function of the form 

Xa, • {Ch; Pi, P2, * • *» Pn)- 


Derive the formulae : 

aV' _ 

axjfe Bxjc 


15. Let JVbe the point of intersection of a fixed plane P with the normal MN 
erected at any point Af of a given surface S. Lay off on the perpendicular to the 
plane P at the point N a length Nm = NM, Find the tangent plane to the 
surface described by the point bs M describes the surface iS. 

The preceding transformation is a contact transformation. Study the inverse 
transformation. 


16. Starting from each point of a given surface S, lay off on the normal to 
the surface a constant length 1. Find the tangent plane to the surface 1. (t?ie 
parallel surface) which is the locus of the end points. 

Solve the analogous problem for a plane curve. 

17*. Given a surface S and a fixed point 0 ; join the point 0 to any point M of 
the surface 5, and pass a plane OMN through OM and the normal MN to the 
surface S at the point M, In this plane OMN draw through the point 0 a per* 
pendicular to the line OM, and lay off on it a length OP = OM. The point P 
describes a surface S, which is called the apsidal surface to the given surface 
Find the tangent plane to this surface. 

The transformation is a contact transformation, and the relation betweeii the 
surfaces S and S is a reciprocal one. When the given surface S is an ellipsoid 
and the point 0 is its center, the surface S is Fresnel’s wave surface. 


18*. Halphen’s differential invariants. Show that the differential equation 

./d^yd^y ..dh d^v dyy ^ .Jd^yy^ . 

\(ixV ctoB dx» cZx* 

remains unchanged when the variables x, y undergo any projective transfor- 
mation (§ 37). 

18. If in the expression Pete + Qdy + jRdz, where P, Q, P are any functions 
of X, y, z, we set 

x—f{u,v,w), y = if> (u, Vy w) , « = n, lo), 

where u, v, w are new variables, it goes over into an expression of the form 
Pidu + Qidr + Bidw, 

where Pi, Qi, Pi are functions of u, v, w. Show that the following equation is 
satisfied identically : 


y, z) 
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^ 

dy 




^ _ ££' 
dx dz , 


:/££ _ £«V 

\ 02 ^ dz/' 




aPi a Qi\ 


20**^. Bilinear covariants. Let Qd be a linear differential form: 

0 ,/ = XidXi 4 - 4 • • • + XndXn-i 

where Xi, X 2 , • • Xn are functions of the n variables Xi, X 2 , • • •, Xn. Let ns 
consider the expression 

n n 

OikdXiSXkt 

i-si 

where 

8xt 0Xi 

and where there are two systems of differentials, d and d. If we make any 
transformation 

Xi = (piivu 2 / 2 , ' y,i)i (i = 1, 2, n), 

the expression 6d goes over into an expression of the same form 
0fi = y'ldyi 4 . . • 4 Yndyny 

where Fi, 12 * • • Fn are functions of yi, 2/21 • * 2/«- Eet us also set 

32/a- 3?/* 


TJ' = 


Show that H = H', identically, provided that we replace dXi and SXjt, respec- 
tively, by the expressions 

dyi 4 d2/2 H H » 

ayi 32/2 32/„ 

— _J. . . . -- — 

dyi dyo dijn 

The expression II is called a hilinear covariant of Gj. 

21*. Beltrami’s differential parameters. If in a given expression of the form 

Jg?dx2 4 2F(ixd!y4 Gdy^ 

where J27, F, G are functions of the variables x and y, we make a transformation 
X =/(u, r), y = ^(w, u), we obtain an expression of the same form: 

Xidu2 4 2Fidwdn4 Gidv% 
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where Ei, Fiy Gi are functions of n and Let, 0{x^ {/) Lo any fnnet ion uf the 
variables x and 2/, and u) the transformed function. I hen wa*. havo, iden- 
tically, 


\dx/ 


dx hy 



EG- 





/q Be 

pBe- 

1 

— ® ( 

dx 

dy 

-^EG- 

_ j^2 53J ^ 

\ Vi?: 

rya , 


i 



1 



Bu 

0U 

■v'jEiGi 

_ptdu 

V Viij©] 

-Fl. 


\02// \^u / au. rn? xm / 

F'i 


/ E F 

r j ('!/ (X 

0/\ „ F'i 

1 


1 


^th p <^'h 
I rn f (t 


22. Schwarzian. Setting ?/ = (ax -f b)/{cx h), where x is a function of t and 
a, 6, c, d are arbitrary constants, show that the relation 


'! 2\x7 y' i\y'/ 


is identically satisfied, where x', x", x"\ yX y'X y'" denote tluj derivativ(!8 with 
respect to the variable t. 


23*. Let u and i; be any two functions of the two independent variables x and y, 
and let us set 


17 = 


au + bv-^ c 
a"u + + c" 


a' n ‘ b' V ’ F 
(T' u 4 - b"x) 4 cF 


where a, &, c, • • • , c" are constants. Prove the fonmike : 


dx dx^ dx _ 0x* dx 0x'-* dx 

(u, V) (uTn 


0x2 dy ^ ay ” dx dx dy) 

(a, v) 

= 0x02/ 0«r dxdyj 

(U, V) 

and the analogous formulie obtained by interchanging x and y, wlu^rts 


{% r) = 


du dv du dv 
dx dy dy dx' 


(v,r) = 


(lupr 

dx dy 


dF dir^ 
dx dy 


[Goursat and Pain L iivfi, Oompt€B retiduH^ 1 BB 7 .] 
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MAXIMA AND MINIMA 


I. TAYLOR’S SERIES WITH A REMAINDER 
TAYLOR’S SERIES 

44. Taylor’s series with a remainder. In elementary texts on tlie 
Calculus it is shown that, if f{x) is an integral polynomial of 
degree n, the following formula holds for all values of a and hi 

(1) /(« + h) =f(a) + f /'(<.) + ^ f'ia) + . . . + 

This development stops of itself, since all the derivatives past the 
(n + l)th vanish. If we try to apply this formula to a function 
f(x) which is not a polynomial, the second member contains an 
infinite number of terms. In order to find the proper value to 
assign to this development, we will first try to find an expression 
for the difference 

T Jftl 

/(<* + A) -/(«) - 1 /'(“) - 1:2 


with the hypotheses that the function /(x), together with its first n 
derivatives * • • » continuous when x lies in the 

interval (a, a -f- ^), and that f^”\x) itself possesses a derivative 
y(n+i)^jjj) same interval. The numbers a and a 4* 4 being 

given, let us set 


( 2 ) 


7 ) 

f(a + h) ^f(a) + If {a) + + • • • 




1 . 2 - • - ^ 


f^KcC) 4 - 








where p is any positive integer, and where P is a number which is 
defined by this equation itself. Let us then consider the auxiliary 
function 
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[m,§« 


=/{0' + ~f(p) 

(a + A 


a-\-h—x 

T 


(g ± A 


1 . 2 • • • rt 




/'(-) 1.2 


1.2..n 


P 


P. 


It is clear from equation (2), which defines the number P, that 
<j!,(a) = 0 , <^(a + A) = 0 ; 

and it results from the hypotheses regarding f(x) that the func- 
tion <l>(x) possesses a deriyative throughout the interval (a, a + A). 
Hence, by Kolle’s theorem, the equation </>'(«) = 0 must have a root 
a-{- $h which lies in that interval, where B is a positive number 
which lies between zero and unity. The value of after some 

easy reductions, turns out to be 


The first factor (a -1- A — £c)^~' cannot vanish for any value of x 
other than a -f A. Hence we must have 


p = ^ (1 - d) + '> (a -H ^A), where 0 < (9 < 1 ; 

whence, substituting this value for P in equation (2), we find 

(3) f(a+h)=f{a) +-f(a)+—f"(a) + • • • + 


where 






1.2 '--n.p 


-/<"+0((x4.^A). 


We shall call this formula Taylor^ s series with a remainder^ and 
the last term or i2„ the remainder. This remainder depends upon the 
positive integer p, which we have left undetermined. In practice, 
about the only values which are ever given to p are jp =: w -f- 1 and 
p = 1. Setting ^ = ?^ 4- 1, we find the following expression for the 
remainder, which is due to Lagrange : 






- = 1 . 2 . 


setting ,) = 1 , we find 


Rn 


1. 2'*'n 


/c»+i)(a -1- fiA), 
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an expression for the remainder which is due to Cauchy. It is 
clear, moreover, that the number 6 will not be the same, in general, 
in these two special formulae. If we assume further that 
is continuous when x = a, the remainder may be written in the form 






.[/c«+i)(a) + c]. 


where e approaches zero with h. 

Let us consider, for definiteness, Lagrange’s form. If, in the gen- 
eral formula (3), n be taken equal to 2, 3, 4, ■ • • , successively, we 
get a succession of distinct formulae which give closer and closer 
approximations for f(a -}- h) for small values of h. Thus for n = 1 
we find 

f{a + h) =/(a) + |/'(a) + + Oh), 


■n'Mch shows that the difference 

/(a + A) -/(«)• 


lA.) 


is an infinitesimal of at least the second order with respect to h, 
provided that is finite near x = a. Likewise, the difference 


h 




f(a + h) -f(a) - 

is an infinitesimal of the third order ; and, in general, the expression 

/(«+A)-/(a)-f/'W 

is an infinitesimal of order w 4- 1. But, in order to have an exact 
idea of the approximation obtained by neglecting E, we need to 
know an upper limit of this remainder. Let us denote by K* an 
upper limit of the absolute value of in the neighborhood 

of a; = a, say in the interval (a - oy, a + i?). Then we evidently have 

\RJ< . J 


1.2*.-(7i4l)’ 


provided that | A | < rj. 


* That is, JW'>|/Cw + i)(a:) 1 when \x —ja\<v^ The expression “ the upper limit,” 
defined in § 68, must be carefully distinguished from the expression “ an upper limit,” 
which is used here to denote a number greater than or equal to the absolute value of 
the function at any point in a certain interval. In this paragraph and in the next 
/(» + i)(a:) is supposed to have an upper limit near x = a. — Trans. 
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45. Application to curves. This result may l>c iiiU'rpivtiMl giuuuetw 
rically. Suppose that we wished to study a curve, ( \ whoHt‘ c,(|ua» 
tiou is y=zf{x), in the neighborhood of a point vrlum^ ahsois.sa 
is a. Let us consider at the same time an auxiliary (uirve ( ", whose 
equation is 


F=/(a) + * 




1.2 






(x ~ a Y 




A line cc = a + A, parallel to the axis of y, inetd^s these two curves 
in two points M and M^, which are near /I. The diiier(m(H‘, of their 
ordinates, by the general formula, is equal to 

This difference is an infinitesimal of order not less thaii n ■ T 1 ; 
consequently, restricting ourselves to a small interval (a - 17, d f 
the curve C sensibly coincides with the curve (A. By taking largtu’ 
and larger values of n we may obtain in this way {mrvt*s which 
differ less and less from the given curve (■; and this gives us a 
more and more exact idea of the appearance of the (Uirvt^ luunr the 
point A. 

Let us first set n = l. Then the curve (V is the tangent to the 
curve C at the point A : 

Yr=f(a) + (x- «.)/'(«); 

and the difference between the ordinates of the points Af and 
of the curve and its tangent, respectively, whicdi have thcs same 
abscissa a -f A, is 

7i2 

2/ - F = + 

Let us suppose that /"(a) 0, which is the case in general. The 

preceding formula may be written in the form 


12 

2 /- F= — [/» + ,], 

where c approaches zero with k. Since f^\a) ^ 0, a positive, innn- 
ber , can be found such that |e| < |/"(fli) |, when /, lies 
and + For such values of k the quantity -[■ < will have 
the same sign as /"(a), and hence y- Fwiil 'also have tlw same 
sign as /"(a). If /"(a) is positive, the ordinate y of the curve is 
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greater tIia.Ti the ordinate Y of the tangent, -whatever the sign of h ; 
and the curve C lies -wholly above the tangent, near the point A. 
On the other hand, if f"(a) is negative, y is less than Y, and the 
curve lies entirely belo-w the tangent, near the point of tangency. 

If f"{a) = 0, let be the first succeeding derivative -which 

does not vanish for a; = a. Then -we have, as before, if /'^'(a:) is 
continuous when x = a, 


and it can. be shown, as above, that in a sufficiently small interval 
(^a-rj,a + r}) the difference y - F has the same sign as the product 
h^f^p\a). When p is even, this difference does not change sign 
with /i, and the curve lies entirely on the same side of the tangent, 
near the point of tangency. But if p be odd, the difference y~Y 
changes sign with and the curve C crosses its tangent at the 
point of tangency. In the latter case the point A is called a point 
of inflection ; it occurs, for example, if ^ 

Bet us now take = 2. The curve is in this case a parabola : 

Y = /W + ^ ’ 

whose axis ,is parallel to the axis of y ; and the difference of the 
ordinates is 

If f'\a) does not vanish, ?/ — has the same sign as 1\Af^\a) for 
sufficiently small values of li, and the curve C crosses the parabola 
at the point A. This parabola is called the osculatory parabola 
to the curve C ; for, of the parabolas of the family 

Y = mx^ + 7ix + p, 

this one comes nearest to coincidence with the curve C near the 
point A (see § 213). 

46. General method of development. The formula (3) affords a 
method for the development of the infinitesimal /(a + h) — /(a) 
according to ascending powers of h. But, still more generally, let 
X be a principal infinitesimal, which, to avoid any ambiguity, we 
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will suppose positive ; and let y be another infinitesimal of the 
form 

(4) + + (A^ + c), 

where tiu %, • • • , are ascending positive numbers, not necessarily 
integers, Ai, A 3 , •••, Ap are constants different from zero, andc is 
another infinitesimal. The numbers Ai, Ag, ••• may be cal- 
culated successively by the following process. First of all, it is 
clear that ni is equal to the order of the infinitesimal y with 
respect to and that Ai is equal to the limit of the ratio y /£c”i when 
X approaches zero. ISText we have 

y — = % = AiX^t H h + c) 

which shows that % is equal to the order of the infinitesimal 
and As to the limit of the ratio Wi/ic” 2 . A continuation of this 
process gives the succeeding terms. It is then clear that an infini- 
tesimal y does not admit of two essentially different developments of 
the form (4). If the developments have the same number of terms, 
they coincide ; while if one of them has p terms and the other 
p A- g. terms, the terms of the first occur also in the second. This 
method applies, in particular, to the development of /(a -h Ti) ^f(cC) 
according to powers of h ; and it is not necessary to have obtained 
the general expression for the successive derivatives of the func- 
tion f(x) in advance. On the contrary, this method furnishes 
us a practical means of calculating the values of the derivatives 

m /»,•**• 

Examples. Let us consider the equation 

(5) F (a;, y) = Ax^ A- By A- (aj, y) + A h Ey^ = 0, 

where ^ (xj y) is an integral polynomial in x and y, and where the 
terms not written down consist of two polynomials P(£c) and Q(y), 
which are divisible, respectively, by ^ and y\ The coefficients A 
and B are each supposed to be different from zero. As a: approaches 
zero there is one and only one root of the equation ( 5 ) which ap- 
proaches zero (§ 20). In order to apply Taylor’s series with a 
remainder to this root, we should have to know the successive deriv- 
atives, which could be calculated by means of the general rules. 
But we may proceed more directly by employing the preceding 
method. For this purpose we first observe that the principal part 
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of the infinitesimal root is equal to -(A/B) x\ For if in the equa. 
tion (5) we make the substitution 


7/ = X” 


(- 


A 

B 



aad then divide by x**, we obtain an equation of the same form: 

( Ei(x, 2/i) = AiX"i -h By I -j- xyi^i(x^ yi) 

(^) I 4- + h + • • • = 

which has only one term in yi, namely %i. As x approaches zero 
the equation (6) possesses an infinitesimal root in yu and conse- 
quently the infinitesimal root of the equation (5) has the principal 
part — (A /B)x^y as stated above. Likewise, the principal part of 
yi is - (Ai/J5)x’H; and we may set 



where is another infinitesimal whose principal part may be found 
by making the substitution 



in the equation (6). 

Continuing in this way, we may obtain for this root y an expres- 
sion of the form 

y-a3i'+ + • • ■ + (s + + 

which we may carry out as far as we wish. All the numbers n, 
nj, n,, •••, n. are indeed positive integers, as they should be, since 
we are working under conditions where the general formula (3) is 
applicable. In fact the development thus obtained is precisely the 
same as that which we should find by applying Taylor’s senes with 

a remainder, where a = 0 and A = x. 

Let us consider a second example where the exponents are not 

necessarily positive integers. Let us set 


“ 1 4- 4- CxX^^ 4* * 
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where a, and fix, ••• are two ascending series of posiiivi» 

numbers, and the coefficient A is not zero. It is clear that tlic priie 
cipal part of y is Ax^, and that w'e have 

a - 4- r:Vr>'‘ i- ‘ 

^ 

which is an expression of the same form as the original, and whose 
principal part is simply the term of least degree in tin*, nunnn'alor. 
It is evident that we might go on to find by the same protasss as 
many terms of the development as we wished. 


Let/(a;) be a function wliicli posscssea n + 1 aucceaaive derivatives, ’rhfii 
replacing a by a; in the formula (3), wo fiml 

f(x + h)=f(x.)+^ f'(x) + ~ f'{x) + •■•+- (J-) + » I . 

where e approaches zero with ?i. Let us suppoao, on the otlur hand, 111 at wo 
had obtained by any process whatever another oxpr(!HHi(m of the saiiio form for 
f(x + h): 

fix + h) =f(x) 4 h<l>i (X) 4 7i2^2 ( x ) 4 • • • 4 A" [ 4 ,^ (x) 4- . 

These two developments must coincide term by term, and hi'iiro the 

<l>h <f> 2 , ' ’ ' <f>n are equal, save for certain numerical factor.s, to th<i suf’cewovo 

derivatives of f(x ) : 

1 • ^ ' I . 2 ... a 

This remark is sometimes useful in the calculation of the derivatives of certain 
functions. Suppose, for instance, that we wished to calculate the nth derivative 
of a function of a function : 


y=/(n), where u = (p{z). 

Neglecting the terms of order higher than n with respect to we have 


A” 


* = 0 (x + /i) - 0 (X) = - 4>'ix) + + . . , + ( 4 .) ; 

and likewise neglecting terms of order higher than n with respect to k, 

/(« + *) -/(«) = ^/'(u) + ^r(u) + ...+ 

If m the right-hand side Jc he replaced by the expression 

J ^'(x) + 4>"(x) + . . . + , 

arranged according to ascending powers of A. it is 
evident that the terms omitted will not afleot the terms in A, ifi, • • ■ , A", tiia 
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coefficient of /i”, for instance, will be equal to the Titli derivative of 
divided by 1 . 2 • • • n ; and hence we may write 

I> 5/ [■#> (*)] N 1 • 2 ■ • • ™ + ■ ■ • + ’ 

where Ai denotes the coefficient of in the development of 

For greater detail concerning this method, the reader is referred to HermiteV 
Cours d' Analyse (p. 59). 


47. Indeterminate forms.* Let f(x) and (j>(x) be two functions 
which vanish for the same value of the variable x = a. Let us try 
to find the limit approached by the ratio 


/ (d 4- ^0 
(j> (a + h) 


as h approaches zero. This is merely a special case of the problem 
of finding the limit approached by the ratio of two infinitesimals 
The limit in question may be determined immediately if the prin- 
cipal part of each of the infinitesimals is known, which is the case 
whenever the formula (3) is applicable to each of the functions 
f(x) and <#>(*) in the neighborhood of the point a,. Let us suppose 
that the first derivative of f(x) which does not vanish for a: = a. is 
that of order p, ; and that likewise the first derivative of 

<4 (x) which does not vanish for a: = a is that of order q, (^)®(a). 
Applying the formula (3) to each of the functions fix) and <#.(a:) 
and dividing, we find 


f(a + li ) 




where c and c' are two infinitesimals. It is clear from this result 
that the given ratio increases indefinitely when h approaches zero, if 
q is greater than p-, and that it approaches zero if q is less than ^p. 
It q=p, however, the given ratio approaches 
limit, and this limit is different from zero. 

Indeterminate forms of this sort are sometimes encountered in finding the 
tangent to a curve. Let 

*=/(«), y = 4>(t)< 2 = ’/'(*) 


<1^ See also §7. 
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be the equations of a curve G in terms of a parameter t The equations t>f the 
tangent to this curve at a point JIf, which corresponds to a value of the param- 
eter, are, as we saw in § 6, 

X —f (to) ^ Y (to) 7 j — (j?<)) 

/'(M i'{k) ’ V(f5o) ’ 

These equations reduce to identities if the three derivatives /"(t), all 

vanish for t = In order to avoid this difficulty, let us review tlie reasofUing 
by which we found the equations of the tangent. Let. M' be a point of the 
curve Q near to and let -p h be the corresponding value of the parantMd 4 ‘r. 
Then the equations of the secant MM' are 


- - ^ ^ (^o) _ Y— _ Z, — {Uij 

f {k + h)^f (to) <p (j5o + h) ~ 0 (to) f (flo + h) - - ^ ’ 

For the sake of generality let us suppose that all the dorivativt‘s of order lm» 
than p (p i) of the functions /(J5), ^(t), ^ (t) vanish for t = to, but that at lewt 
one of the derivatives of order p, say/<;»(^o), is not zero. Dividing eatdi of the 
denominators m the preceding equations by ht> and applying the gen 4 U‘al for- 
mula (3), we may then write these equations in the form 


_ Y~ (Uo) 

f(p){to) + e ^ e' \^'b0(^o) q- e"' 


where e, e', e" are three infinitesimals, 
equations become in the limit 


If wo now let h approach zero, thrim 


-/(to) _ 


in which form ail indetermination hag disappeared 

whli^S,™! IT" 

equation arr Poo'Hwnty of form. Thug the plane curve whoee 

X = P, y = i8 

^ through the origin, and d® / cW = dy / * = o at that point. The taneent 
s the axis of x, and the origin is a cusp of the first kind. ^ 

derivatives of the function 

foSuTafS mafw h® T*"' (“> “ + / 0 . the number « in the 
formula ( 3 ) may be taken as large as we please. JftAe remainder 


( 7 ) /(„+ A) =/(a) + !/-(<.) + ^f'Xa) + • • - + 
which expresses that the series 
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is convergent, and that its « sum ” * is the quantity /{a + h). This 
formula (7) is Taylot^s series, properly speaking. But it is not justi- 
fiable unless we can show that the remainder R„ approaches zero when 
n is infinite, whereas the general formula (3) assumes only the exmt- 
ence of the first n + 1 derivatives. Replacing a by *, the equation 
(7) may be written in the form 

fix + h)= fix) -f J /'(®) + • • • + ■'■■■■■ 

Or, again, replacing A by a: and setting a = 0, we find the formula 

(8) fix) =/(0) -t- f /'(O) -!-•••+ /‘"X®) + • • •• 

This latter form is often called Maclaurin’s series; but it should 
be noticed that all these different forms are essentially equivalent. 
The equation (8) gives the development of a function of a: accord- 
ing to powers of x ; the formula (7) gives the development of a func- 
til of h according to powers of A : a simple change of notation is 
all that is necessary in order to pass from one to the other of these 


forms. 11 . 1 . 

It is only in rather specialized cases that we are able to show 

that the remainder approaches zero when n increases indefinitely. 
If, for instance, the absolute value of any derivative whatever is less 
than a fixed number M when a: lies between a and a -b A, it follows, 
from Lagrange’s form for the remainder, that 

1 Al’"^* 


an inequality whose right-hand member is the general term of a 
convergent series.t Such is the case, for instance, for the functions 
e», sin*, cosx. All the derivatives of e’' are themselves equal to 
and have, therefore, the same maximum in the interval con- 
sidered. In the case of sin * and cos * the absolute values never 
exceed unity. Hence the formula (7) is applicable to these thi'ee 
functions for all values of « and A. Let us restrict ourse ves to 
the form (8) and apply it first to the function fix) = e’'. We find 




/(->( 0 ) = 1 , 


. That is to say. the limit ol the sum of the tot n terms as n hecomes infinite. 
For a definition ol the meaning of the technical phrase “ the sum of a senes, 


§ 157.— Teans. 

f The order of choice is a, h, M, n, not a, 7i, w, M. 
vergence oi the series in question. Trans. 


This is essejatial to the con- 
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and consequently we have the formula 

(9) + ^ + + ^ + 

-whicli applies to all values, positive or negative, of x. If a is any 
positive number, we have a^' = and the preeeding formula 

becomes 


( 10 ) : 


^ , X log a ^ (rrlog^O^ . 

'■^+-f-+-rr- + 


. 4. . 


Let us now take /(cc) — sin a;. The successive derivatives form a 
recurrent sequence of four terms (jos x, — sin .r, - <*.os *r, sin x; and 
their values for a: = 0 form another recurnmt S0(|n(nn*.e 1,0, - I, <1 
Hence for any positive or negative value of x we havt^ 


( 11 ) sin ® = 5 _ _ 4 -_ 4. __f: 

^ ^ 1 1.2.3 1.2.3. 4.5 


and, similarly, 


^^"i.2.3 -.(2jr+ I) ■’' 


(12) cos* = l-^ + 


1.2 1.2.3.4 + 


1 . 2 . 3 ■ ■ . 2 » 


H — • , 


Let us return to the general case. The discussion of tlu^ remain- 
der is seldom so easy as in the preceding exainph's ; htd. the 
problem is somewhat simplified by the remark that if the remain- 
der approaches zero the series 


m + 1 m + • • • + ~~ /oo(..) -H . . . 

necessarily converges. In general it is betku-, Ixifor., examining 
to see whether this series converges. If for the givim valuo.s of 
a and h the series diverges, it is useless to carry the disciussion 
further; we can say at once that R„ does not approach zero when » 
increases indefinitely. 


49 . ^velopment of log(l + x). The function log(l + *), together 
th all Its teivatives, is continuous provided that x is gr.taUsr 
tnan - 1 . The successive derivatives are as follows ; 
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/'"(*) = 


-1 

(l+xf 

1.2 

( 1 +*)“’ 


Let ns see for what values of x Maclaurin’s formula (8) may be 
applied to this fuaction. Writing first the series with a remainder, 
we have, under aw.y circumstances, 

/y» /y»2 /y,n 

log(H-^) = f-| + |+-- + (-l)»-‘| + E.„. 

The remainder does not approach zero unless the series 

1 2 ^ 3 ^ ^“ 1 “ 

converges, which it does only for the values of x between — 1 and 
4- 1, including the upper limit 4- 1. When x lies in this interval 
the remainder may be written in the Cauchy form as follows : 


(- l)-1.2..-n 


' (1 + te)”+i 




Let us consider first the case where |a3l<l. The first factor x 
approaches zero with ic, and the second factor (1 — 0) / (1 4- Ox) is 
less than unity, whether x be positive or negative, for the numer- 
ator is always less than the denominator. The last factor remains 
finite, for it is always less than 1/(1 - l^l). Hence the remainder 
actually approaches zero when n increases indefinitely. This 
form of the remainder gives us no information as to what happens 
when X = 1] but if we write the remainder in Lagrange’s form, 

■R» = (- 1)“ „ + i (1 + 

it is evident that approaches zero when n increases indefinitely. 
An examination of the remainder for x = - 1 would be useless, 
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since the series diverges for that value of x. We luive then, when 
X lies between — 1 and + 1, the formula 

(13) + = + + + 

This formula still holds when a; = 1, whie-h gives the (jurieus 
relation 

( 14 ) log 2 = l-| + ^-i + ... + (-l)»-^- + -.- 

The formula (13), not holding except when x is less than or oqtial 
to unity, cannot be used for the calculation of logarithms of wln>le 
numbers. Let us replace a; by — a;. The new formula obtained, 

(13-) 

still holds for values of x between — 1 and -j~ 1 ; and, subtra<d.ing 
the corresponding sides, we find the formula 


(«) 


X 

J + 3" + h • • 


When X varies from 0 to 1 the rational frac^tion (1 + a*) /(I jr) 
steadily increases from 1 to 4- oo, and hence we may now easily cal- 
culate the logarithms of all integers. A still more rapidly con- 
verging series may be obtained, however, by foinniiig tlu!* diiTcrinu^c 
of the logarithms of two consecutive integers. For this purpose 
let us set 

1-f-a: W+1 1 

^ ^ or 

Then the preceding formula becomes 


iog(i\r+i)-iogiv=2[^^ 


-I i 1 L j. 

3(2JV+1)»^5(2 


an ec[uation whose right-hand member is a series whicdi converges 
very rapidly, especially for large values of N. 

Note^ Let us apply the general formula (3) to the function log (1 + x), nmim 

a _ 0, A _ X, ?i - 1, and taking Lagrange’s form for the remaiiKler, Wi\ find In 
this way 

log(l -f- a) = X 

2(1 + 
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If we now replace z by the reciprocal of an integer n, this may he written 

where is a positive number less than unity. Some interesting consequences 
may he deduced from this equation. 

1) The harmonic series being divergent, the sum 

increases indefinitely with n. But the difference 

Sn - logw 

approaches a finite limit. For, let us write this difference in the form 

(l_log?) + (l_log?) + ... + (i-log^) + ... 


/I , n + 1\ . , n4- 1 

_ log ) + log 

\n % } w 


Now 1 /jp - log (1 + 1 /p) is the general term of a convergent series, for by the 
equation above 

p \ p/ 2pi 

which shows that this term is smaller than the general term of the convergent 
series S(1 /p^). When n increases indefinitely the expression 


log 


n \ nj 


approaches zero. Hence the difference under consideration approaches a finite 
limit, which is called Euler's constant. Its exact value, to twenty places of 
decimals, is C = 0.67721660490163286060. 

2) Consider the expression 


w + 1 n + 2 


n + p 


where n and p are two positive integers which are to increase indefinitely. Then 
we may write 


1 + ~ • 

n + p/ \ 2 n/ 

1 + 1 + .. 

. + _^ = log(n +j)) + p„H.p, 
n + p 

l+^+. 

. . + i =logn + p>i, 

n 


I 
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where pn-^p and pn approach the same value 0 when n and p increiWMi indeh- 
nitely. Hence we have also 

S = log -+• + pn Pn • 

Now the dijEEerence pn+p — Pn approaclies zero. Hence the sum S approaches 
no limit unless the ratio jp/n approaches a limit. If this ratio does appioach a 
limit nr, the sum S approaches the limit log (I 4- fr). 

Setting p = n, for instance, we see that tluj sum 

n 4- 1 n H- 2 2 » 

approaches the limit log 2. 

50. Development of (1 + The function (1 “-f- in tltdliunl and 
continuous, and its derivatives all exist and are (‘ont.imums ftinc- 
tions of £c, when 1 + £c is positive, for any vahio of m ; for the 
derivatives are of the same form as the given function : 

f(x) = m(l 4 - 35 )’“-^ 

f''(x^ = m (m — 1) (1 4 


/c«)(ir) = m(m - 1) ‘ - • (m - w 4 1) (} + ;r)"‘ ' 

f(n+i)^ = m (m - 1) • • • - w) (1 4 ‘ 

Applying the general formula (3), we find 

(1 4 i»)”* = 1 4 j X H H 

and, in order that the remainder should a])proach Z(u*o, it is first 
of all necessary that the series whose general is 

m (m — 1) • • • (m — n 4 1) 

1.2 — w 

should converge. But the ratio of any term to the prcHuniing is 

m — w 4 1 

X, 

n ' 

which approaches — a; as n increases indefinitely. Ilencis exidud- 
ing the case where m is a positive integer, which leads to tln^ clt*- 
mentary binomial theorem, the series in question <‘annot cimvergo 
unless |a: |< 1. Let us restrict ourselves to the (uise in which | x | - C 1 . 
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To show that the remainder approaches zero, let us write it in the 
Cauchy form: 


i(m — 1 ) ■ • ■ (m ~ 






The first factor 


1.2..-n * 


approaches zero since it is the general term of a convergent 
series. The second factor (1 — ^) / (1 + 6x) is less than unity ; and, 
finally, the last factor (1 + is less than a fixed limit. For, 

if m — 1 > 0 , we have (1 + < 2 ”*“^ ; while if m — 1 < 0 , 

( 1 -)- (1 — Hence for every value of x between 

— 1 and -f 1 we have the development 


( 16 ) 


(l + .)--l+ = a,+2^f^«- + - 




We shall postpone the discussion of the case where x = ± 1. 

In the same way we might establish the following formulae : 


, 1 1.3 

arc sm £c = a: + 2~4 "5 

1.3.5-.-(2 7?. -1) + i 

2.4.6.--2n 2ri + l'^“'’ 

arc tan a; = 03 — -h y — Y H 1 i; 2 n + 1 ^ 


which we shall prove later by a simpler process, and which hold 
for all values of x between — 1 and + 1 . 

Aside from these examples and a few others, the discussion of 
the remainder presents great difficulty on account of the increas- 
ing complication of the successive derivatives. It would therefore 
seem from this first examination as if the application of Taylor’s 
series for the development of a function in an infinite series were of 
limited usefulness. Such an impression would, however, be utterly 
false ; for these developments, quite to the contrary, play a fundar 
mental role in modern Mathematical Analysis. In order to appre- 
ciate their importance it is necessary to take another point of 
view and to study the properties of power series for their own 
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sake, irrespective cf their origin. We shall do this in several of 
the following chapters. 

Just now we will merely remark that the series 

/(O) + j/'(0) + o/"(0) + • • • + I7|^/'”K0) -h • • • 

may very well be convergent without representing the function 
f(x) from which it was derived. The following example is due to 
Cauchy. Let f{x) = e Then f(x) = (2 /x^) e " ; and, in 
general, the nth derivative is of the form 

where P is a polynomial. All these derivatives vanish for a: = 0, 
for the quotient of e”*''®’ by any positive power of x approaches 
zero with x,* Indeed, setting x ^ j Zj we may write 



and it is well known that increases indefinitely with z, no 
matter how large ni may be. Again, let (a:) be a function to which 
the formula (8) applies : 


■^(*) = -#>(0) + f <#.'(0) + . . . + Y 2...n + ■ • •• 

Setting F(x) = ^(a;) + find 


F(0) = .#,(0), F'(0) = ^'(0), ..., FW(0) = ,;t<»)(0), ..., 

and hence the development of F(x) by Maclaurin's series would 
comoide with the preceding. The sum of the series thus obtained 
represents an entirely different function from that from which the 
series was obtained. 

In general, if two distinct functions f(x) and <(. (x), together with 
all then derivatives, are equal for a = 0, it is evident that the 


rendeV/f:^ntin^™™°f that/(0)_0, which is the only assignment which would 


/'(O) = = 0, 

which defines/'(*) at * = 0 and makes/'{t) continuous at * = 0, etc. -TaAm 
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Maclaurin series developments for the two functions cannot both 
be valid, for the coefiGicients of the two developments coincide. 


51. Extension to functions of several variables. Let us consider, for 
definiteness, a function co =/(a5, y, z) of the three independent vari- 
ables rr, y, z, and let us try to develop /(a; h,y + 1) accord- 
ing to powers of A, k, I, grouping together the terms of the same 
degree. Cauchy reduced this problem to the preceding by the fol- 
lowing device. Let us give y, \ k, I definite values and let 
us set 

where t is an auxiliary variable. The function <^(i) depends on t 
alone j if we apply to it Taylor’s series with a remainder, we find 

■ <^(i) = ^ (0) + i ^-(0) + A <#>''(0) + • • • 

(IT) j 1 1.2 

I + rfr-n + r2: - ■(. + !) W. 

where <^(0), <^>'(0), •••, <^^”^(0) are the values of the function 
and its derivatives, for = 0 ; and where is the value of 

the derivative of order n-\-l for the value Ot, where 0 lies between 
zero and one. But we may consider (f) as a composite function of 
V, 14?), the auxiliary functions 


u=zx ht, V = y + kt, w It 


being linear functions of t. According to a previous remark, the 
expression for the differential of order m, is the same as if u, 
V, w were the independent variables. Hence we have the symbolic 
equation 


= 


cu ov ow 


(w) 


: dr 


CU cv ow 


(m) 


which may be written, after dividing by dt^, in the form 

Eor t Oj u, Vj w reduce, respectively, to x, y, z, and the above 
equation in the same symbolism becomes 






Wm) 

) ■ 
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^ S(n + 1) 


Similarly, 

where x, y, z are to be replaced, after the expression is developed, by 
X + 6ht, y + Bktj z + Bit, 


respectively. If we now set ^ = 1 in (17), it becomes 

( 18)1 


''/(k + A, y + i;, s + ^) =/(a:, 2 /, s) + j 4- ■ • • 


+■ 


1.2---n\dx^^dy^^dz^j 


The remainder may be written in the form 


R. = 


1.2 


.(K 




where x, y, z are to be replaced by a; + Oh, y + Bk, z + Bl after the 
expression is expanded.* 

This formula (18) is exactly analogous to the general formula 
(3). If for a given set of values of x, y, z, h, k, I the remainder 7',* 
approaches zero when n increases indefinitely, we have a develop- 
ment of /(x -f h, y -b « -f- 7) in a series each of whose terms is a 
homogeneous polynomial in h, k, L But it is very difficult, in gen- 
eral, to see from the expression for 7?„ whether or not this remainder 
approaches zero. 


52. From the formula (18) it is easy to draw certain conclusions 
analogous to those obtained from the general formula (3) in the 
case of a single independent variable. For instance, let =f(x, y) 
be the equation of a surface S. If the function f{x, y), together 
with all its partial derivatives up to a certain order n, is continuous 
in the neighborhood of a point {x„ y,), the formula (18) gives 


fi^o + h,yoi- k) =f(xo, yo) 




C2) 


k] +*--4-7?,, 


Eestncting ourselves, in the second member, to the first two terms, 
t en to the first three, etc., we obtain the equation of a plane, then 


♦ It IS assumed here that all the derivatives used exist and 


are continuous. — Trans. 
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tliat of a paraboloid, etc., which, differ very little from the given sur- 
face near the point (xq, 2/0) • The plane in question is precisely the 
tangent plane ; and the paraboloid is that one of the family 

z = Ax^~h2£x^-hCr-h2l)x-h2E7y-i-F 


which most nearly coincides with the given surface S. 

The formula (18) is also used to determine the limiting value of 
a function which is given in indeterminate form. Let /(x, 7 /) and 
^ (x, y) be two functions which both vanish for x = a, y^b, but 
which, together with their partial derivatives up to a certain order, 
are continuous near the point (a, h). Let us try to find the limit 
approached by the ratio 

y) 

y) 


when X and y approach a and respectively. Supposing, first, that 
the four first derivatives df Jida^ Z^/dh do not all 

vanish simultaneously, we may write 


f{a> 4- ^ 4“ 

^{a 4* i 4- 7c) 



where €, e', ci, cj approach zero with h and k. When the point 
(2c, y) approaches (a, &), h and h approach zero; and we will sup- 
pose that the ratio h j h approaches a certain limit or, i.e. that the 
point (xj 7 j) describes a curve which has a tangent at the point (a, h). 
Dividing each of the terms of the preceding ratio by A., it appears 
that the fraction /(cc, y) /<l>(3o, y) approaches the limit 


da ^ dh 


d^ 

da 


d<l> 


This limit depends, in general, upon «, i.e. upon the manner in 
which X and y approach their limits a and b, respectively. In order 
that this limit should be independent of a it is necessary that the 
relation 

da dh dh da 


should hold ; and such is not the case in general. 
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If the four first derivatives 3//3a;, dfjdl, d4> Jda, d<j> /dh vanish 
simultaneously, ve should take the terms of the second order in the 
formula (18) and write 


f(a- + A, 5 -f- A) 

-{• hj & 4 " 



where «, e„ axe infinitesimals. Then, if a be given the 
same meaning as above, the limit of the left-hand side is seen to be 


gy I g gy 

da db 


da^ da db 


a + 


db^ 


a + 


dh^ 


which, depends, in general, upon a. 


II. SIITGULAR POIN'TS MAXIMA AXD MINIMA 

53. Smgular points. Let (xo, y^) be the coordinates of a point M. 
of a curve C whose equation is F{x, y) = 0. If the two first par- 
tial derivatives dF/dx, dF/dy do not vanish simultaneously at this 
we have seen (§ 22) that a single branch of the curve C passes 
pointls equation of the tangent at that 




-f ^ for x = Xo,y = y,. If 8p/s^^ ^nd dF/dv„ both van- 

th “ 8«“eial, a siaywiar * Let us suppose 

tl™ « derisati™ do uo. .u';„ish suu.CS” 

the curve may be written in the form. equation of 


exact 


That is, the appearance of the curve is in trAnAwni i . 

t analytic definition of a Hngular pmt, see § 



Ill, §53] SINGULAR POINTS MAXIMA AND MINIMA 111 


(19) 




+ 


1 r£F 

1.2.3L8^ 


(*• 


■-.)+%iy 


• 2 /«) 


-1(3) 
-J J/q + 


wiiBrB 5C ftnd. y Eire to 1)6 roplSiCcd. in tli6 tliird. dcrivSitivBS 
£Co 4- ^(aj - a^o) and yo + <9(2/ 2 /o)j respectively. We may assume 
that the derivative d‘^F/dyl does not vanish; for, at any rate, we 
could always bring this about by a change of axes. Then, setting 
y ^ yo=z t(x — Xq) and dividing by (x — Xq)% the equation (19) 
becomes 


( 20 ) ^ + + +(x-x,)P(x-si:o, 0 = 0 , 

^ ^ dxl dxo dy^ dyi 

where P(x — Xq, t) is a function which remains finite when x 
approaches cco* Now let ti and be the two roots of the equation 


dxl ^ ^^0 ^'!/o 



= 0. 


If these roots are real and unequal, i.e. if 

/ d^F Y d^F d^F ^ 
\acCo dyj ^ dxl ^fo * 

the equation (20) may be written in the form 


-^(t- t,) (t - t,) + (x- a?o) ^ = 0. 

For X = Xq the above quadratic has two distinct roots 
As X approaches Xq that equation has two roots which approach 
and ^21 respectively. The proof of this is merely a repetition of 
the argument for the existence of implicit functions. Let us set 
t z=ti + w, for example, and write down the equation connecting x 
and u: 

- jJa + w) + (a? ~ == 

where Q (x, u) remains finite, while x approaches Xo and u approaches 
zero. Let us suppose, for definiteness, that > 0 ; and let M 

denote an upper limit of the absolute value of Q(x, u), and m a 
lower limit of jfi - jJg + when x lies between Xo ~ A and Xo + A, 



112 


TAYLOE’S SERIES 


[HI. §53 


and u between — h and + h, where A is a positive number less tiian 
ti — Now let e be a positive number less than h, and 7 ; another 
positive number which satisfies the two inequalities 


If a; be given such a value that \x — Xo\ is less than ■>;, the left-hand 
side of the above equation will have different signs if c and then 
-h c be substituted for u. Hence that equation has a root which 
approaches zero as x approaches and the equation (19) has a 
root of the form 


y = 1/0 + (x- Ko) (ii + a), 

where a approaches zero with a - a:„. It follows that there is one 
branch of the curve C which is tangent to the straight line 


, i/v ''I 

at the point (xd, 

In like manner it is easy to see that another branch of the 
curve passes through this same point tangent to the straight line 
f. y<> ~ ~ *o)- The point is called a double point: and 

the equation of the system of tangents at this point may be found 

t “ 

If 


d^F 


d‘‘F d^F 


9x1 dyl ^ 
isolated double point. Inside a suiR- 
Flx member 


l/o-r p sin <p 

as the coordinates of a point near M^. Then we find 


d^F 


d^F 


d^F 


94 cos ‘i*’ + 2 g^^g^^cos<^sin<^ + ~sin=<^ 4 -pi: 

t.™ ^ r:s°eiS 

d^F — 


d^F 


cos**,^ 4- cos ^ sin 0 + 


d^F 
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has the same sign, since its roots are imaginary. Let m be a lower 
limit of its absolute value. Then it is clear that the coefficient 
of cannot vanish for any point inside a circle of radius p<m/H. 
Hence the equation F(x, y) = 0 has no root other than p = 0, i.e. 
a; = 2Co, y inside this circle. 

In case we have 

/ d^F d^F d^F 

\dxQdyJ ““ dxl dy\ ’ 

the two tangents at the double point coincide, and there are, in gen- 
eral, two branches of the given curve tangent to the same line, thus 
forming a cusp. The exhaustive study of this case is somewhat 
intricate and will be left until later. Just now we will merely 
remark that the variety of cases which may arise is much greater 
than in the two cases which we have just discussed, as will be seen 
from the following examples. 

The curve = x^ has a cusp of the 7mid at the origin, both 
branches of the curve being tangent to the axis of x and lying on 
different sides of this tangent, to the right of the y axis. The 
curve 2/^ — 2 -f = 0 has a cusp of the second kind, both 

branches of the curve being tangent to the axis of a; and lying on 
the same side of this tangent ; for the equation may be written 

K 

2/ = lb x^y 

and the two values of y have the same sign when a? is very small, 
but are not real unless x is positive. The curve 

x^ + x^y‘^ — 6 x^y + 2 ^^ = 0 

has two branches tangent to the x axis at the origin, which do not 
possess any other peculiarity ; for, solving for y, the equation becomes 

^x^±x^ Vs - 

and neither of the two branches corresponding to the two signs 
before the radical has any singularity whatever at the origin. 

It may also happen that a curve is composed of two coincident 
branches. Such is the case for the curve represented by the 
equation 

F(x, y) = ?/ — 2 x^y + x'* = 0. 

When the point (x, y) passes across the curve the first member F(x, y) 
vanishes without changing sign. 



114 


TAYLOK’S SERIES 


[III, § 54 


Finally, the point (iCo, yo) may be an isolated double point. Such 
is the case for the curve 1 / -{-y^ ^ 0, on which the origin is an 

isolated double point. 


54. In like manner a point Mq of a surface .S', whose equation is 
is, in general, a singular point of that surface if the 
three fii’st partial derivatives vanish for the coordinates a;., of 
that point: 



dF 


0 , 


^~o 


= 0 . 


The equation of the tangent plane found above (§ 22) then reduces 
to an identity; and if the six second partial derivatives do not all 
vaoiish at the same point, the locus of the tangents to all curves on 
the surface S through the point i/„ is, in general, a cone of the 
seeond order. For, let 


be the equations of a curve C on the surface S. Then the three 
functions /(t), ^(t), satisfy the equation F(x, y, z) = 0, and. 
the first and second differentials satisfy the two relations 


(; 




For the point * /- aij,, y = _ g tiig eouationa 

reduces to an identity, and the second becomes ^ 

^ , 2 , d^F 

^ Sxo dy„ + 2 dydz + 2 ~~ dx dz = 0 . 


iTn Y — 

dx 


Vo Z 


dz ^ 

which leads to the equation of a cone T of the second degree : 
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d^F 


C21) +3o-^(^-^c)(F-y„) 


d^F 


+ 2 S ( r - 2/„) (X - «„) + 2 ££- (X - o^o) (^ - «„) = 0. 


iy^oz, 


dx„0z. 


On the other hand, applying Taylor’s series with a remainder 
and carrying the derelopment to terms of the third order, the equa- 
tion of the surface becomes 


( 22 ) 


(0 = ^(3!, y, «) 

~1.2L9*o^ 

1 VdF 


Syo 


dF 

(y - yo) + a7o J 


1.2.3\_0x 


(X- 


■ ^o) "I" 

-i/U 

8F dF n‘“’ 

- a^o) + -^ (y - yo) + S' Suit eSli ’ 


where x, y, z in the terms of the third order are to be replaced by 
x, + e{x- X,), yo + 6{y- yo), + ^ (« - ««), respectively. The 
equation of the cone T may be obtained by setting the terms of 
the second degree in a: - *0, y - y«, z-z^vo- the equation (22) equal 
to zero. 

Let us then, first, suppose that the equation (21) represents a real 
non-degenerate cone. Let the surface S and the cone T be cut by a 
plane P which passes through two distinct generators G and G' of 
the cone. In order to find the equation of the section of the sur- 
face S by this plane, let us imagine a transformation of coordinates 
carried out which changes the plane P into a plane parallel to the 
xy plane. It is then sufficient to substitute 8 = 2:0 in equation (22). 
It is evident that for this curve the point Ma is a double point with 
real tangents ; from what we have just seen, this section is composed 
of two branches tangent, respectively, to the two generators G, G'. 
The surface 5 near the point M, therefore resembles the two nappes 
of a cone of the second degree near its vertex. Hence the point 
is called a conical point. 

When the equation (21) represents an imaginary non-degenerato 
cone, the point is an isolated singular point of the surface S. 
Inside a sufficiently small sphere about such a point there exists no 
set of solutions of the equation F{x, y, «) = 0 other than x = Xo, 
y = z = Zo- Tor, let Af be a point in space near Mo, p the 
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distance MMq, and a, p, y the direction cosines of the line 3f, 
Then if we substitute 


x = Xo + pa, y = ?/o + p A 
the function F(Xf y, becomes 


Z =Zq-\- py, 


F{x, y,z) = ^ 


d‘F „ d’-F d^F \ 


where i remains finite when p approaches zero. Since the equation 
(21) represents an imaginary cone, the expression 


cannot vanish when the point (a, y) describes the sphere 
a"" + -h / = 1. 

let 571 be a lower limit of the absolute value of this polynomial, 
and let H be an upper limit of the absolute value of L near the 
point M„. If a sphere of radius m/ H be drawn about M(, as center, 
It is evident that the coefficient of in the expression for F{x, y, a) 
cannot vanish inside this sphere. Hence the equation 

y, *) = 0 

has no root except p = 0. 

When the equation (21) represents two distinct real planes, two 
nappes of the given surface pass through the point each of 
which IS tangent to one of the planes. Certain surfaces have a 
me 0 double points, at each of which the tangent cone degenerates 
into two planes. This line is a double curve on the surface along 
which two dmtmct nappes cross each other. For example, the circle 

w ose equations are s = 0, + j,2 = i is a double line on the surface 

whose equation is 

^ + y) - (*2 q. _ Q_ 

e<luation (21) represents a system of two conjugate 
ginary p anes oi a double real plane, a special investigation is 
necessary m each particular case to determine the form of the sur- 

2 nlT K ^ I’® 

the paragraphs on extrema. 

be^ctnS!^n'“ function f(x) 

be contmuous m the interval (a, b), and let c be a point of that 
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interval. The function f(x) is said to have an extremum (i.e. a 
maximum or a minimum) for aj = c if a positive number rj can be 
found such that the difference f(c + h) —/(c), which vanishes for 
A = 0, has the same sign for all other values of h between — rj 
and + rj. If this difference is positive, the function f (x) has a 
smaller value for jc = c than for any value of x near c ; it is said 
to have a minimum at that point. On the contrary, if the differ- 
ence /(c 4- h) — /(c) is negative, the function is said to have a 
maximum. 

If the function f(x) possesses a derivative for x = c, that deriva- 
tive must vanish. Tor the two quotients 

f(c + A) -/(c) f(c^h)^f(c) 

h ^h 

each of which approaches the limit /'(c) when h approaches zero, have 
different signs ; hence their common limit /'(c) must be zero. Con- 
versely, let c be a root of the equation f’(x) = 0 which lies between 
a and b, and let us suppose, for the sake of generality, that the 
first derivative which does not vanish for a; = c is that of order n, 
and that this derivative is continuous when x = c. Then Taylor’s 
series with a remainder, if we stop with n terms, gives 

f(o + h)- /(c) = + eh), 

which may be written in the form 

/(c + h) -f(c) = lf<^\ 0 ) + e], 

where c approaches zero with h. Let t; be a positive number such 
that |/^”\c) I is greater than c when x lies between c — rj and c -f i;. 
Tor such values of Xj /^'‘^(c) -{- c has the same sign as /^”^(c), and 
consequently /(c -f 7i) —/(c) has the same sign as 7i.”/^"^(c). If 
n is odd, it is clear that this difference changes sign with A, and 
there is neither a maximum nor a minimum at a; = c. If n is even, 
/(c 4- h) —f(c) has the same sign as/^’‘^(c), whether h be positive 
or negative ; hence the function is a maximum if /^”^(c) is negative, 
and a minimum if /^”^(c) is positive. It follows that the necessary 
and sufficient condition that the function/(a;) should have a maximum 
or a minimum for as = c is that the first derivative which does not 
vanish f or a; = c should be of even order. 
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Geometrically, the preceding conditions mean that the tangent to 
the curve y =f{x) at the point A whose abscissa is c must be par- 
allel to the axis of oj, and moreover that the point A must not be 
a point of inflection. 

Notes. When the hypotheses which we have made are not satisfied 
the function f(x) may have a maximum or a minimum, although 
the derivative /'(sc) does not vanish. If, for instance, the derivative 
is infinite for a; = c, the function will have a maximum or a mini- 
mum if the derivative changes sign. Thus the function y == is at 
a minimum for a; = 0, and the corresponding curve has a cusp at the 
origin, the tangent being the y axis. 

When, as in the statement of the problem, the variable x is 
restricted to values which lie between two limits a and it may 
happen that the function has its absolute maxima and minima pre- 
cisely at these limiting points, although the derivative /'(x) does 
not vanish there. Suppose, for instance, that we wished to find 
the shortest distance from a point P whose co5rdinates are (a, 0) 
to a circle C whose ec^^uation is y^ — = 0. Choosing for our 

independent variable the abscissa of a point M of the circle C, we 
find 

(P = PM^ == (aJ — = 33^ + 2/^ — 2 acc -b 

or, making use of the equation of the circle. 

The general rule would lead us to try to find the roots of the derived 
equation 2 a = 0, which is absurd. But the paradox is explained if 
we observe that by the very nature of the problem the variable x 
must lie between — R and ^t. If a is positive, <P has a minimum 
for ic = i? and a maximum for a; = — R. 


56. Extrema of functions of two variables. Let f(x, y) be a con- 
tinuous function of x and y when the point M, whose coordinates 
are a: and y, lies inside a region O hounded by a contour C. The 
f motion /(a:, y) is said to have an extremum at the point iifo (a:„, y^) 

of the region O if a positive number , can be found such that the 
aifference 

^ =/(*o +• A, yo -f- lb) —f{Xa, yo), 

which vanishes for A = it = 0, keeps the same sign for all other sets 
of values of the increments A and i which are each less than , in 
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absolute value. Considering y for the moment as constant and 
equal to z becomes a function of the single variable x j and, by 
the above, the difference 


/(aso 4- A, y^ 2/o) 


cannot keep the same sign for small values of h unless the deriva- 
tive df/dx vanishes at the point Afo. Likewise, the derivative df/dy 
must vanish at Afo ; and it is apparent that the only possible sets of 
values of x and y which can render the function / {x, y) an extre- 
mum are to be found among the solutions of the two simultaneous 
equations 


dx 


= 0, 


U 

dy 


= 0. 


Let £c “ fljo, 2 / = yo be a set of solutions of these two equations. 
We shall suppose that the second partial derivatives of f{x, y) do 
not all vanish simultaneously at the point Mq whose coordinates 
are (ajo, y^, and that they, together with the third derivatives, are 
all continuous near Mq. Then we have, from Taylor^s expansion, 


fA: 


(23) 


= /(i«o + A, -I- k) y,) 

1 / ;)2 
'r2 
1 




84 


+ 


* dx " dy 


Vq + Ok 


We can foresee that the expression 


rj 


h^^+2hk-^^ + h^^ 
dxi ox^dy^ dyl 


will, in general, dominate the whole discussion. 

In order that there be an extremum at il/o it is necessary and 
sufficient that the difference A should have the same sign when the 
point (cco -1- A, 2/o + A) lies anywhere inside a sufficiently small square 
drawn about the point A/q as center, except at the center, where 
A = 0. Hence A must also have the same sign when the point 
{x^ + A, 2/0 4“ A) lies anywhere inside a sufficiently small circle whose 
center is ATq; for such a square may always be replaced by its 
inscribed circle, and conversely. Then let C be a circle of radius 
T drawn about the point ATq as center. All the points inside this 
circle are given by 

h = pGOs<l>j p sin <j>, 
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'Where is to vary from 0 to 2 tt, and p from — r to + n We might, 
indeed, restrict p to positive values, but it is better in what follows 
not to introduce this restriction. Making this substitution, the 
expression for A becomes 

D® 8 

A = ^ (A cos^^ + 2B8m<l>QOs<l>-i- C X, 

where 

dfo’ 

and where £ is a function whose extended expression it would be 
useless to write out, but which remains finite near the point (a:o, y„). 
It now becomes necessary to distinguish several cases according to 
the sign of ^ C. 

First case, l^t - AC> 0. Then the equation 

4 cos®<^ + 2Bsin^cos<#) + C8in*.^ = 0 

has two real roots in tan <j>, and the first member is the difference 
of two squares. Hence we may write 

> 

A = - [a(a cos 4 , + ism<j>y - /?(a'cos 4 , + Fain4,y} + 6'‘^’ 
where 

a>0, ^>0, ab'-ba'^O. 

If be given a value which satisfies the equation 
acosi^ + Jsin<^ = 0, 

A will be negative for sufficiently small values of p ; while, if 4 } be 
such that a' cos + 6' sin.^ = 0, A will be positive for infinitesimal 
values of p. Hence no number r can be found such that the differ- 
ence A has the same sign for any value of 4 , when p is less than r. 
It follows that the function /(x, y) has neither a maximum nor a 
minimum for x = Xo, y = y,- 

Second case. LetB“-^C<0. The expression 

A ooa^4, + 2B cos4> sin^ -|- C sin“<^ 

cannot vanish for any value of 4 ,. Let m be a lower limit of its 
absolute value, and, moreover, let H be an upper limit of the abso- 
lute value of the function £ in a circle of radius R about (xo, yo) as 
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center. Finally, let r denote a positive number less than R and less 
than 3m fH. Then inside a circle of radius r the difference A will 
have the same sign as the coefficient of p% i.e. the same sign as A 
or C. Hence the function f(x, y) has either a maximum or a mini- 
mum for X == Xq, y = 2/o- 

To recapitulate, if at the point (£Co, yo) we have 

/ ay y 

24 a^ ’ 

there is neither a maximum nor a minimum. But if 

/ gy Y ayay 

X^Xf^dy^J ox\ dy^ 

there is either a maximum or a minimum, depending on the sign of 
the two derivatives d^f /dxl^ d^f fdyl. There is a maximum if these 
derivatives are negative, a minimum if they are positive. 


57. The ambiguous case. The case where — A C = 0 is not cov- 
ered by the preceding discussion. The geometrical interpretation 
shows why there should be difficulty in this case. Let S be the 
surface represented by the equation z=f(Xf y). If the function 
/(ic, y) has a maximum or a minimum at the point (xo, 2 / 0 ) ^ ^aear 
which the function and its derivatives are continuous, we must have 





0 , 


which shows that the tangent plane to fhe surface S at the point 
Mo, whose coordinates are (xq, 2/o> ^o)> must be parallel to the xy 
plane. In order that there should be a maximum or a minimum it 
is also necessary that the surface S, near the point Mq, should lie 
entirely on one side of the tangent plane ; hence we are led to study 
the behavior of a surface with respect to its tangent plane near the 
point of tangency. 

Let us suppose that the point of tangency has been moved to the 
origin and that the tangent plane is the xy plane. Then the equa- 
tion of the surface is of the form 


(24) z == ax^ •+• 2 hxy 4- ('y^ 4 oix^ 4 3 ^x^y 4 3 yxy‘^ 4 Sy®, 

where a, h, c are constants, and where <ar, p, y, 8 are functions of x 
and y which remain finite when x and y approach zero. This equa- 
tion is essentially tlie same as equation (19), where Xq and yo have 
been replaced by zeros, and h and khj x and y, respectively. 
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In Older to see 'W'hether or not the surface S lies entirely on 
one side of the xy plane near the origin, it is sufficient to study the 
section of the surface by that plane. This section is given by the 
equation 

(25) ax^ -f 2 bxy + cy^ + cxx^ H 0 ; 

hence it has a double point at the origin of coordinates. If — etc 
is negative, the origin is an isolated double point (§ 53), and the 
equation (25) has no solution except x = y = 0, when the point 
(x, y) lies inside a circle C of sufficiently small radius r drawn 
about the origin as center. The left-hand side of the equation (25) 
keeps the same sign as long as the point (a;, y) remains inside this 
circle, and all the points of the surface S which project into the 
interior of the circle C are on the same side of the xy plane except 
the origin itself. In this case there is an extremum, and the por- 
tion of the surface S near the origin resembles a portion of a sphere 
or an ellipsoid. 

If — ac> 0, the intersection of the surface S by its tangent 
plane has two distinct branches Ci, which pass through the 
origin, and the tangents to these two branches are given by the 
equation 

ax^ 2 hxy -p cy^ = 0. 


Let the point (as, y) be allowed to move about in the neighborhood 
of the origin. As it crosses either of the two branches C’g, the 
left-hand side of the equation (25) vanishes and changes sign. 
Hence, assigning to each region of the plane in the neighborhood 
of the origin the sign of the left-hand side of the equation (25), we 
find a configuration similar to Fig. 7. Among the points of the 
surface which project into points inside a circle about the origin in 
the xy plane there are always some which 
lie below and some which lie above the 
xy plane, no matter how small the circle 
be taken. The general aspect of the sur- 
face at this point with respect to its tan- 
gent plane resembles that of an unparted 
hyperboloid or an hyperbolic paraboloid. 
The function /(a;, y) has neither a maxi- 
^ mum nor a minimum at the origin. 

The case where 5® — ac = 0 is the case in which the curve of 
intersection of the surface by its tangent plane has a cusp at the 
origin. We will postpone the detailed discussion of this case. If the 
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intersection is composed of two distinct brandies througb the origin, 
there can be no extremum, for the surface again cuts the tangent 
plane. If the origin is an isolated double point, the function /(a;, y) 
has an extremum for x = y = 0. It may also happen that the inter- 
section of the surface with its tangent plane is composed of two 
coincident branches. Tor example, the surface z = y^ — 2 x^y + x* 
is tangent to the plane z = 0 all along the parabola y = x^. The 
function y"^ — 2 x^y -f- x'^ is zero at every point on this parabola, but is 
positive for all points near the origin which are not on the parabola. 

58, In order to see wbicli of these cases holds in a given example it is neces- 
sary to take into account the derivatives of the third and fourth orders, and some- 
times derivatives of still higher order. The following discussion, which is usually 
suf&cient in practice, is applicable only in the most general cases. When 
52 — ac = 0 the equation of the surface may be written in the following form 
by using Taylor’s development to terms of the fourth order; 

1 / 0 / 

(26) z = /(oj, y) = A (xsin w - 2 / cos 6j) 2 + "^8 (*’ 2/) + — ( ^ j ga • 

Let us suppose, for definiteness, that A is positive. In order that the surface S 
should lie entirely on one side of the X 2 / plane near the origin, it is necessary that 
all the curves of intersection of the surface by planes through the z axis should 
lie on the same side of the xy plane near the origin. But if the surface be cut 
by the secant plane 

y = X tan 

the equation of the curve of intersection is found by making the substitution 
x = pcos(f>, 2/ = P sin 0 

in the equation (26), the new axes being the old z axis and the trace of the secant 
plane on the xy plane. Performing this operation, we find 

z:=z Ap^ (cos 0 sin w — cos wsin 0)^ + 4- Lp*, 

where K is independent of p. If tan ^tan 0, z is positive for safiBciently small 
values of p ; hence all the corresponding sections lie above the xy plane near the 
origin. Let us now cut the surface by the plane 

y =zx tan w. 

If the corresponding value of K is not zero, the development of z is of the form 

2 = p8 ( X + e) 

and changes sign with p. Hence the section of the surface by this plane has a 
point of inflection at the origin and crosses the xy plane. It follows that the 
function /(x, y) has neither a maximum nor a minimum at the origin. Such is 
the case when the section of the surface by its tangent plane has a cusp of the 
first kind, for instance, for the surface 

2 = y* - x». 
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If JT = 0 for the latter substitution, we would carry the development out 
terms of the fourth order, and we would obtain an expression of the form 

where is a constant which may be readily calculated from the derivatives of 
the fourth order. We shall suppose that Ki is not zero. For infinitesimal val- 
ues of p, z has the same sign as Ki ; if Ki is negative, the section in question lies 
beneath the xy plane near the origin, and again there is neither a maximum nor 
a minimum. Such is the case, for example, for the surface z = whose 

intersection with the xy plane consists of the two parabolas y = ± Hence, 
unless A:= 0 and E'i>0 at the same time, it is evidently useless to carry the 
investigation farther, for we may conclude at once that the surface crosses its 
tangent plane near the origin. 

But if JS: = 0 and iri>0 at the same time, all the sections made by planes 
through the z axis lie above the xy plane near the origin. But tliat does not 
show conclusively that the surface does not cross its tangent plane, as is seen 
by considering the particular surface 

2 : = {y-z^){y-~2x^), 

which cuts its tangent plane in two parabolas, one of which lies inside the other. 
In order that the surface should not cross its tangent plane it is also necessary 
that the section of the surface made by any cylinder whatever which passes 
through the z axis should lie wholly above the xy plane. Lot y tp{x) be the 
equation of the trace of this cylinder upon the xy plane, where </> (x) vanishes for 
X = 0. The function F{x) =/[x, <P(x)] must be at a minimum for x = 0, what- 
ever be the function <f> (x). In order to simplify the calculation we will suppose 
that the axes have been so chosen that the equation of the surface is of the form 


z = Ay^-\-4>ii{x,y) 

where A is positive. With this system of axes we have 


^= 0 , 

0Xo 


a/ 


: 0 , 


02/ 


= 0 , 


02/ 


: 0 , 


03/ 


ayo ' 0 x 2 dxodyo ' 02 / J 

at the origin. 

The derivatives of the function F(x) are given by the formula 
df 


> 0 , 




dy 


4>' 




02/2 




0XS 


F"'(x) = 3 -^^' (X) + 3 + 

dx^dy ^ ' dxdy^^ ^ ^ ^ 

4- 3 ^ {x)-\. Z ^ + 

0x02/ ' 02/2 ^ ^ 

I ^ {^) + ^ lx) -f 4 

0X®02/ 0X2 02/2^ ^ 

+ 3 ~~ <t>" (x) + 12 — ■ ■ ip'y/'' -f 6 

aaJ^ai/ dxdy^^^ ^ 




M. 

dy 

r 

(®). 

dy^ 


(») 

V 

dy 

4>"‘ 

'(*). 

04/ 

dxdy^ 


V 

02/* 



dy*' 




dy 
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from wliich., for x = y = 0, we obtain 

^'(0) = 0, F"(0) = ^ [0'(O)]i'. 


If 0'(O) does not vanish, the function F (x) has a minimum, as is also apparent 
from the previous discussion. But if ^'(0) = 0, we find the formulae 

r(0)=0, N"(0) = 0, ^^'"(0)=^. 


f 

jpiv^O) =^-}-6 




dxl 0x502^0 




Hence, in order that Fix) be at a minimum, it is necessary that d^f/dxl vanish 
and that the following quadratic form in <^"(0), 


^ + 6 ^"(0) + 3 m0)Y, 

dxi 0xj0yo ^^0 


be positive for all values of ^"(0). 

It is easy to show that these conditions are not satisfied for the above function 
z = 2/2 _ 3x2y + 2x4, but that they are satisfied for the function z = y^ + 

It is evident, in fact, that the latter surface lies entirely above the xy plane. 

We shall not attempt to carry the discussion farther, for it requires extremely 
nice reasoning to render it absolutely rigorous. The reader who wishes to exam- 
ine the subject in greater detail is referred to an important memoir by Ludwig 
Scheffer, in Vol. XXXV of the Mathematische Annalen. 


59. runctions of three variables. Let u=^f(x^ y, ») be a continuous 
function of the three variables x, x. Then, as before, this func- 
tion is said to have an extremum (maximum or minimum) for a set 
of values Xo, 2 / 0 , ^0 if a positive number rj can be found so small 
that the difference 

A =/(xo + hj h ^0 + 0 2/05 ^o)j 

^hioli vanishes iovh=k = l = 0, has the same sign for all other 
sets of values of h, k, I, each of which is less in absolute value 
than «. If only one of the variables x, y, a is given an increment, 
while the other two are regarded as constants, we find, as above, 
that u cannot be at an extremum unless the equations 


M 

0Xo 


= 0 , 




M. 


= 0 


axe all satisfied, provided, of course, that these derivatives are con- 
tinnons near the point (x,„ ?/„, »„). Let us now suppose that y„, s, 
are a set of solutions of these equations, and let il/o be the point 
vhose coordinates are y., There will be an extremum if a 
sphere can be drawn about MqSO small that/(x, y, ») Vo) ^ 0 ) 
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has the same sign for all points (x, y, z) except inside the sphere. 
Let the coordinates of a neighboring point be represented by the 
equations 

X = Xq pa, y — z=: py, 

wliere a, ft y satisfy the relation a^ + and jet us replace 

» - aJo, y - - »o in Taylor’s expansion of f {x, y, z) by pa, pfi, 

py, xespectiTely. This gives the following expression for A : 

^ = p“C<^(«, A y) 4- cf;], 

where ^(or, fi, y) denotes a quadratic form in <r, (3, y whose coeffi- 
cients are the second derivatives of f(x, y, «), and where i is a 
function which remains finite near the point M„. The quadratic 
form may be expressed as the sum of the squares of three distinct 
linear functions of a, ft y, say P, P', P", multiplied by certain con- 
stant factors a, a', a", except in the particular case when the dis- 
criminant of the form is sero. Hence we may write, in general, 

(“) A y) = aP“ 4- a'P'2 4. a" P"^, 

where a, a', a" are all different from zero. If the coefficients o, a', a" 
have the same sign, the absolute value of the quadratic form ^ will 
remain greater than a certain lower limit when the point a, B, y 
describes the sphere ^ f 

= 1 , 


and accordingly A has the same sign as a, a', a" when p is less than 
a certain number. Hence the function /(*, y, .) has an extremum. 

If the tlnee coefficients a, a', a" do not all have the same sign, 
there will be neither a maximum nor a minimum. Suppose, for 
example that a >0, ^'< 0, and let us take values of a, B,y which 

to -vanish, and A will be positive for small values of p. But if, on 

f’i. !t“ “• ^ ““7 ‘i- 

The mJh T- iiegative for small values of p. 

The method is the same for any number of independent variables • 

independent variables it” may Te^ noticed ‘tSt^the ^ 

Eof c?T““ ^ n~g;! 

lar pomt. For consider a surface S whose equation is 
F(z, y, z) =f(x, y, z) -/(*„, z„)=.Q. 
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this surface evidently passes through the point Mq whose coordi- 
nates are y^, %), and if the function /(x, y, z) has an extremum 
there, the point is a singular point of % Hence, if the cone of 
tangents at Mo is imaginary, it is clear that F {x, y, z) will keep the 
same sign inside a sufficiently small sphere about Mq as center, and 
f(x^ 2/j 'wiii surely have a maximum or a minimum. But if the 
cone of tangents is real, or is composed of two real distinct planes, 
several nappes of the surface pass through Mo, and y, z) 

changes sign as the point (x, y, z) crosses one of these nappes. 


60. Distance from a point to a surface. Let us try to find the maximum, and the 
minimum values of the distance from a fixed point (a, 6, c) to a surface S whose 
equation is F(x, y, z) = 0. The square of this distance, 

It = = (X - a)2 + {ij - by + (2 - c)2, 

is a function of two independent variables only, — x and y, for example, if 2 : he 
considered as a function of x and y defined by the equation 0. In order 
that u be at an extremum for a point (x, y, z) of the surface, we must have, for 
the coordinates of that point, 

1 ^ = (® - Ct) + (2 - c) ^ = 0, 

2 ax 0® 

1®I? = (3/-6)+ = 

2 Sy ^ 

We find, in addition, from the equation F-0, the relations 

= o ^4-™ — = 0, 

dx dz dx ’ 32 By 


whence the preceding equations take the form 


X — a 


z — c 

dF 

0F 

dF 

dx 


dz 


This shows that the normal to the surface S at the point (x,y, z) 

the point (a, b, c). Henoe, omitting the singular points of the surface S, he 

points sought for are the feet of normals let fall from the point (a, 6, c) upon 

o, » . IM « O*. tb. 

the xy plane, so that the given point shall he upon the axis o . 
tion to be studied has the form 

li = a;2 Hh + (2 — c)2, 

we have, at the origin, 


d^u 

ax2 


= 2 (1 “ cr). 


d^u 

dxdy 


0*' It 0/1 
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and it only remains to study the polynomial 

A(c) = c2s2 - (1 cr){l - d) = c2(s2 - rt) + (r + t)c - 1. 

The roots of the equation A(c) = 0 are always real by virtue of the identity 
(r 4- i )2 -f 4 (s 2 _ = 4s2 -f (r - t)\ There are now several cases which must 

be distinguished according to the sign of _ rt. 

First case. Let s^ — rt < 0. The two roots Ci and C2 of the equation A (c) = 0 
have the same sign, and we may write A (c) = (s® — rt) (c — Ci) (c — c^). Let us 
now mark the two points Ai and A 2 of the z axis whose coordinates are Ci and Cj. 
These two points lie on the same side of the origin ; and if we suppose, as is 
always allowable, that r and t are positive, they lie on the positive part of the 
z axis. If the given point A (0, 0, c) lies outside the segment A 1 A 2 , A(c) is 
negative, and the distance OA is a maximum or a minimum. In order to see 
which of the two it is we must consider the sign of 1 — cr. This coefficient 
does not vanish except when c = 1 / r ; and this value of c lies between ci and C 2 , 
since A(l/r) = s^/r*. But, for c = 0, 1 ~ cr is positive ; hence 1 -- cr is posi- 
tive, and the distance OA is a minimum if the point A and the origin lie on 
the same side of the segment AiA^. On the other hand, the distance OA is a 
maximum if the point A and the origin lie on different sides of that segment. 
When the point A lies between Ai and Az the distance is neither a minimum 
nor a maximum. The case where A lies at one of the points Ai, A^ is left in 
doubt. 


Secofid case. Let - rt > 0. One of the two roots Ci and C 2 of A (c) = 0 is 
positive and the other is negative, and the origin lies between the two points 
Ai and A2. If the point A does not lie between Ai and A 2 , A (c) is positive 
and there is neither a maximum nor a minimum. If A lies between Ai and 
Ai, A (c) is negative, 1 - cr is positive, and hence the distance OA is a minimum. 

Third com. Let s* - rt = 0. Then 4 (c) = (r + t) (c - cj), and it is easily 
seen, as above, that the distance OA is a minimum if the point A and the origin 
lie on the same side of the point Ai, whose codrdinates are (0, 0, Ci), and that 
there is neither a maximum nor a minininm if the point At lies between the point 
A and the origin. 


The ^ints Ai and A^ are of fundamental importance in the study of curva- 
ture; they are t^he principal centers of curvature of the surface S at the point 0. 

61 . Maimia and minima of impUcit functions. We often need to find 
the m axi ma and minima of a function of several variables -which 
are connected by one or more relations. Let us consider, for 
example, a function =/(», y, «) of the four variables x, y, z, u, 
which themselves satisfy the two equations 

«,«) = o, A(x, y, z, u) = 0. 
d* ^ mdependent vari- 

s. Then the necessary conditions that m have an extremum are 
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0 / , 3 /^* 0 . £/ 4 .^ — 4 - 1 ^ 1 ^ = 0 , 

d^^d^^^dudx dy^d^dy^dudy 

and the partial derivatives dsjdx, dujdx, Zajciy, dujdy are given 
by the relations 


dx ^ dz dx div dx 
dy ds dy du dy 


— = 0 , 

dx dz dx du dx 
d'l/ '^dzdy du dy 


The elimination of 8^/dx, du/dx, d^jh, leads to the new 

ec[uations of condition 


(27) 


D(.f,fuA) _ 0 - 0, 

D(x,z,u) ’ - 2 ^( 2 /) '*0 


which, together with the relations/, = 0,/. = 0, determine the val- 
ues of a:, y, % wMoh may correspond to extrema. But the equa- 
tions (27) express the condition that we can find values o an /i 
which satisfy the equations 


(28) 






dz 




M. 

as 


= 0 ; 


hence the two equations (27) may he replac^ by the four equations 
7281 where X and y. are unknown auxiliary functions. 

‘ Tta pt»f 0. lb. g.n..bl Sb”"- » ..U-b^Ob"*. " “1 

state the following practical rule: 

Given a function 

f(X\^ X^y • * • j 

of n variables, connected by h distinct relations 

^1 = 0 , <#» = o, <#>* = 0; 

in order to find the values of x,, xj, •••, x„ which may rend^ th' 
function an extremum we must equate to zero the paH^al dertvaU es 

of the auxiliary function 

/+ hi*l>i 4 + K4*h> 

regarding Xi, Xa? * • * ? constants. 
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62. Another example. We shall now take up another example, where the mini- 
mum is not necessarily given by equating the partial derivatives to zero. Given 
a triangle ABC; let us try to find a point P of the plane for which the sum 
PA + PB + PC ot the distances from P to the vertices of the triangle is a 
minimum. Let (ui, 6i), (a2, 62), (%, ^s) be respectively the coordinates of the 
vertices A, P, C referred to a system of rectangular coordinates. Then the func- 
tion whose minimum is sought is 


( 29 ) 2 = V(a; - ai)2 + (y- bi)^+V(x-a2)^ + {y-b2)^+V(x - aa)^ + (y - 63)2, 

where each of the three radicals is to be taken with the positive sign. This equa- 
tion (29) represents a surface S which is evidently entirely above the xy plane, 
and the whole question reduces to that of finding the point on this surface which 
is nearest the xy plane. Prom the relation (29) we find 


dz 


a; — gi 

V{a-ai)2+(j,-6i)2 

y-h 


V(a; - 02)2 + {y - 

y — hz 


y-h 


~ ai)2+ {y _ 6 i )2 V(aj - + (y ~ &2)2 - as)^ + {y - ’ 


and it is evident that these derivatives are continuous, except in the neighbor- 
hood of the points A, P, C, where they become indeterminate. The surface S 
therefore, has three singular points which project into the vertices of the given 
tnangle. The minimum of z is given by a point on the surface where the tan- 
gent plane is parallel to the xy plane, or else by one of these singular points In 
order to solve the equations az/aa; = 0, dz/dy = 0, let us write them in the 


- 7- + — X 02 as 

- ai)2 + (2, - 6,)2 V^ -a2)2+(y-62)2 ~ (y ^ 

- I- v-h 

{x ai)2 + (j, _ V(a: - oj)* + (y — bzY V (* _ 03)2 + ’ 

Then squaring and adding, we find the condition 


1 + 2 - 


V (a - + (y _ 63)2 V (2: _ a ,)2 + (y _ 63)2 - 

The gwmetrioal interpretation of this result is easy: denoting hv or and a the 

l+2(acri + /S/SO = 0, 
or, denoting the angle APB by a, 

2cosw + 1 = 0. 

SrofmoTfa^poLT'^Forr^ 

OPA must be 120<>.» it u dear tt“® *•"‘1 

— that the point P must lie inside the triangle 


•The reader is urged to draw the figure. 
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ABC, and that there is no point which possesses the required property if any 
angle of the triangle ABC ia equal to or greater than 120°. In case none of the 
angles is as great as 120°, the point P is uniquely determined by an easy con- 
struction, as the intersection of two circles. In this case the minimum is given 
by the point P or by one of the vertices of the triangle. But it is easy to show 
that the sum PA -f PJ5 4- PC is less than the sum of two of the sides of the tri- 
angle. For, since the angles APB and APC are each 120°, we find, from the 
two triangles PAC and PBA, the formulae 

AB = Va2 -f- 62 + ab, AC = 
a, PB = h, PC = c. But it is evident that 
Va2+62_|.a6>5-l-^, Va2 + c2-i-ac>c + |, 

AB -1- AC > fl -f* b c. 

The point P therefore actually corresponds to a minimum. 

When one of the angles of the triangle PC is equal to or greater than 120° 
there exists no point at which each of the sides of the triangle ^PC subtends an 
angle of 120°, and hence the surface S has no tangent plane which is parallel to 
the xy plane. In this case the minimum must be given by one of the vertices of 
the triangle, and it is evident, in fact, that this is the vertex of the obtuse angle. 
It is easy to verify this fact geometrically. 

63. I)» Alembert’s theorem. Let F{x, y) be a polynomial in the two variables 
X and y arranged into homogeneous groups of ascending order 

P(x, y)—M-{-<t>p (x, y) + 0 j,+i (x, y) H + y)^ 

where PT is a constant. If the equation tpp (x, y) = 0, considered as an equation 
in y/x, has a simple root, the function P (x, y) cannot have a maximum or a mini- 
mum for X = 2 / = 0. For it results from the discussion above that there exist sec- 
tions of the surface z -H H = P(x, y) made by planes through the z axis, some 
of which lie above the xy plane and others below it near the origin. From this 
remarh a demonstration of d’Alembert’s theorem may be deduced. For, let / (z) 
be an integral polynomial of degree m, 

f{z) = Ao + Aiz + A 2 Z 2 + • • • + An.z™, 

where the coefficients are entirely arbitrary. In order to separate the real and 
imaginary parts let us write this in the form 

/(® + iy) = ao + «>o + (oi + i^i) (® + %) + ••• + («» + iW (* + W)”< 

where ao, 6o, cti, 6i, • ■ • , K are real. We hare then 

/(z) = P+iQ, 

where P and Q hare the following meanings : 

P = Uo + Ui® ■- ^i2/ ^ » 

Q = bo + bi» + + * ■ * J 


where PA = 


and hence 


and hence, finally) 


1/(Z)1=VP2+Q2. 
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We will first show that j/(«) |, or, what amounts to the same thing, that 
4. cannot be at a minimum for x = 2/ = 0 except when Uq = ho = 0. For 
this purpose we shall introduce polar coordinates p and «/>, and we shall suppose 
for the sake of generality, that the first coefficient after A© which does not 
vanish is Ap. Then we may write the equations 


P = Uo -f- (ap cos p<l> — bp sin p(p) pr 4. . . . , 

Q = 60 + (hp cos 4- Op sinp0 ) pP ^ 

p24.Q2~jjj^^4. 2 p^>[(aoap -J- bobp) cosp0 + (hoUp - aobp) smp0] 4- ■ . . , 


where the terms not written down are of degree higher than p with respect to p. 
But the equation 

(ao%> + bobp) cos pif> + (boUp ~ aobp) sinp0 = 0 


gives tanp0 = X, which determines p straight lines which are separated by 
angles each equal to 2 ic/p. It is therefore impossible by the above remark that 
P3 + Q2 should have a minimum for x = y = 0 unless the quantities 


aoflp + 60&P, boUp — aobp 

both vanish. But, since a| is not zero, this would require that ao = 60 = 0 • 
that is, that the real and the imaginary parts of f{z) should both vanish at the 
origin. 

If |/(a)| has a minimum tois = a,y = the discussion may be reduced to 
tte preceding by setting z = a + ip + z'. It follows that \f{z) | cannot be at a 
minimum unless P and Q vanish separately for x = <x, 2^ = ^. 

val^oft'flr ® “Initnum for at least one 

f f iitdefimtely as the absolute value of z increases indefl- 

mteiy. in fact, we have 


- T v»r= 

« ^ -y he 

^>2+03 = p"‘{-s/ag + 62 + e), 

X=a, y = 

inside this circle for which Vp* j. na lo « 

lows that the point a; = a:)/ = sia^T,-t *^16 »'*>OTe it fol- 

■P = 0, Q = 0, which amounts to lying td-T-P 3-“*^°“ 

f(z)=0. ^ + a root of the equation 

two variables x liave assumed that a function of the 

actually assumes a minZt vairilT ‘>'\«terior of a limited region 
This is a statement which will be reacUlV«aZd\Z“'^^“^ 

rigorously demonstrated a little later (ZpZ y^’. ’ 
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1. Show that the miaber d, which occurs in. Lagrange’s form of the re- 
mainder, approaches the limit l/(n-i-2) as ^ approaches zero, provided that 

is not zero, 

2. Let F (x) he a determinant of order n, all of whose elements are functions 
of X. Show that the derivative F'{x) is the sum of the n determinants obtained 
lay replacing, successively, all of the elements of a single line by their deriva- 
tives. State the corresponding theorem for derivatives of higher order. 

3. Find the maximum and the minimum values of the distance from a fixed 
point to a plane or a skew curve ; between two variable points on two curves ; 
between two variable points on two surfaces. 

4. The points of a surface S for which the sum of the squares of the dis- 
tances from n fixed points is an extremum are the feet of the normals let fall 
upon the surface from the center of mean distances of the given n fixed points. 

6. Of all the quadrilaterals which can be formed from four given sides, that 
which is inscriptible in a circle has the greatest area. State the analogous 
theorem for polygons of ii sides. 

6. Find the maximum volume of a rectangular parallelepiped inscribed in 
an ellipsoid. 

7. Find the axes of a central quadric from the consideration that the vertices 
are the points from which the distance to the center is an extremum. 

8. Solve the analogous problem for the axes of a central section of an ellipsoid. 

9. Find the ellipse of minimum area which passes through the three vertices 
of a. given triangle, and the ellipsoid of minimum volume which passes through 
the four vertices of a given tetrahedron. 

10. Find the point from which the sum of the distances to two given straight 
lines and the distance to a given point is a minimum. 

[Joseph Bertran-d.] 

11. Prove the following formulae : 
log (a; -t- 2) = 2 log (x + 1) — 2 log (x — 1) -f log(x — 2) 

_ Sx B\x^ - 3x/ 6\x8 _ Sx/ 

[Borda’s Series.] 




log (X + 6) = log(a; 4 4)+ log(x + 3) - 2 logx 

4 log(x - 3) 4 log(x - 4) - log(x - 5) 


r 1 ’ 1 

1 72 \V..l 

Lx* -26x2 4 72 s' 

1^x*-26x2 4 72/ J 


[Haro’s Series.] 
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64. Quadrature of the parabola. The determination of the area 
bounded by a plane curve is a problem which has always engaged 
the genius of geometricians. Among the examples which have 
come down to us from the ancients one of the most celebrated is 
Archimedes’ quadrature of the parabola. We shall proceed to 
indicate his method. 


Let us try to find the area bounded by the arc A CB of a parabola 
and the chord AB. Draw the diameter CD, joining the middle 
point D of A B to the point C, where the tangent is parallel to AB. 
Connect AC and BC, and let E and E' be the points where the 



tangent is parallel to and 
AC, respectively. We shall 
first compare the area of the 
triangle BEC, for instance, 
with that of the triangle ABC. 
Draw the tangent ET, which 
cuts CD at T. Draw the diam- 
eter EF, which cuts CR at Fj 
and, finally, draw EK and FH 
parallel to the chord AB. By 
an elementary property of the 
parabola TC = CK. Moreover, 
CT = EF = KH, and hence 
EF=CHJ2:=:CDf4. The 
areas of the two triangles BCE 


and BCD, since they have the 
same base BO, are to each other as their altitudes, or as EF is 
to CD. Hence tlie area of the triangle BCE is one fourth the area 
ot the triangle BCD, or one eighth of the ai'ea S of the triangle ABC. 

e area of the triangle ACE is evidently the same. Carrying out 
the same process upon each of the chords BE, CE, CE', E'A, we> 
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obtaia four new triangles, the area of each of which is S /8=, and so 
forth. The wth operation gives rise to 2» triangles, each having the 
area S/8“. The area of the segment of the parabola is evidently 
the limit approached by the sum of the areas of all these triangles 
as n. increases indefinitely ; that is, the sum of the following descend- 
ing geometrical progression : 




• + 5 + ■ 


and. ttiis sum is 4 5/3. It follows that the Teg[uired dveob is eq^udl to 
two thirds of the area of a j^arallelogram whose sides are AB and CD, 
Although this method possesses admirable ingenuity, it must be 
admitted that its success depends essentially upon certain special 
properties of the parabola, and that it is lacking in generality. The 
other examples of quadratures which we might quote from ancient 
writers would only go to corroborate this remark : each new curve 
required some new device. But whatever the device, the area to be 
evaluated was always split up into elements the number of which 
was ihade to increase indefinitely, and it was necessary to evaluate 
the limit of the sum of these partial areas. Omitting any further 
particular cases,* we will proceed at once to give a general method 
of subdivision, which will lead us naturally to the Integral Calculus. 



\R, 


65. General method. Bor the sake of definiteness, let us try to 
evaluate the area 5 bounded by a curvilinear arc A MB, an axis xx' 
which does not cut that arc, and two perpendiculars AAq and BBq let 
fall upon xx’ from 
the points A and B. 

We will suppose 
further that a par- 
allel to these lines 
AAq, BBq cannot 
cut the arc in more 
than one point, as 
indicated in Big. 9. 

Let us divide the segment into a certain nmnber of equal or 
unequal parts by the points Pi, P^, •••, P„_i, and through these 
points let us draw lines PiQi, P 2 Q 2 ) Pn-iQn-i parallel to AAq 
and meeting the arc AB in the points Qi, Qo? ** * ? Qn-v respectively. 


Aq P\ Pz 


Pi-1 Pi PnzlPo 


Fig. 9 


large number of examples of determinations of areas, arc's, and volumes by 
tbe methods of ancient writers are to be found in DuhamePs Traiti. 
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draw through A a line parallel to xx\ cutting Pi Qi at qi ; 
through Qi a parallel to xx', cutting Q2 at ; and so on. W e 
obtain in this way a sequence of rectangles Pi, P2) • • • ? P*? * * • j -^n* 
Each of these rectangles may lie entirely inside the contour ABBqAqj 
but some of them may lie partially outside that contour, as is 
indicated in the figure. 

Let denote the area of the rectangle P^, and the area bounded 
by the contour In the first place, each of the ratios 

Pi/cti, •••, A/oTi, ••• approaches unity as the number of 

points of division increases indefinitely, if at the same time each 
of the distances A^Pi, P1P2, •••, Pi-iPi, ••• approaches zero. For 
the ratio jSi/arf, for example, evidently lies between li/Pi_x and 
Li/Pf_iQ£_ij where and are respectively the minimum and the 
maximum distances from a point of the arc Q* to the axis xxK 
But it is clear that these two fractions each approach unity as the 
distance Pi^iPi approaches zero. It therefore follows that the ratio 


0^1 + QTa -{ f- 

A + A H + A 


which lies between the largest and the least of the ratios (Xi/ fii, 
3 ,lso approach unity as the number of the 
rectangles is thus indefinitely increased. But the denominator of 
this ratio is constant and is equal to the required area S. Hence 

this area is also equal to the limit of the sum + ag H + as 

the number of rectangles n is indefinitely increased in the manner 
specified above. 

In order to deduce from this result an analytical expression for 
the area, let the curve AB be referred to a system of rectangular 
axes, the x axis Ox coinciding with xx\ and let y =zf(x) be the 
equation of the curve AB. The function /(a) is, by hypothesis, a 
continuous function of a between the limits a and b, the abscissae 
of the points A and B. Denoting by x^, »2, • • • , the abscissae 
of the points of division P„ P„ . .., the bases of the above 

reetaugles are - a, - Xj, • . . , x. ^ . . . , j ^ and their 

^titudes are, m like manner, f{a),f(o:^), . . . , 

Hence the area S is equal to the limit of the following sum : 


(1) (a:, - a)f{a) + (x, _ x,)/(x,) + . . . + (j _ x„_, )/(*„_,), 

« the nnmber n increases indefinitely in such a way that each of 
the differences a:, - a, x, _ . . . approaches zero. 
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66. Examples. If the base AB be divided into n equal parts, each 
of length h (h — a = nh), all the rectangles have the same base A, 
and their altitudes are, respectively, 

+ A), f{a 4- 2 A), • • *, fia 4 (ti - 1) A]. 

It only remains to find the limit of the sum 

A +/(a + A) +/(ct 4> 2 A) 4 . . . +/[a + (w -- 1) A]^, 
where 


HI 

as the integer n increases indefinitely. This calculation becomes 
easy if we know how to find the sum of a set of values f{x) corre- 
sponding to a set of values of x which form an arithmetic progres- 
sion j such is the case if /(cc) is simply an integral power of cc/ or, 
again, if/(a;)= sinma; or/(fl5)= cosmaj, etc. 

Let us reconsider, for example, the parabola = 2^)?/, and let us try 
to find the area enclosed by an arc OA of this parabola, the axis of x, 
and the straight line cc = a which passes through the extremity A, 
The length being divided into n equal parts of length A (nA = a), we 
must try to find by the above the limit of the sum 

The quantity inside the parenthesis is the sum of the squares of the 
first (n — 1) integers, that is, 7 i(?i — 1) (2 n — l)/6; and hence the 
foregoing sum is equal to 

n(n-l)(2n-V) 

12 jpn* 

As 71 increases indefinitely this sum evidently approaches the limit 
= (l/3)(«'. rectangle constructed 

upon the two coordinates of the point A, which is in harmony with 
the result found above. 

In other cases, as in the following example, which is due to 
Fermat, it is better to choose as points of division points whose 
abscissae are in geometric progression. 

Let us try to find the area enclosed by the curve y = A a;/*, the 
axis of Xj and the two straight lines as = a, a; = 5 (0 <C. cl 
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the exponent ^ is arbitrary. In order to do so let us insert between 
a and hyU—l geometric means so as to obtain the sequence 

a, a(l + ay, •••, a(l4-«r)”“\ b, 

where the number a satisfies the condition a (1 + cr)” = b. Tak- 
ing this set of numbers as the abscissae of the points of division, the 
corresponding ordinates have, respectively, the following values : 

and the area of the^th rectangle is 


[a (1 + - a (1 4- A (14- a) = A a (1 4 - a:)Ci>“iX^*+D, 

Hence the sum of the areas of all the rectangles is 


Aa'^ + i«[l 4-(l 4-a)^+i4-(l 4-a)2f^+i)4 4-(l 4 - ay^-DC/^ + i)]. 

If /X 4 - 1 is not zero, as we shall suppose first, the sum inside the 
parenthesis is equal to 

(l + a/H-i-l ’ 

or, replacing <i(l + a)” by b, the original sum may be written in the 
form 






a 


As a approaches zero the quotient [(1 + a)'‘+' — !]/« approaches 
as its limit the derivative of (1 + a:)'‘+i with respect to a for a = 0, 
that is, /j, + 1 j hence the required area is 


L12 




/* + 1 

If ft = - 1, this calculation no longer applies. The sum of th< 
Meas of the inscribed rectangles is equal to nAa, and we have t< 

d the Hunt of the product na where n and a are connected by th« 

relation 

a(l-ha:)» = J. 

From this it follows that 


^ a log (1 4 - or) 


b 


log(l 4 - a)^ 
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where the symbol log denotes the ISTaperian logarithm. As 
approaches zero, (l-f approaches the number e, and the prod- 
uct na approaches log(^>/a). Hence the req[mred area is equal to 
A log(h/a), 

67. Primitive functions. The invention of the Integral Calculus 
reduced the problem of evaluating a plane area to the problem of 
finding a function whose derivative is known. Let y =f(x) be the 
equation of a curve referred to two rectangular axes, where the 
function /(a;) is continuous. Let us consider the area enclosed by 
this curve, the axis of cc, a fixed ordinate MqJPq, and a variable 
ordinate MP, as a function of the abscissa x of the variable ordinate. 
In order to include all pos- 
sible cases let us agree to 
denote by A the sum of the 
areas enclosed by the given 
curve, the x axis, and the 
straight lines MP, 

each of the portions of 
this area being affected 
by a certain sign : the 
sign A- for the portions to 
the right of above Ox, the sign — for the portions to the 

right of ifo^o below Ox, and the opposite convention for por- 
tions to the left of Thus, if MP were in the position M'P', we 

would take A equal to the difference 

MqP^,C - MP'C} 

and likewise, if MP were at A = M’'P’* D — Af^P^P. 

With these conventions we shall now show that the derivative of 
the continuous function A, defined in this way, is precisely f(x). As 
in the figure, let us take two neighboring ordinates MP, MQ, whose 
abscissoe are a; and £c -f Aa;, The increment of the area AA evidently 
lies between the areas of the two rectangles which have the same 
base PQ, and whose altitudes are, respectively, the greatest and the 
least ordinates of the arc MM, Denoting the maximum ordinate by 
If and the minimum by h, we may therefore write 

IiAx < AA < II Ax, 

or, dividing by Ax, h < A A / Ax < 11. As Ax approaches zero, H and 
h approach the same limit MP, or /(on), since f(x) is continuous. 
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Hence the derivative of A isf(x). The proof that the same result 
holds for any position of the point M is left to the reader. 

If we already know a primitive function oif(x), that is, a function 
F{x) whose derivative is /(a:), the difference A - F(x) is a constant, 
since Its derivative is zero (§ 8). In order to determine this con- 
stant, we need only notice that the area A is zero for the abscissa 
a: = a of the line MP. Hence 


A = F(x) — F(a.). 

It follows from the above reasoning, first, that the determination 
of a plane area may be reduced to the discovery of a primitive func- 
tion; and, secondly (and this is of far greater importance for us), 
that every continuous function f{x) is the derivative of some other 
function. This fundamental theorem is proved here by means of 
a somewhat vague geometrical concept, — that of the area imifpr a 
plane curve. This demonstration was regarded as satisfactory for a 
long time, but it can no longer be accepted. In order to have a stable 
foundation for the Integral Calculus it is imperative that this theo- 
rem should be given a purely analytic demonstration which does not 
rely upon any geometrical intuition whatever. In giving the above 
geometrical proof the motive was not wholly its historical interest, 
however, for it furnishes us with the essential analytic argument of 
t e new proof. It is, in fact, the study of precisely such sums as 
(1) and sums of a slightly more general character which will be 
of preponderant importance. Before taking up this study we must 
hrst consider certain questions regarding the general properties of 
functions and in particular of continuous functions.* 


II. DEFINITE INTEGRALS ALLIED GEOMETRICAL CONCEPTS 


68. Upper and lower Umits. An assemblage of numbers is said to 
have an upper limit (see ftm, p. 91) if there exists a number N so 
large that no member of the assemblage exceeds JV. Likewise, an 
assemblage is said to have a lower limit if a number N' exists 
which no member of the assemblage is smaller. Thus the assem- 
b age of all positive integers has a lower limit, but no upper limit ; 


there shoofd b! ment notion of the definite integral 

1-ordtr^ p mentioned the memoir by Eiemann : Uber die MSglichJeeit, eine fLo- 
n "acf a ^^^J:"-Sovometrwche Beihe darzmtellen (Werke, 2d ed., Leipzig 1892 

Formate SupMeuve, dUeontinvsee (Annates de VScole 
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the assemblage of all integers, positive and negative, has neither ; 
and the assemblage of all rational numbers between 0 and 1 has 
both a lower and an upper limit.. 

Let (E) be an assemblage which has an upper limit. With 
respect to this assemblage all numbers may be divided into two 
classes. We shall say that a number a belongs to the first class if 
there are members of the assemblage (E) which are greater than a, 
and that it belongs to the second class if there is no member of the 
assemblage (E) greater than a. Since the assemblage (E) has an 
limit, it is clear that numbers of each class exist. If A be 
a number of the first class and B a number of the second class, it 
is evident that A<B\ there exist members of the assemblage (E) 
which lie between A and B, but there is no member of the assem- 
blage (E) which is greater than B. The number C = (A + R)/2 
may belong to the first or to the second class. In the former case 
we should replace the interval (d, B) by the interval (C, B), in the 
latter case by the interval (d, C). The new interval (di, J5i) is half 
the interval (d, B) and has the same properties : there exists at least 
one member of the assemblage (E) which is greater than di, but none 
which is greater than Operating upon (di, B^) in the same way 
that we operated upon (d, B), and so on indefinitely, we obtain an 
unlimited sequence of intervals (d, B), (di, Ri), (dg, B^), -•*, each 
of which is half the preceding and possesses the same property 
as (d, B) with respect to the assemblage (E). Since the numbers 
d di, Aqj never decrease and are always less than J5, they 

approach a limit X (§ 1). Likewise, since the numbers B, B^, B^, • • • 
never increase and are always greater than d, they approach a limit X’. 
Moreover, since the difference - d„ = (R - d) /2" approaches zero 
as n increases indefinitely, these limits must be equal, i.e.^ X’ — X. 
Let L be this common limit ; then L is called the wp-per limit of the 
assemblage {E). From the manner in which we have obtained it, 
it is clear that L has the following two properties : 

1) No memher of the assemhlage (E) is greater than L. 

2) There always exists a memher of the assemblage {E) which is 
greater tlianL - c, where c is any arbitrarily small positive number. 

For let us suppose that there were a member of the assemblage 
greater than L, say X -f h (li > 0). Since approaches L as n 
increases indefinitely, X, -will be less than X + ^ after a certam 
value of n. But this is impossible since is- of the second class. 
On the other hand, let c be any positive number. Then, after a 
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certain value of w, A„ will be greater than Z — c ; and since there are 
members of (E) greater than A^j these numbers will also be greater 
than Z — c. It is evident that the two properties stated above can- 
not apply to any other number than Z. 

The upper limit may or may not belong to the assemblage (E). 
In the assemblage of all rational nmnbers which do not exceed 2, 
for instance, the number 2 is precisely the upper limit, and it belongs 
to the assemblage. On the other hand, the assemblage of all irra- 
tional numbers which do not exceed 2 has the upper limit 2, but 
this upper limit is not a member of the assemblage. It should be 
particularly noted that if the upper limit Z does not belong to the 
assemblage, there are always an infinite number of members of (E) 
which ai-e greater than Z — c, no matter how small c be taken. For if 
there were only a finite number, the upper limifwould be the largest 
0 these and not Z. When the assemblage consists of different 
numbers the upper limit is simply the largest of these 7 /. numbers. 

^ it may be shown in like manner that there exists a number Z' 

m case the assemblage has a lower limit, which has the following 
two properties : ® 

1 ) m> member of the assemblage is less than L'. 

2) There exists a member of the assemblage which is less than 
+c, where e ts an arbitrary positive number* 

This number V is called the lower limit of the assemblage. 

intMvauTjWb function of a: defined in the closed f 

ofSIliil i’ 1 5 and to each 

25 vXe of^) --Poads a uniquely deter- 

interral if all ^ finite in this closed 

numbers A and B assumes lie between two fixed 

lower limits of this assemblage, respectively; Then the ^12 

same time the lower limit of the numbms of numbers of the class A is at the 

My mmber greater than L belongs to the elm B fnf 'f ts “ 

belonging to the class B, then every number were a number i' < X 

Hence every number less than xTelongs to aTolL, T *" •®- 

belongs to the class B, and L itself mat ® number greater than Z 
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A = M — m is called the oscillation of the function /(sc) in the 
interval (a, h). 

These definitions lead to several remarks. In order that a func- 
tion be finite in a closed interval (a, h) it is not sufiicient that it 
should have a finite value for every value of sc. Thus the function 
defined in the closed interval (0, 1) as follows : 

/(O) = 0, fix) = 1/a; for a; > 0, 

has a finite value for each value of x\ but nevertheless it is not 
finite in the sense in which we have defined the word, for /(a;) > A 
if we take x<l J A, Again, a function which is finite in the closed 
interval (a, h) may take on values which differ as little as we please 
from the upper limit M or from the lower limit m and still never 
assume these values themselves. For instance, the function /(^r), 
defined in the closed interval (0, 1) by the relations 

/(O) = 0, fix) = 1 — a; for 0 < a; ^ 1, 
has the upper limit M = 1, but never reaches that limit. 

70. Properties of continuous functions. We shall now turn to the 
study of continuous functions in particular. 

Theorem A. Let fix) he a function which is continuous in the closed 
interval (a, h) and c an arhitrary positive number. Then we can 
always break up the interval (a, h) into a certain number of partial 
intervals in such a way that for any two values of the variable 
whatever, x' and x'\ which belong to the same partial interval, we 
always have \fi^^) I ^ 

Suppose that this were not true. Then let c ==(a + ^)/2 ; at 
least one of the intervals (a, c), ic, b) would have the same prop- 
erty as ia, h)-, that is, it would be impossible to break it up into 
partial intervals which would satisfy the statement of the theorem. 
Substituting it for the given interval (a, h) and carrying out the 
reasoning as above (§ 68), we could form an infinite sequence of 
interrals (a, b), (a,, b,), («« b,), each of which is half the preced- 
ing and has the same property as the original interval (a, b). h or 
any value of n we could always find in the interval (a„, 5„) two 
numbers and x" such that |/(x') -/(*") I 

Now let \ be the common limit of the two sequences of numbers 
a, a,,-- and b, b„ b„ •••■ Since the function /(a:) is continuous 
for a; = X, we can find a number tj such that [/(x) /(X)l<€/ 
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whenever ja; — A( is less than tj. Let ns choose n so large that both 
and differ from A by less than rj. Then the interval («„, h^) 
will lie wholly within the interval (A - 17 , A 4* v) J and if a;' and 
are any two values whatever in the interval (a„, we must have 

-/(A) I < */2, !/(*") -/(X) I < e/2, 
and hence |/(a:') -/(»") | < e. It follows that the hypothesis made 
aboTe leads to a contradiction ; hence the theorem is proved. 


Corollary 1. Let a, x^, Xj, • ••, x„_j, i be a method of subdivision 
of the interval (a, b) into p subintervals, which satisfies the con- 
ditions of the theorem. In the interval {a, Xj) we shall have 
l/(®)l_< |/(®)|+ e; and, in particular, |/(xi) I < |/(x) I + £. Like- 
wise, in the interval (xj, x^) we shall have |/(x) | < (/(xj) I -f- « 
and, « foHwri, |/(x)( < \f(a)\ + 2o-, in particular, for x = x J 

l/(®2)|<|/(a)l-f2e; and SO fortk For the last interval we shall 
have 

l/(®) I < \f(pr-i) I + c < \f(a) I +pt. 

Hence the absolute value of /(x) in the interval (a, b) always 
remams less than |/(a) | -f- jje. It follows that every function which 
M continuous in a closed, interval (a, b) is finite in that interval. 


Corol^ry II Let us suppose the interval (x, b) split up into ® sub- 
intervals (o, Xi), (Xj, Xj), • • • , (x„_i, «) such that |/(x') —f(x") |< e /2 
or any two values of x which belong to the same closed subinterval. 
Le^, be a positive number less than any of the differences Xi - x, 

fi,!S T’ * numbers whatever 

m the mterval (X, b) for which \x'-x"\<^, and let us try to find 

ZlTl " l/(-') -/(.') |. If the two numbers x^and x" 
in tbe same submterval, we shall have \f(x^) - f(x'')\<e/2 

!/(»') -/(x") I <j, 

wh^nex' xnd x"are any two numbers of the interval (a, b) for whwh 

function /(J) is unifi^l^ ^ saying that the 

; s umjormly continuous in the interval (a, h). 
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Let us first consider a particular case. Suppose that f{a) and 
m have opposite signs, -that /(a) < 0 and/(i) > 0, for instance. 

We shall then show that there exists at least one value of a: between 
a and 6 for which f(x) = 0. Now/(x) is negative near a and posi- 
tive near b. Let us consider the assemblage of values of x between 
a and b for which f{x) is positive, and let A be the lower limit of 
this assemblage {a<X<b). By the very definition of a lower 
limit /(A - A) is negative or zero for every positive value of h. 
Hence /(A), which is the limit of /(A — A), is also negative or zero. 
But f(\) cannot be negative. For suppose that /(A) = - m, where 
^ is a positive number. Since the function /(x) is continuous for 
a; = A, a number ^ can be found such that \f{x) - /(A)] < m when- 
ever I® - A|< «, and the function f{x) would be negative for all 
values of x between A and A 4- Hence A could not be the lovver 
limit of the values of x for which /(x) is positive. Consequently 

"^^How let N be any number between /(a) and f{b). Then the 
function </.(x) =/(x) - W is continuous and has opposite si^s for 
a; = a. and X = J. Hence, by the particular case just treated, it 
vanishes at least once in the interval {a, b). 

Theorem C. Every function which is continuous in a clos^ mter- 
val {a, b) actually assumes the value of its upper and of its lower 
limit at least once. 

In the first place, every continuous function, since we have 
already proved that it is finite, has an upper limit M and a lower 
limit m. Let us show, for instance, that /(x) = M for at least one 

value of X in the interval (a, A). ^ i, 

TaMng c = (a -b 6)/2, the upper limit of /(x) is equal to M for 

at least one of the intervals {a, c), (c, b). Let us replace (a, &) 
by this new interval, repeat the process upon it, and so forth. 
Reasoning as we have already done several times, we could form 
an infinite sequence of intervals {a, h), (oi, Ji)i (« 2 > 
which is half the preceding and in each of which the upper him o 
/(X) is M. Then, if A is the common limit of the sequences a, a„ 

.. a„, ...andJ,6„ ...,b„, ■■■,f(h)isesualtoM. For suppose tha 

/(A) = M - A, where A is positive. We can find a P^ive number 
„ such that /(x) remains between /(A) -b A/ 2 and /(A) / , ^ 

therefore less than M-h/2 as long as “ J 
and A -b n- Bet us now choose n so great that x„ and b differ from 
ctlon limit X by 1». tto » riien the mtetvel ».) 1>» 
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wholly inside the interval (X - i;, A -f rj), and it follows at once 
that the upper limit of f{x) in the interval (a„, could not be 
equal to M. 

Combining this theorem with the preceding, we see that anyfuna- 
tmi which is continuous in a closed interval (a, h) assumesj at least 
once, every value between its u/pper and its lower limit. Moreover 
theorem A may be stated as follows : Given a function which is 
continuous in a closed interval (a, h), it is possible to divide the inter- 
val into such small subregions that the oscillation of the function in 
any one of them will be less than an arbitrarily assigned positive 
number. For the oscillation of a continuous function is equal to 
the difference of the values oif(x) for two particular values of the 
variable. 


71. The sums S and s. Let /(a;) be a finite function, continuous 
or discontinuous, in the interval (a, h), where a<b. Let us sup- 
pose the interval (a, b) divided into a number of smaller partial 
intervals -aji), (xi, •••, (Xp_i, b), where each of the numbers 
aji, ajg, • ■ cCp.i is greater than the preceding. Let M and m be the 
limits of f{x) in the original interval, and and the limits 
in the mterval x^, and let us set 


S — Mi(x^ — a) + M^(x^ — ^ f- 3/y (i — x^_{), 

s = mi (Xi — a) + m^(x2 — Xi) -i (- (b — 


To every method of division of (a, b) into smaller intervals there 
corresponds a sum 5 and a smaller sum s. It is evident that none 
of the sims S are less than m(b- a), for none of the numbers M- 
are less than m ; hence these sums S have a lower limit I* Like- 

uLTt M{b-a) have an upper 

. We proceed to show that I' is at most equal to I. For this 
purpose it^is evidently sufficient to show that s<5' and where 
S, s and 6, s are the two sets of sums which correspond to any 
two given methods of subdivision of the interval (a, b). ^ 

n the first place, let us suppose each of the subintervals (a, *,), 


% Viy yk^i, Xi, + y^_^^ 




the 


+ 1 > b 


inequalities mentioued 
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be the new suite thus obtained. This new method of subdivision 
is called consecutive to the first. Let and a- denote the sums anal- 
ogous to S and s with respect to this new method of division of the 
interval (a, h), and let us compare S and s with '% and <r. Let us 
compare, for example, the portions of the two sums S and which 
arise from the interval (a, x^. Let M[ and m[ be the limits of 
f(x) in the interval (a, ?/i), MjJ and the limits in the interval 
(j/ir 2/2) > ” * > '^k ^he limits in the interval Then 

the portion of % which comes from (a, xi) is 

miVi ~ a) + Ml(y, - 2/1) + • • • + ; 

and since the numbers 'M[, • • •, Ml. cannot exceed it is clear 

that the above sum is at most equal to Mi (xi — a). Likewise, the 
portion of S which arises from the interval (x^ x^ is at most equal 
to il/g (X 2 — aji), and so on. Adding all these inequalities, we find 
that 2 S, and it is easy to show in like manner that <r ^ 5 . 

Let us now consider any two methods of subdivision whatever, 
and let s and S', s' be the corresponding sums. Superimposing 
the points of division of these two methods of subdivision, we get a 
third method of subdivision, which may be considered as consecu- 
tive to either of the two given methods. Let ^ and <r be the sums 
with respect to this auxiliary division. By the above we have the 
relations 

:s,<s, (r>s, '^<S', <r>s'^, 

and, since S is not less than <r, it follows that s'^^S and sS Since 
none of the sums N are less than any of the sums s, the limit I 
cannot be less than the limit I' ; that is, / = / • 

72. Integrable functions. A function which is finite in an inter- 
val (a, h) is said to be integrable in that interval if the two sums 
5 and s approach the same limit when the number of the partial 
intervals is indefinitely increased in such a way that each of those 
partial intervals approaches zero. 

The necessary and sufficient condition that a function he integrable 
in an interval is that corresponding to any positive number c another 
number tj exists such that S s is less than c whenever each of the 
partial intervals is less than rj. 

This condition is, first, necessary, for if <S and s have the same 
limit /, we can find a number rj so small that 1 5 — l| and \s — I\ are 
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each less than e /2 whenever each of the partial intervals is less 
than 7}. Then, a fortiori^ S — sis less than e. 

Moreover the condition is sufficient^ for we may write * 

and since none of the numbers S — I, I — V, V — s can be negative, 
each of them must be less than e if their sum is to be less than c. 
But since 7 — 7' is a fixed number and c is an arbitrary positive 
number, it follows that we must have = /. Moreover N — / < c 
and I— s<€ whenever each of the partial intervals is less than tj, 
which is equivalent to saying that S and s have the same limit /. 

The function f(x) is then said to be integrahle in the interval 
(a, S), and the limit 7 is called a definite integral. It is represented 
by the symbol 

1= ^ f{x)dx, 

wMch suggests its origin, and which is read “the definite integral 
from aioh oi f(x)dx.^^ By its very definition 7 always lies between 
the two sums S and s for any method of subdivision whatever. 
If any number between S and 5 be taken as an approximate value 
of 7, the error never exceeds S — s. 


JEjvevy continuous function is integrahle. 

The difference 8 — 5 is less than or equal to (h — a) w, where 
0 ) denotes the upper limit of the oscillation oi f{x) in the partial 
intervals. But rj may be so chosen that the oscillation is less than 
a preassigned positive number in any interval less than 7 ; (§ 70). 
If then n be so chosen that the oscillation is less than ^/(h ^ a\ 
the difference ^ - 5 will be less than c / ^ 


^ Any monotonicallij increasing or monotonically decreasing 
in an interval is integrahle in that interval. 


function 


in a given interval 

Ivlrl interval /(*0 >/(.■-) ^hen- 

interval but if 5 , ^ constant in certain portions of the 

intertaJ, but if it is not constant it must increase with ai. Dividine 

mterval (a, 5) mto subintervals, each less than ,,, we may write 
-/(*i) («i - a) +/(X 2 ) (cBj - a:,) 4 - . . . -f-/(5) (5 _ 
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for the upper limit of fix') in the interval (a, for instance, 
is precisely f(x^), the lower limit /(a); and so on for the other 
subintervals. Hence, subtracting, 

S-s=(x^- a) [/(xi) - /(a)] + (as, _ [/(*,) _ /(a:.)] 

+ + -/(*»- 1)]. 

None of tlie differences which occur in the right-hand side of this 
equation are negative, and all of the differences Xi — a, x^ — x^, 

• • • are less than 77 ; consequently 

^ < V[f(^i) -/(«) +/(^ 2 ) • ^f(b) - 

or 

and we need only take 

’'^/(6)-/(a) 

in order to make S — s<€- The reasoning is the same for a mono- 
tonically decreasing function. 

Let us retui’n to the general case. In the definition of the inte- 
gral the sums S and 5 may be replaced by more general expres- 
sions. Given any method of subdivision of the interval (a, h) : 

a, Xi, X2, — *••) IJ 

let ^1, ^2, • • • , iu • • • be values belonging to these intervals in order 
(ic, _ 1 ^ S iCi) . Then the sum 

(2) |X/(0(*i - *.-i) = 

1 V(fl)(*l - - a!l) + • • • +/(4)(* - ^n-l) 

evidently lies between the sums ^ and s, for we always have 
If the function is integrable, this new sum has the 
limit I. In particular, if we suppose that fi, 4 ? * * * ? in coincide 
with a, £Ci, •••, respectively, the sum (2) reduces to the sum 

( 1 ) considered above (§ 65 ). 

There are several propositions which result immediately from the 
definition of the integral. W e have supposed that a<h\ if we now 
interchange these two limits a and Z>, each of the factors — Xi_i 
changes sign; hence 


r f(x)dx = ^ r f(x)dx, 

Ja Jb 



150 


DEFINITE INTEGRALS 


[IV, § 72 


It also evidently follows from the definition that 


r f(x)dx=: f f(x)dx+ f 

%Ja a c 


at least if c lies between a and the same formula still holds when 
b lies between a and for instance, provided that the function f{x) 
is integrable between a and c, for it may be written in the form 


C f(x)dx— r f(x)dx— C f(x)dx— C f{x)dx-^ C f(x)dx, 

%J a %J a %J c d b 

If f(x) = A<ti(x) -f where A and B are any two constants, 

we have 

' f{x)dx — A I <f>(x)dx-j-B I ifr(x)dx, 

a t/ a t/ a 


and a similar formula holds for the sum of any number of functions. 

The expression /(i^) in (2) may be replaced by a still more gen- 
eral expression. The interval (a, b) being divided into n sub- 
intervals (a, Xi), • • • , Xi)j • • • , let us associate with each of the 
subintervals a quantity f,., which approaches zero with the length 
X, — of the subinterval in question. We shall say that 
approaches zero uniformly if corresponding to every positive num- 
ber c another positive number rj can be found independent of i and 
such that m<€ whenever Xi - x^^^ is less than yj. We shall now 
proceed to show that the sum 


n 

j=i 


approaches the definite integral l^f{x)dx as its limit provided 
that ^ approaches zero uniformly. For suppose that i, is a number 
so small that the two inequalities 


1) (*.• - ‘Kf-O - [/(x ) dx 

:=l Ja 


<C, \L\<^ 


are satisfied whenever each of the subintervals is less 

than Tj. Then we may write 




-£f(x:)dx = 
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and it is clear that we shall have 


s< 



< € + €(b a) 


whenever each of the subintervals is less than yj. Thus the theorem 
is proved.* 


73. Darboux’s theorem. Given any function f{x) which is in an inter- 
val (a, b); the HUinH (S' an<l « approach their limits I and P, respectively, when 
the number of Kubint(*,rval.s increases indefinitely in such a way that each of 
them approaches '/er<». Let us prove this for the sum S, for instance. We 
shall Kuppose that and that/(x) is positive in the interval (a, 6), which can 
he brought about V>y a<lding a suitable constant to/(a;), which, in turn, amounts 
to adding a constant to each of the sums S. Then, since the number I is the 
lower limit of all the sums (S’, we can find a particular method of subdivision, say 

a, tci, X2, •••, b, 

for which the sum *S is le.ss than T + €/2, where e is a preassigned positive num- 
ber. Let U8 liow consider a division of (a, h) into intervals less than 77, and let us 
try to find an upper limit of the corresponding sum S'. Taking first those inter- 
vain whhsh do not iiududo any of the points Xj, X2, * • *, and recalling the 
reasoning of § 71, it is (dear that the portion of S' which comes from these inter- 
vals will be less than t he original sum S, that is, less than I -f e /2. On the other 
hand, th(^ number of intervals which include a point of the set Xi, X2, • • • , x^-i 
cannot cxcuhhI p 1, and hence their contribution to the sum S' cannot exceed 
{p - 1 )jU 77, when^ M is the upper limit of/(x). Hence 

S'<T + ,/2-h{p^1)Mv, 

and we need only (dioose rj less than e/2 M'(p - 1) in order to make S' less than 
/ h «. Hem^e th<^ low(‘,r limit / of all the sums S is also the limit of any sequence 
of M’h whi(.'h corresponds to uniformly infinitesimal subintervals. 

It may be hIiowii in a similar manner that the sums s have the limit I'. 
If the fumuion /(x) is any function whatever, these two limits I and I' are in 
g(nnn*al difhuasnt. In order that the function be integrable it is necessary and 
sufficient that 1' = /. 


74. First law of the mean for integrals. From now on we shall 
tiHBtnn(‘, tinlctHs Hometliing is explicitly said to the contrary, that 
the fiiiuttions under the integral sign are continuous. 


Tlw ahov(^ tlu'orcim can bo extended without dilheulty to double and triple inte- 
grals ; we shall inak<4 use of it in several places (§§ 80, 95, 97, 131, 144, etc.). 

The proposition is (is.sentially only an application of a theorem of Duhamel’s 
acimrding to whi(di the limit of a sum of iulinitosimals remains unchanged when 
each of th(( infhutesimalH is replaced hy another infinitesimal which differs from the 
given inlhdicshnal by an inlhiitesimal of higher order. (See an article by W. F. 
Osgood, A 7 muls of Mathematics y 2d sorios, Vol. IV, pp. 161-178: The Integral as 
the Limit of a Sum and a 'Theorem of DuhameVs.) 
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Let f{x) and be two functions which are each continuous 
in the interval (a, 5), one of which, say has the same sign 

throughout the interval. And we shall suppose further, for the 
sake of definiteness, that a<h and <j> (x) > 0. 

Suppose the interval (a, h) divided into subintervals, and let 
^ 2 ) ii, *•' be values of x which belong to each of these 
smaller intervals in order. All the quantities /(^^) lie between the 
limits M and m of f(x) in the interval (a, b) : 

Let us multiply each of these inequalities by the factors 

respectively, which are all positive by hypothesis, and then add 
them together. The sum — evidently lies 

between the two sums (Q (x^ - Xi_^) and ilf (^i) (a;,. ~ 
Hence, as the number of subintervals increases indefinitely, we 
have, in the limit. 


<l>(x)dx^ I f(x)^(x)dx^M I <l>(^x)dXf 
a J a Ja 


■which, may he written 


a J a 


h 

<j> (x) dxj 


where fi lies between m and M. Since the function f(x) is con- 
tinuous, it assumes the value jx for some value S of the variable 
which lies between a and b ; and hence we may write the preceding 
equation in the form 


( 3 ) jj{=o).i>(x)dx=f{i)j\(x)dx, 

where ^ lies between a and S.* If, in particular, <^(a:) = 1, the 
integral ^ dx reduces to (b — a) by the rery definition of an inte- 
gral, and the formula becomes 


(4) £f(o:)d=o = (b-a)f($). 


* The lower sign holds in the preceding relations only when / (r) = k. It is evidenc 
that the formula stiU holds, however, and that a< ^ < 6 in any case. — Teans, 
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75. Secoad law of the mean for integrals. There is a second formula, due to 
Bonnet, which he deduced from an important lemma of Abel’s. 

Bemma. Let eo, ej, . . . , c,, he a set of monotonically decreasing posUive quanti- 
ties, and Wo , , • • • , ike sarne number of arbitrary positive or negative quantities. 
If A and B are res{)ectively the greatest and the least of all of the sums So = wo, 
Si = Wo "f" til t * • • 1 Si> == Uo + Wi 4“ ' • • + ttp , the sum 

S = «oWO + + j- CpUp 

will lie between Aco wid B€o, i.e. Aeo >S>B€o. 

For we have 

Wo ~ S() , Wi = Si - So, • • • , Up = 8p- Sp.i, 
whence the sum S is equal to 

»o(co - €i) 4 8i(«i - ea) + . . . 4 Sp_i{cp.i - tp) 4 Sp€p. 

Since none of the differences eo ~ «i, «i — < 2 , • • •, cp^i -- q, are negative, two 
limits for S are given by replacing »o , , • • • , Sp by their upper limit A and then 

by their lower limit B. In this way we find 

S< A (eo — «i 4 Cl — «3 4 • • • 4 ep-i — cp 4 cp) = J.eo, 
and it is liTcewise evident that S'^Beo. 

Now lot/(x) and <f> (z) be two continuous functions of x, one of which, 0 (x), 
is a positive monotonically decreasing function in the interval a < x < 5. Then 
the integral /JY (x) <p (x) dx is the limit of the sum 

/ (a) <f> (a) (xi - a) 4 /(xi) <f> (xi) (Xa - xi) 4 • ■ • . 

The numbers ^ (a), <f>ip^i)i • • • form a set of monotonically decreasing positive 
numbers ; hence the above sum, by the lemma, lies between A<p (a) and B<h (a), 
where A and B are respectively the greatest and the least among the following 
sums: 

/(a)(xi-a), 

f{a) (xi - tt) 4 f(xi) (xt - xi) , 



f(a) (xi - a) 4/(xi) (xa ~ xi) 4 • • • 4/(x„^i) (b ~ x„-.i). 

Passing to the limit, it Is clear that the integral in question must lie between 
Ai^{a) and Bi^{a), where Ai and Bi denote the maximum and the minimum, 
respe(itlvely, of the integral J^f(z)dx, as c varies from a to b. Since this inte- 
gral is evidently a continuous function of its upper limit c (§ 76), we may write 
the following formula : 

(5) f^f{x)ip(po)dx=:<p{a) r/(x)dx, a<f<5. 

Wa o/a 

When the function ^(x) is a monotonically decreasing function, without 
being always positive, there exists a more general formula, due to Weierstrass. 
In such a case let us set 0 (x) = ^ (h) 4 ^ (x). Then f (x) is a positive monoton- 
ically decreasing function. Applying the formula (6) to it, we find 

£ /(®) f (a:)<te = [4>(a) - «(6)] fW)dx. 
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Eroin this it is easy to derive the formula 

fib 


j'y{x)<p(x.)dz = y‘/(a:)^( 6 )d !5 + [^.(a) - <P<J>)lf^ f(x,)dx, 

t h 

f /(») ^ f f{^) + ‘^(^) ^ ’ 

Similar formulae exist for the case when the function ^(a;) is increasing. 

76. Return to primitive functions. We are now in a position to 
give a purely analytic proof of the fundamental existence theorem 
(§ 67) . Let/(£c) he any continuous function. Then the definite integral 


0 =J 


F(x 

where the limit a is regarded as fixed, is a function of the upper 
limit X. We proceed to show that the derivative of this function 
is f{x). In the first place, we have 

J ^x->rh 

I f(t)dt, 

X 

or, applying the first law of the mean (4), 

F{x^h)^F{x) = hf(f), 

where i lies between x and a: -f- As A approaches zero, /(^) 
approaches f(x) ; hence the derivative of the function F{x) is /(x), 
which was to be proved. 

All other functions which have this same derivative are given 
by adding an arbitrary constant C to F(x). There is one such 
function, and only one, which assumes a preassigned value for 
a: = a, namely, the function 


£At)dt. 


^0 + 


When there is no reason to fear ambiguity the same letter x is 
used to denote the upper limit and the variable of integration, and 
£f(x)dx is written in place of J^f(t)dt But it is evident that 
a definite integral depends only upon the limits of integration and 
the form of the function under the sign of integration. The letter 
which denotes the variable of integration is absolutely immaterial. 

Every function whose derivative is f(x) is called an indefinite 
integral of /(a;), or 2. primitive function of /*(x), and is represented 
by the symbol 
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the limits not being indicated. By the above we evidently have 



f(x)dx 4- 


C. 


Conversely, if a function P(x) whose derivative is f(x) can be 
discovered by any method whatever, we may write 


X 


f(x) dx 


= F(x)+C. 


In order to determine the constant C we need only note that the 
left-hand side vanishes for x = a. Hence C = - F(a), and the 
fundamental formula becomes 


(<j) f(x)dx = F(x)-F(a). 

U a 

If in this formula /(cc) be replaced by F'(x), it becomes 

F(a;) - F(a.) = f F\x)dx, 

%J a 

or, applying the first law of the mean for integrals, 

F(x)~F(a) = (x-a)F’(i), 

where $ lies between a and x. This constitutes a new proof of the 
law of the mean for derivatives; but it is less general than the one 
given in se(‘.tion 8, for it is assumed here that the derivative F'(x) is 
continuous. 

We shall consider in the next chapter the simpler classes of func- 
tions whose primitives are known. Just now we will merely state 
a few of those which are apparent at once : 


dx = A 


(x, - + ^ 

a + l 


4- G, a-hl^Oi 


J' A(x — a)’ 

f ^ ^ (a: - a) -t- C; 

J' coaxdx = sin a: -ft’; J'amxdx=: — ooax+ C-, 



C, 


m =5^= 0; 
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r dx ^ 


arc tan a; + C; 


/ 


dx 


Va:^ + A 


= log (a: + Va:®H- A) + C; 


/ 

/ 


dx 

Vl-a:“ 


/'(«;) 

/(^) 


= arc sin £c + 


= log/(x) + 


c*; 

C. 


The proof of the fundamental formula (C) was based upon the 
assumption that the function /(aj) was continuous in the closed inter- 
val (a, h). If this condition be disregarded, results may be obtained 
which are paradoxical. Taking f(^) == 1/^^ instance, the for- 
mula (6) gives 

f a b 


The left-hand side of this equality has no meaning in our present 
system unless a and b have the same sign ; but the right-hand side 
has a perfectly determinate value, even when a and b have different 
signs. We shall find the explanation of this paradox later in the 
study of definite integrals taken between imaginary limits. 

Similarly, the formula (6) leads to the equation 


r V'(x)dx 

Ja /(*) 


= log 



If /(a) and/(5) have opposite signs, /(a;) vanishes between a and b, 
and neither side of the above equality has any meaning for us at 
present. We shall find later the signification which it is convenient 
to give them. 

Again, the formula (6) may lead to ambiguity. Thus, if 
f(x) = 1/(1 -h x^, we find 

= arc tan h — arc tan a. 


X 


dx 
1 -h 


Here the left-hand side is perfectly determinate, while the right- 
hand side has an infinite number of determinations. To avoid this 
ambiguity, let us consider the function 



This function is continuous in the whole interval and van- 
ishes with a. Let us denote by arc tan sc, on the other hand, an 
angle between — 7r/2 and -b 7r/2. These two functions have the 
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same derivative and they both vanish for a; = 0. It follows that 
they are equal, and we may write the equality 


X 


'' dx 
1 ir '"* 


r" (lx 
1 1 + *= 


r“ * I 

I ; = arc tan o — 

Jo 


arc tan a, 


where the value to be assigned the arctangent always lies between 
— TT / 2 and -j- 

In a similar manner we may derive the formula 


X 


^ dx 

Vi — 


— arc sin d ~ 


arc sin a, 


where the radical is to he. taken positive, where a and b each lie 
kitween — 1 and + 1, and where arc sin x denotes an angle which 
lies between — tt/ 2 and -H 7r/2. 


77. Indices. In general, when the primitive F(x) is multiply determinate, we 
should choose one of the initial values F(a) and follow the continuous variation 
of this branch as x varies from a to h. Let us consider, for instance, the integral 


where 



rq ^ PQ' 

’“PM- 



^ nx) 
1+/M®) 


dte, 



and where F and Q are two functions which are both continuous in the interval 
(a, h) and which do not both vanish at the same time. If Q does not vanish 
between a and b, /(x) does not become infinite, and arc tan/ (x) remains between 
7t/2 and + 7r/2. But this is no longer true, in general, if the equation Q = 0 
has roots in this Interval. In order to see how the formula must he modified, let 
us retain the convention that arc tan signifies an angle between - 7f/2 and + 7r/2, 
and let us suppose, in the first place, that Q vanishes just once between a and b 
for a value x = c. We may write the integral in the form 


X 


^ r-' + + r" , 

i +/■“(!<:) X-« 


where € and e' are two very small positive numbers. Since / (a) does not become 
infinite between a and o - €, nor between c + e' and b, this may again be written 


X 


= arotan/(c - «) - aTCtan/(a) 


1 + f 


X c4* « 
-e 


Several cases may now present themselves. Suppose, for the sake of 
ness, that fix) hecomos infinite by passing from + oo to ^ oo. Then / (c -- eji^wm 

be positive and very large, and arc tan/(c - e) will be very near to */2 ; whUe 
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/(c 4- s') will be negative and very large, and arc tan/(c + ^0 will be very near 
— Tt/% Also, the integral will be very small in absohite value; and, 

passing to the limit, we obtain the formula 

I (x) “ ^ arctan/(6) - arctan/(a). 



Similarly, it is easy to shovr that it would be necessary to subtract 7t if f{x) 
passed from — oo to + oo. In the general case we would divide the interval 
(a, b) into subintervals in such a way that f(x) would become infinite just once 
ill each of them. Treatmg each of these subintervals in the above manner and 
adding the results obtained, we should find the formula 



f'{x)dx 


= arctan/(&) — arctan/(a) + (ii — K') it>, 


where K denotes the number of times that/(a;) becomes infinite by passing from 
4- 00 to — 00 , and K' the number of times that f{x) passes from — oo to + oo. 
The number K — K' is called the index of the function fix) between a and b. 

When/(x) reduces to a rational function Vi/V, this index may be calculated 
by elementary processes without knowing the roots of V. It is clear that we 
may suppose Vi prime to and of less degree than y, for the removal of a poly- 
nomial does not affect the index. Let us then consider the series of divisions 
necessary to determine the greatest common divisor of V and Vi, the sign of the 
remainder being changed each time. First, we would divide V'by Vi, obtaining 
a quotient and a remainder — Va* Then we would divide Yi by Fa? obtaining a 
quotient Qa and a remainder —Fs; and so on. Finally we should obtain a con- 
stant remainder — Fn+i* These operations give the following set of equations : 

Y =FiQi-F2, 

Fi =F2Q2-F3, 

F„_i = F„Q„-F„Vi. 

The sequence of polynomials 

(7) F, Fi, F2, ••., F.^i, Fr, Fr+i, Fn, F„+1 

has the essential characteristics of a Sturm sequence : 1) two consecutive poly- 
nomials of the sequence cannot vanish simultaneously, for if they did, it could 
be show successively that this value of x would cause all the other polynomials 
to vanish, in particular Fn+i; 2) when one of the intermediate polynomials Fj, 
F 2 , _• • • » Vn vanishes, the number of changes of sign in the series (7) is not altered, 
for if Fr vanishes for x = c, Fr~i and Fr+i have different signs for x = c. It 
follows that the number of changes of sign in the series (7) remains the same, 
exceptwhen x passes through a root of F= 0. If Fi/Fpasses from -b a, to - 00 , 
to number increases by one, but it diminishes by one on the other hand if 
Fi/F passes from - oo to + 00 . Hence the index is equal to the difference of 
the number of changes of sign in the series (7) for x = 6 and x = a. 

78. Area of a curve. We can now give a purely analytic definition 
of the area bounded by a continuous plane curve, the area of the 
rectangle only being considered known. For this purpose we need 
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only translate into geometrical language the results of § 72, Let 
f(x) be a function which is continuous in the closed interval (a, b), 
and let us suppose for definiteness that a <b and that f(x) > 0 in 
the interval. Let us consider, as above (Fig. 9, § 65), the portion of 
the plane bounded by the contour AMBBqAq^ composed of the seg- 
ment of the X axis, the straight lines AA^^ and BBq parallel to 
the y axis, and having the abscissic a and b, and the arc of the curve 
AMB whose equation is ?/ =/(£c). Let us mark off on AqBq a certain 
number of points of division Pi, Pa, • A, • ? whose abscissae 

are sca, • ••, ••*, and through these points let us draw 

parallels to the y axis which meet the arc AJ\fB in the points 
<h-i} •••> respectively. Let us then consider, in 

particular, the portion of the plane bounded by the contour 
let us mark upon the arc the highest 

and the lowest points, that is, the points which correspond to the 
maximum Mi and to the minimum of f(x) in the interval 
X,). (In the figure the lowest point coincides with Qf„i.) 
Let Hi be the area of the rectangle Pi^iPiSiSi^i erected upon the 
base Pi^iPi with the altitude Mi, and let be the area of the 
rectangle Pi^iPAIiQi-,! erected upon the base Pi_iPi with the alti- 
tude Then we have 

Mi (Xi - n* = mi (Xi - 

and the results found above (§ 72) may now be stated as follows : 
whatever be the points of division, there exists a fixed number I 
which is always less than SPf and greater than 2 ^ 1 -, and the two 
sums y^Ri and approach I as the number of subintervals Pi^iPt 
increases in such a way that each of them approaches zero. We shall 
call this common limit / of the two sums SP*- and tVi the area of 
the portion of the plane bounded by the contour AMBBi^A^^A. Thus 
the area under consideration is defined to be equal to the definite 

integral f(x)dx. _ . ^ ^ 

This definition agrees with the ordinary notion of the area ot a 
plane curve. For one of the clearest points of this rather vague 
notion is that the area bounded by the contour Pi>iPiQi%<Qi-iFi-i 
lies between the two areas Ri and of the two rectangles Pi_iPi^JiSi-i 
and Pi^iPiqiQi^i) hence the total area bounded by the contour 
AMBB~,Ai,A must surely be a quantity which lies between the two 
sums %Ri and ^r,. But the definite integral I is the only fixed quan- 
tity which always lies between these two sums for any mode ot 
subdivision of since it is the common limit of %Ri and Sn- 
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The giyen area may also be defined in an infinite number of other 
ways as the limit of a sum of rectangles. Thus we have seen that 
the definite integral I is also the limit of the sum 


where f,. is any value whatever in the interval a;,). But the 

element 

of this sum represents the area of a rectangle whose base is Pi^iPi 
and whose altitude is the ordinate of any point of the arc 
It should be noticed also that the definite integral / represents 
the area, whatever be the position of the arc AMB with respect to 
the X axis, provided that we adopt the convention made in § 6 T. 
Every definite integral therefore represents an area 5 hence the calcu- 
lation of such an integral is called a quadrature. 

The notion of area thus having been made rigorous once for all, 
there remains no reason why it should not be used in certain 
arguments which it renders nearly intuitive. For instance, it is 
perfectly clear that the area considered above lies between the areas 
of the two rectangles which have the common base AqBq, and which 
have the least and the greatest of the ordinates of the arc AMB^ 
respectively, as their altitudes. It is therefore equal to the area of 
a rectangle whose base is A,B, and whose altitude is the ordinate 
of a properly chosen point upon the arc A ATE, — which is a restate- 
ment of the first law of the mean for integrals. 


79. The following remark is also important. Let fCx) be a func- 
tion which is finite in the interval (a, h) and which is discontinuous 

in the manner described below for 
a finite number of values between 
a and b. Let us suppose that f(x) 
is continuous from c to 
and that f(c -f- c) approaches a cer- 
tain limit, which we shall denote 
^7 /(<5 + 0 ), as c approaches zero 
Ko. u through positive values ; and like- 

• It IS usually agreed to take for /(c) the 
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value [/(c + 0) +/(c — 0)]/2. If the function /(cc) has a certain 
number of points of discontinuity of this kind, it will be repre- 
sented graphically by several distinct arcs AC, CD, D’B. Let c 
and d, for example, be the abscissae of the points of discontinuity. 
Then we shall write 


f(x)dx 


= r f{^)dx -f r 

%J a %J c 


f(x)dx + 



in accordance with the definitions of § 72. Geometrically, this definite 
integral represents the area bounded by the contour A CC'DD'BBqAqA. 
If the upper limit h now be replaced by the variable x, the definite 


integral 


F(x)^ 



is still a continuous function of x. In a point x where /(a;) is con- 
tinuous we still have F'(x) = f(x). Eor a point of discontinuity, 
x=:c for example, we shall have 

F(o + h)- F(g) =J^ /(*) dx = A/(c + 0<e<l, 

and the ratio [^(0 +h)- F(c}]/h approaches /(c + 0) or /(c - 0) 
according as k is positive or negative. This is an example of a 
function F(x) whose derivative has two distinct values for certain 
values of the variable. 


80. Length of a curvilinear arc. Given a curvilinear arc AB; let us 
take a certain number of intermediate points on this arc, Wi? 

• • •, , and let us construct the broken line A?nim 2 • • • by 

connecting each pair of conseoutive points by a straight line. 

If the length of the perimeter of this broken line approaches a 
limit as the number of sides increases in such a way that each of 
them approaches zero, this limit is defined to be the lens^t^ of the 
arc AB. 

Let ^ 

x^f(t), z:=il;(t) 

be the rectangular coordinates of a point of the arc AB expressed 
in terms of a parameter t, and let us suppose that as t varies from 
a to h (a <b) the functions /, <#», and ^ are continuous and possess 
continuous first derivatives, and that the point (x, y, z) escii s 
the arc AB without changing the sense of its motion. Let 

a, ^1, •••) ^ 
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be the values of t which correspond to the vertices of the broken 
line. Then the side is given by the formula 


Ci = V (». - + {Vi - Vi-if + (». - 

or, applying the law of the mean to 

«.■ = (ti - 

where f,-, rji, 4- he between and When the interval /,) 
is very small the radical differs very little from the expression 

In order to estimate the error we may write it in the form 

'^f'\id+<f>'%vi)+r\id + 1 ) + - 0 

But we have 

l/'(A) I + 0 1 < v/'^(^,)+... + 

and consequently 

v/“(IO + --+V7'“>,_0+--- 

Hence, if each of the intervals be made so small that the oscillation 
of each of the functions xp’(t) is less than c/3 in any 

interval, we shall have 


where 




I < 


and the perimeter of the broken line is therefore equal to 


o- 


The supplementary term is less in absolute value 

an c tf _i), that is, than c(6 — a). Since c may be taken as 
small as we please, provided that the iutervals be taken sufficiently 
smdl, It follows that this term approaches zero ; hence the length .S’ 
of the arc AB is equal to the definite integral 

U a 

This definition may be extended to the case where the derivatives 
y , , it are discontinuous in a finite number of points of the arc AB, 
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which occurs when the curve has one or more corners. We need only 
divide the arc AB into several parts for each of which/', are 
continuous. 

It results from the formula (8) that the length .S of the arc 
between a fixed point A and a variable point M, which corresponds 
to a value t of the parameter, is a function of t whose derivative is 




whence, squaring and multiplying by df, we find the formula 

( 9 ) = dx^- + dy‘^ + dz% 

which does not involve the independent variable. It is also easily 
remembered from its geometrical meaning, for it means that dS is 
the diagonal of a rectangular parallelepiped whose adjacent edges are 
dXf dy^ dz. 


Note. Applying the first law of the mean for integrals to^ the 
definite integral which represents the arc whose extremities 

correspond to the values ti of the parameter (<i > we find 


5 = arc MoMi = {h “ ^o) + 'A'Wj 

where $ lies in the interval h). On the other hand, denoting 
the chord MqM^ by c, we have 


Applying the law of the mean for derivatives to each of the differ- 
ences /(ti)—/(io)) ■ ■ we obtain the formula 


c = (<i - to) V/'“ (I) + (0 > 

where the three numbers rj, I belong to the interval (to> ^i)- 
the above calculation the difference of the two radicals is less than c, 
provided that the oscillation of each of the functions/ («), ^ («), ^ {*) 
is less than c/3 in the interval («„, h). Consequently we have 


or, finally, 


s — c < c (<i — ^o)j 


l--<- 


■V/'=(e) +<#>'“(«) 

If the arc MoM^ is infinitesimal, <» approaches zero; 
and therefore also 1— o/s, approaches zero. o ows 
of an infinitesimal arc to its chord approaches nmty as %ts hmit. 
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JSxaTnple. Let us find the length of an arc of a plane curve whose 
equation in polar coordinates is p =/(&)). Taking a> as independent 
variable, the curve is represented by the three equations x = p cos w, 
y = /t> sin o), « = 0 ; hence 

ds^ = dx^ -{- dy'^ = (cos <i} dp — p sinco do)y -j- (sin a>dp -i- p cos w 
or, simplifying, 

ds^ = dp^ + p^dm\ 

Let us consider, for instance, the cardioid^ whose equation is 

p = -f jR cos CO. 

By the preceding formula we have 

ds^ = i22^(o2[sin2o) 4- (1 -h cos co)^] = 4 72 ^ cos" ^ di^\ 

Ji 

or, letting co vary from 0 to tt only, 

= 2 i2 cos ~ c?(o ; 

and the length of the arc is 

where wj and <»i aie the polar angles -vf-hicli correspond to the extrem- 
ities of the are. The total length of the curve is therefore 8 H. 


81. Direction cosines. In studying the properties of a curve we are 
often led to t^e the arc itself as the independent variable. Let us 
choose a certain sense along the curve as positive, and denote by s 
the length of the arc AM between a certain fixed point A and a vari- 
able pomt M, the sign being taken -f or - according as M lies in 
the positive or in the negative direction from A. At any point M 

direction of the tangent which coincides 
vnth the direction in which the arc is increasing, and let or, S, y be 
the anjes which this direction makes with the positive directions 
of the three rectangular axes Ox, Oy, Oz. Then we shall have the 
loiiowing relations : 


cos a _ cos/g __ cos y 


dy 


dz 


±1 

ds 


-I- dy‘ + clz<‘ 

the direction of 

the tangent makes an acute angle with the * axis : then a, and s 

m^ease sim^taneously, and the sign -f should be taken. If the 

gle « IS obtuse, cos a is negative, * decreases as a increases, dx/ds 
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is negative, and the sign -f should be taken again. Hence in any 
case the following formulae hold : 

dv dz 

(10) cosa = — J COS/3 = '^> COSy = — ? 

where dx, dy^ dz, ds are differentials taken with respect to the same 
independent variable, which is otherwise arbitrary. 

82. Variation of a segment of a straight line. Let MM^ be a segment 
of a straight line whose extremities describe two curves C, Ci. On 
each of the two curves let us choose a 
point as origin and a positive sense of 
motion, and let us adopt the follow- 
ing notation : s, the arc AM] s^, the arc 
AiMi, — the two arcs being taken with 
the same sign ; Z, the length MM ^ ; 0, the 
angle between MMi and the positive di- 
rection of the tangent MT] Oi, the angle 
between MiM and the positive direction 
of the tangent MiTi, We proceed to 
try to find a relation between 6, 6i and the differentials ds^ ds^ dL 
Let (cc, 2/, z), (xij yi, Zi) be the coordinates of the points AT, Mi, 
respectively, a, /3, y the direction angles of MT, and ai, jBi, yi the 
direction angles of Mi Ti. Then we have 

l^=z(x — Xi)^ -b (y — yiY + (« - 
from which we may derive the formula 

Z dZ = (cc — Xi) (dx — dxi) -f- (y >- y{) (dy — dyi) + (^ — «i) (d« — dzi ) , 
which, by means of the formulae (10) and the analogous formulse 
for Cl, may be written in the form 

dl = cos a + ^ COS J3 + 2-^ cos yj ds 

cos COS cos yij dSi. 

But (x - X,) /I, in- yx) II, (5 - II are the direction cosines of 
Ml M, and consequently the coefficient of ds is — cos d. Likewise 
the coefficient of dsi is - cos 6^, hence the desired relation is 

(10') dl^ — ds cos B — dsi cos di. 

We shall make frequent applications of this formula; one such we 
proceed to discuss immediately. 
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83. Theorems of Graves and of Chasles. Let E and E' be two confocal ellipses, 
and let the two tangents MA, MB to the interior ellipse E be drawn from a point 
Jf, which lies on the exterior ellipse E'. The 
difference MA + MB — arc ANB remains con- 
stant as the point M describes the ellipse E'. 

Let s and s' denote the arcs OA and OBy 
cr the arc O'M, I and I' the distances AM and 
BM, 6 the angle between MB and the positive 
direction of the tangent MT. Since the ellipses 
are confocal the angle between MA and MT m 
equal to re — 6. Noting that AM coincides 
with the positive direction of the tangent at A, 
and that BM is the negative direction of the tangent at B, we find from the 
formula (10'), successively, 

dl = — ds + d<y cosd, 
dV = ds' — dcr cos 6; 



Fig. 13 


whence, adding, 


d{l + r)=d(s' • 


d{&TcAMB), 


which proves the proposition stated above. 

The above theorem is due to an English geometrician, Graves. The following 
theorem, discovered by Chasles, may be proved in a similar manner. Given an 
ellipse and a confocal hyperbola which meets it at N. If from a point M on that 
branch of the hyperbola which passes through N the two tangents MA and MB 
be drawn to the ellipse, the difference of the arcs MA — NB will be equal to the 
difference of the tangents MA — MB. 


III. CHANGE OF VARIABLE INTEGRATION BT PARTS 

A large number of definite integrals which cannot be evaluated 
directly yield to the two general processes which we shall discuss 
in this section. 

81 Change of variable. If in the definite integral f^ix) dx the 
variable x be replaced by a new independent variable t by means 
of the substitution x = a new definite integral is obtained. 
Let us suppose that the function is continuous and possesses a 
continuous derivative between a and and that proceeds from 
aioh without changing sense as t goes from a to y8. 

The interval (<ar, having been broken up into subintervals by 
the intermediate values a, let a, •• •, h 

he the corresponding values of a: = Then, by the law of the 
mean, we shall have 

where 6c lies between <,_j and i,-. Let <t>{0c) ^6 the corresponding 
7aliie of a which lies between and Then the sum 
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/{id - ») +MX^^ - + • - • +f(i„) {h - 1 ) 

approaches the given definite integral as its limit. But this sum 
may also be written 

/ [<^c«o] 4>i6,){.h -«)+•••+/ [.^(o.-)] m){ti - ti-i) + • • 

and in this form we see that it approaches the new definite integral 


as its limit. This establishes the equality 

( 11 ) ff(x)ax = 

*J a *Ja 

which is called the formula for the change of variable. It is to 
be observed that the new differential under the sign of integration 
is obtained by replacing x and dx in the differential /(a) by their 
values cf>(t) and dt, while the new limits of integration are the 
values of t which correspond to the old limits. By a suitable choice 
of the function </>(i) the new integral may turn out to be easier to 
evaluate than the old, but it is impossible to lay down any definite 
rules in the matter. 

Let us take the definite integral 


X 


X 


(X- 


dx 


for instance, and let us make the substitution x = a~\- fit. 
becomes 


It 


/■ 


dx 




1 dt 


arc tan t -f arc tan 




or, returning to the variable cr, 


1 


X — a , , a 

arc tan — h arc tan - 


Not all the hypotheses made in establishing the formula (11) were 
necessary. Thus it is not necessary that the function ^(t) should 
always move in the same sense as t varies from x to fi. For defi- 
niteness let us suppose that as t increases from a to 7 {y^fi^j ^(f) 
steadily increases from a to c (c>&); then as t increases from 7 to 
fi, <^(^) decreases from c to b. If the function /(x) is continuous m 
the interval (a, c), the formula may be applied to each of the inter- 
vals (a, e), (0, b), which gives 
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or, adding, 


f f(x)Ac = 

a U a 

ff(x)dx = r/[,A(o]<^'(o*. 

t/c c/V 

ff(x)dx = 

Ja %Ja 


On the other hand, it is quite necessary that the function 
should be uniquely defined for all values of t. If this condition be 
disregarded, fallacies may arise. For instance, if the formula be 
applied to the integral dxj using the transformation x = 
we should be led to write 



which is evidently incorrect, since the second integral vanishes. In 
order to apply the formula correctly we must divide the interval 
(~ 1, -f- 1) into the two intervals (— 1, 0), (0, 1). In the first of 
these we should take x = — and let t vary from 1 to 0. In the 
second half interval we should take x = and let t vary from 
0 to 1. We then find a correct result, namely 



sf Vidt = [2tiX 


= 2. 


Mte, If the upper limits b and /3 be replaced by x and t in the 
formula (11), it becomes 




which shows that the transformation x = <j!>(jf) carries a function 
F(x), whose derivative is f(x), into a function whose derivative 
This also follows at once from the formula for the 
derivative of a function of a function. Hence we may write, in 
general, 

Jf{x) dx=J / [<^(i)] <^'(0 

wMcE is the formula for the change of Tariable in indefinite 
integrals. 
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85. Integration by parts. Let u and v be two functions which, 
together with their derivatives u' and v\ are continuous between a 
and b. Then we have 



dv ^ ^du 
dx dx 




whence, integrating both sides of this equation, we find 



This may be written in the form 


( 12 ) 




h 

vduj 


where the symbol denotes, in general, the difference 


F(b) - F(a). 


If we replace the limit & by a variable limit x, but keep the limit a 
constant, which amounts to passing from definite to indefinite inte- 
grals, this formula becomes 


(13) 


I 


udv = UV 



Thus the calculation of the integral fudv is reduced to the cal- 
culation of the integral f v du, which may be easier. Let us try, 
for example, to calculate the definite integral 



m d- 1 =5^ 0. 


Setting = logic, v = formula (12) gives 


J^logx.xdx-^ ^+1 J. m+lj. 


x^dx 


n + l 


log X 


m+1 (^i+l)ja’ 

This formula is not applicable if m + 1 = 0 ; in that particular 
case we have 


r\ dx ri., 


It is possible to generalize the formula (12). Let the succes- 
sive derivatives of the two functions u and v be represented by 
w', w", •••, -y(n+u Then the application of the 
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formiLla (12) to the integrals f f ••• leads to the 

following equations: 



r u^o+^^dx = r udv^"^ = — f 

Ja Ja '■ Ja 

»6 


I u¥’'>dx =1 = / 

t/a tJ a %Ja 

*b 

u"v^”'^^'>dXf 


p*b phb p 

1 u^^^v^dx = / u^”^dv = — / 

da da tda 

• • • ) 

u^^-^'^)vdx. 

Multiplying these equations through by +1 and 
and then adding, we find the formula 

— 1 alternately, 

(14) . 

^ da 



which reduces the calculation of the integral fuv^^'^^'>dx to the cal- 
culation of the integral J u^^'^^'>vdx. 

In particular this formula applies when the function under the 
integral sign is the product of a polynomial of at most the Tith 
degree and the derivative of order (n -1- 1) of a known function a. 
For then = 0, and the second member contains no integral 
signs. Suppose, for instance, that we wished to evaluate the definite 
integral 

b 

et“^f{x)dx, 

w'hevef(x) is a polynomial of degree n. Setting u=f{x), v = e“7o)"+'', 

the formula (14) takes the following form after e“* has been taken 
out as a factor : 






H + 1)« •- 





The same method, or, what amounts to the same thing, a series of 
integrations by parts, enables us to evaluate the definite integrals 


<iosm.xf{x)dx, J sinmx/(x)dx, 


where _/(a:) is a polynomial. 
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86. Taylor’s series with a remainder. In the formula (14) let us 
rephuH' u by a function F(x) which, together with its first n-^1 
dc.rivaiivcs, is continuous between a and by and let us set v = (b — x)\ 
Then we have 


c' : - n (b .c)" “ c'’ == n (n — 1) (^ — x)” 

and, noticing tliat c, c( /-'( •• •, vanish for cc = Z>, we obtain the 
b>!lowing iM|uation from the general formula: 


( ■ 1 y* j^/i ! P(b) — n I F(a) 7il (a) (h — a) 

- y F" (») {b- ay (a) (6 - a)” J 

_|. + +’)(») (6 — xydx, 


which leads to the (Hgiation 


F{b)=.-= F{a) + -^ "' F'(a) + --- 

4. 0 - 4. i F<" + ’>(£c)(& - xydx. 

Siinu^ the fatdnr (b — xy k<H‘ps the same sign as x varies from a to 
b, we may apply the law of the mean to the integral on the right, 
which gives 



== _i_ (J _ a)« + iir(" + »(^), 
n -f 1 


w!uu'(‘, i lies b(d;wecii a and h. Substituting this value in the preced- 
ing equation, w(^ tind again exactly ''Paylor’s formula, with Lagrange s 
form of the remaim ler. 


87. Xrimscend©»tm character of e . From the formula (16) wc can prove a 
fatiumn th(M»rem <luc to Ib^rmiio: The mmher e is not a root of any algebraic 
ctiudt'mn (UH'ffic'a'iits uvc all inUyavs.* 

Setting « (» lUKi u - 1 in tii« lormnla ( 16 ), it becomes 

r «-='/{*)<& = - [e-*F(x)t 

Jo 

• Tim iiTOHiint I.roof i« (i«e to U. Hllbort, who drew his inspiration from the method 

used by Hermito. 
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•F(®) =/(*) +/'(*) + ■ • • +/(’»(x); 
and this again may be written in the form 


F(b) = e^E(0) - ^J'^f{x)e-^dx. 


Now let us suppose that e were the root of an algebraic equation whose eoefa- 
cients are all integers : 

Co + Cie + -j -f = 0. 

Then, setting 6 = 0, 1, 2, • . . , w, successively, in the formula (16), and adding 
the results obtained, after multiplying them respectively by Cq, ci, . . c™, we 
obtain the equation ’ ’ 

i=m 

(17) CoF{0) 4- ciF(l) H + c,«F(m) + ^ c,e* ff{^) e-^dx = 0, 

where the index i takes on only the integral values 0, 1, 2, • . . , m. We proceed 
to show that such a relation is impossible if the polynomial /(x), which is up to 
the present arbitrary, he properly chosen. 

Let us choose it as follows : 

- l)r(a; -2)P...(x- m)P, 

where p is a prime number greater than m. This polynomial is of degree 
rtip 4 - p , and^ all of the coefficients of its successive derivatives past the nth 
integral multiples of p, since the product of p successive integers is divisible 
Uy pl. Moreover /(x), together with its first (p - 1) derivatives, vanishes for 
*-1,2,... m, and it foUows that F(l), F(2), . . . , F(m) are all integral mul- 
tiples of p. It only remains to calculate E(0), that is, 

E(0) =/(0) -h/'(0) + . . . +/(p-i)(0) +/(j<)(0) -l-/(p + i>(0) + . . .. 

In the first place, /(O) = /'(O) = . . . =/<p- 2 )( 0 ) = o, while /tv)(0), f-P+niO) . . . 
are all integral multiples of p, as we have just shown. Tofind/Ci'-i) (0) we need 
mily multiply the coefficient of xi-i in/(x) by (p - 1) !, which gives ±(1.2... mlr. 
Hence the sum ^ ' 

Co -^(0) 4- Cl F{1) 4 • • • 4 F{m) 
is equal to an integral multiple of p increased by 
± Co(l . 2 . . . m)p. 

K p be taken greater than either m or co, the above number cannot he divisible 
by p ; hence the first portion of the sum (17) will be an integer dWerentfrom. zero. 
we shall now show that the sum 


'^eiefj'^f{x)e-^dx 


can be made smaUer than any preassigned quantity by taking p sufficiently large. 
As X vanes from 0 to i each factor of/(*) is less than m ; hence we have 
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I j;; /(*) e-dx I < >£ V-<to< 

from which it follows that 

I /si 1 / V 

S Ci-e' fix) er^dx < M __ f ^ e"' = ^ (p), 

where M is an upper limit of | Co ] + 1 Ci [ 4- 1- 1 Cm 1 • As p increases indefi- 

nitely the function <p (p) approaches zero, for it is the general term of a conver- 
gent series in which the ratio of one term to the preceding approaches zero. It 
follows that we can find a prime number p so large that the equation (17) is 
impossible ; hence Hermite’s theorem is proved. 


88. Legendre’s polynomials. Let us consider the integral 

f QPn^i 

J a 

where Pn (x) is a polynomial of degree n and Q is a polynomial of degree less 
than n, and let us try to determine Pn(x) in such a way that the integral van- 
ishes for any polynomial Q. We may consider Pn(x) as the nth derivative of a 
polynomial R of degree 2n, and this polynomial R is not completely determmed, 
for we may add to it an arbitrary polynomial of degree (u - 1) without changing 
its nth derivative. We may therefore set JF^ = d^R/ dx\ where the polynomial P, 
together with its first (n - 1) derivatives, vanishes for x = a. But integrating 
by parts we find 

r- ^n-ljR 




-0^ 


• ip 


Q^ b ^ 


' (jl^n-1 dX«- 

and since, by hypothesis, 

B(a) = 0, B'(a) = 0, 

the expression 

Q(6)K(»-'>(6) - q{b)R(^-^ip) + --'± Q(»-1)(6)B(6) 

must also vanish if the integral is to vanish. 

Since the polynomial Q of degree n - 1 is to be arbitrary, q 
Q(b), Q'(&). • »'te themselves arbitrary; hence we must also have 

B (b) = 0, B'(b) =0, • • • , W = 

The polynomial B (x) is therefore equal, save for a constant factor, to the product 
(X - a)»^(x - 6)“ ; and the required polynomial P„(x) is completely determmed, 
save for a constant factor, in the form 




-ft)”]. 


If the limits a and b are - 1 and + 1, respectively the 
Legendre’s polynomials. Choosing the constant C with Legendre, we will se 

1 


X„ = 


2 . 4 . 6 • • • 2 n dx“ 


[(x» - 1)"]. 


(18) 
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If we also agree to set Xo = 1, we shall have 


^0 = 1, Xx = X, Xi = 


Sx^-1 


X3 = 


6x^ — Sx 


°f degree n, all the exponents of x being even or 

t 1 /“ derivative of a product of two factors 

17) gives at once the formula 

= 1, X„(- 1) = (_ l)n 

By the general property established above, 

(20) * 


^ + 1 

^n<t>{x)dx = 0, 


rr?two’'SferI7- In particular, if m and u 

are two different integers, we sliall always have 


( 21 ) 


p + \ 

j ^ ^m^ndx = ( 


threfLt^s'Jlr"?’®' f ^ recurrent formula between 

can be written as ali^riiofSx"® " 

xicax iuiicwon 01 jco, ^1, • • • , -r„, It IS clear that we may set 


xX„ _ CoX„+, + CiX„ + CaX,., + CsX„ 


•2 + 


where Co, Ci, C^, • • • are constants. In order fa finri n ^ ^ i ^ 

limits - I and + 1 . By virtue of (20) and ( 21 ), all that remains is 

IVj_2dx= 0, 

Tht cnpffi^ shown in the same manner that C 4 = 0, Cs = 0, • • • 

to s does not contain x». Finally 

to find Co and Ca we need only equate the coefficients of x»+i and then equate 
the two sides for x = 1 . Doing this, we obtain the recurrent formuia 


( 22 ) 


(n + l)X„+i - (2 n + l)xX„ + nX„_i = 0, 


'"‘S^ationMT^ “'T the polynomials X„ successively. 

The relation (22) shows that the sequence of polynomials 

-^ 0 , Xi, Xa, ..., x„ 

possetaes fte ^operties of a Sturm sequence. As x varies continuously from - 1 
+ , the number of changes of sign in this sequence is unaltered except when 
» passes through a root of X„ = 0. But the formulae (19) show that there are ji 
changes of sign in the sequence (23) for x = - 1 , and none for x = 1 Hence 

;irr 511:1:^^" ^ 
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IV. GENERALIZATIONS OF THE IDEA OF AN INTEGRAL 
IMPROPER INTEGRALS LINE INTEGRALS^ 


89. The integrand becomes infinite. Up to the present we have sup- 
posed that the integrand remained finite between the limits of inte- 
gration. In certain cases, however, the definition may be extended 
to functions which become infinite between the limits. Let us first 
consider the following particular case : f(x) is continuous for every 
value of X which lies between a and and for a; = 6, but it becomes 
infinite for x = a. We will suppose for definiteness that a<h. 
Then the integral of f(x) taken between the limits a + e and 
b (c > 0) has a definite value, no matter how small c be taken. If 
this integral approaches a limit as c approaches zero, it is usual and 
natxiral to denote that limit by the symbol 




f(x) dx. 

Z 

If a primitive otf(x), say F{x), lie known, we may write 


r f(x) dx = F(b) — F(a + e) , 
Ja + € 


and it is sufficient to examine F(a + c) for convergence toward a 
limit as e approaches zero. We have, for example, 

6 


/■ 


M dx 
, (x — ay 


M r 1 Li, 


If ju. > 1, the term increases indefinitely as c approaches zero. 

But if ja is less than unity, we may wrUe = e'-", and it is 

clear that this term approaches zero with t. Hence in this case 
the definite integral approaches a limit, and we may write 

M dx M (h — 


X' 


(x — ay 


If /jt. = 1, we have 


M dx 
, a; — 0. 


= M log 




and the right-hand side increases indefinitely when £ approaches zero. 
To sum up, the necessary and sufficient condition that t e given in e- 
gral should approach a limit is that p shouU he less than unity. 


* It is pOBsiWe, il desired, to read the next chapter before reading the closing sec- 
tioES of this chapter. 
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The straight line a: = a is an asymptote of the curve whose equa- 
tion is 

M 

^ {x- ay’ 

if II is positive. It follows from the above that the area bounded by 
the X axis, the fixed line x = b, the curve, and its asymptote, has a 
finite value provided that ju, < 1. 

If a primitive of f(x) is not known, we may compare the given 
integral with known integrals. The above integral is usually taken 
as a comparison integral, which leads to certain practical rules which 
are sufficient in many oases. In the first place, the upper limit b 
does not enter into the reasoning, since everything depends upon the 
manner in which f(x) becomes infinite for a: = a. We may therefore 
replace i by any number whatever between a and b, which amounts 

■'<•+« Ja+e fc ‘ particular, unless y(x') has an infi- 
m e number of roots near a: = a, we may suppose that f(x) keeps 
the same sign between a and c, \ / r 

We will first prove the following lemma : 

Let <t>(x) he a function which is positive in the interval (a, b) 

a^roZ°'' approaches a lim.i ase 

Zf heZT- throughout the wUle inter- 

val, the defines integral dec also approaches a limit. 

is ^Siirtr ‘""“"St* d«-^onstration 

IS immediate. For, since /(;r) is less than we have 

J^^f(x)dx<J^ ^(x)dx. 

limit. It f(x) were always negative between a and b it would 

£^f(^)dx =£jf(x) -p |/(*) I2dx -£j/(x) I dx. 

notion /{X) + |/(a;)| IS eiti^er positive 
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or zero between a and 5, and its value cannot exceed 2 (x) ; Renee 
the integral 


/ 

«l/o + 


[/(»)+ !/(*)! 


also approaches a limit, and the lemma is proved. 

It follows from the above that if a function /(a?) does not approach 
any limit whatever for as = a, but always remains less than a fixed 
number, the integral approaches a limit. Thus the integral 
sin(l/£c)(ix has a perfectly definite value. 


Practical rule. 
the form 


Suppose that the function f{x) can be written in 


/(^) = 


(x — aY 


where the function ^f/(Y) remains finite when x approaches a. 

If fjiC,! and the function \l/(x) remains less in absolute value than 
a fixed number the integral ajgproaches a limit. But if and 
the absolute value of \{/(x) is greater than a positive number m, the 
integral approaches no limit. 

The first part of the theorem is very easy to prove, for the abso- 
lute value of f{x) is less than M/(x — ay, and the integral of the 
latter function approaches a limit, since ft < 1. 

In order to prove the second part, let us first observe that \j/ (x) 
keeps the same sign near x = a, since its absolute value always 
exceeds a positive number m. We shall suppose that \l/(x)>0 
between a and b. Then we may write 



m dx 
{x — af^ 


and the second integral increases indefinitely as t decreases. 

These rules are sufficient for all cases in which we can find an 
exponent ^ such that the product {x-ayf(x) approach^, for 
a: = a,, a limit K different from zero. If ft- is less than unity, the 
limit b may he taken so near a that the inequality 


holds inside the interval {a, h), where I is a positive number greater 
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than I K |. Hence the integral approaches a limit. On the other hand, 
ii may be taken so near to a that 

inside the interval (a, b), where Z is a positive number less than | K |. 
Moreover the function f(x), being continuous, keeps the same sign ; 
hence the integral increases indehnitely in absolute 

value.* 


Examples, Let /(a;) = P/Q be a rational function. If <2 is a root 
of order m of the denominator, the product (x — ayf(x) approaches 
a limit different from zero for x = a. Since m is at least equal to 
unity, it is clear that the integral increases beyond all 

limit as € approaches zero. Dut if we consider the function 


/(^) = 


■^R{x) 


where P and R are two polynomials and R(x) is prime to its deriv- 
ative, the product (x — ay^^f(x) approaches a limit for cc == a if <x 
is a root of R(x), and the integral itself approaches a limit. Thus 
the integral 



dx 

Vi - 


approaches 7r/2 as « approaches zero. 

Again, consider the integral jT'logajda:. The product a^^logcc 
has the limit zero. Starting with a suificiently small value of x, we 
may therefore write loga:< Jl/a:-V 2 ^ where is a positive number 
chosen at random. Hence the integral approaches a limit. 

Everythmg which has been stated for the lower limit a may be 
repeated without modification for the upper limit b. If the function 
/ (x) is infinite for x=J,we w;ould define the integral f’'f(x)dx to he 
the Imit of the integral *'/ (x) dx as c' approaches zero. If / (a:) 
m infinite at ea_ch limit, we would define (a:) dx as the limit of 
the integral as t and d both approach zero independ- 
ently of each other. Let e be any number between a and b. Then 
we may write 


a fr! proposition may also be stated as follows; the integral has 

the product^ ITe/fo) 

approaches a limit X as x approaches a, - the ease where ^ = 0 not being exldsl’ 
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r’’'y(x)dx = r /(*)*«:+ f 

and each of the integrals on the right should approach a limit m 

this case. , , 

Einally, if f(p) becomes infinite for a value c between a and o, 

we would define the integral jy(x)dx as the sum of the limits of 
the two integrals fXJ{x)dx, amd we would proceed 

in a similar manner if any number of discontinuities whatever lay 

between a and b. , „ 

It should be noted that the fundamental formula (6), which was 
established under the assumption that /(a) was continuous between 
a and b, still holds when /(a:) becomes infinite between these limits, 
provided that the primitive function F (x) remains continuous. For 
the sake of definiteness let us suppose that the function /(a:) becomes 
infinite for just one value c between a and b. Then we have 

J f(x)dx = limj^ 

and if F(x) is a primitive of /(a:), this may be written as follows : 

f/(x) dx = lim F(c - .') - F(a) + F(b) - lim F(c + .). 

Since the function F(x) is supposed continuous for a: = c, F(c + e) 
and F(e — t') have the same limit F(c), and the formula again 

becomes 

b 

f(x)dx = F(b)-F(a). 


£■ 


The following example is illustrative : 

'■''‘^^ = [3x1]:;= 6. 


i: 


r.iJ 


If the primitive function F(x) itself becomes infinite between a and 
b, the formula ceases to hold, for the integral on the left has as yet 

no meaning in that case. , „ . . u 

The formnlse for change of variable and for integration y p 
may be extended to the new kinds of integrals in a siinilar manner 
by considering them as the limits of ordinary integrals. 

90. Infinite limits of integration. Let f(x) be a function of x which 
is continuous for all values of x greater than a certain number « 
Then the integral j:fix)dx, where I > a, has a definite value, no 
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matter how large I be taken. If this integral approaches a limit 
as I increases indefinitely, that limit is represented by the symbol 



If a primitive of /(£c) be known, it is easy to decide whether the 
integral approaches a limit. For instance, in the example 


X 


dx 


1 + x^ 


= arc tan I 


the right-hand side approaches 7r/2 as I increases indefinitely, and 
this is expressed by writing the equation 


X 


+ <» 


dx 


TT 


1-^x^ 2 


Likewise, if a is positive and /x. — 1 is different from zero, we have 


r^ hdx _ h / 1 1 \ 

If /i. is greater than unity, the right-hand side approaches a limit as 
I increases indefinitely, and we may write 

h 

Ja 

On the other hand, if is less than one, the integral increases indefi- 
nitely with 1. The same is true for /x. = 1, for the integral then 
results in a logarithm. 

When no primitive of /(a;) is known, we again proceed by com- 
parison, noting that the lower limit a may be taken as large as we 
please. Our work will be based upon the following lemma : 

Let <f>(x) be a function which is positive for x> a, and stippose that 
the integral fj <l> (x) dx approaches a limit Then the integral J ^ f(x) dx 
also approaches a limit provided that \f(x) \<<h(x) for all values of 
X greater than a. 


proposition is exactly similar to that given above. 
If the fuiietiott/(a:) caa be put into the form 


where the function f(x) remains finite when a: is infinite, the follow- 
mg theorems can be demonstrated, but we shall merel 7 state them : 
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If the absolute value of xp{pr) is less than a fixed number M and 
IX is greater than umtf/, the integral approaches a limit. 

If the absolute value of if; (xj is greater than a positive number m 
and fx ts less than or egual to unity^ the integral approaches no limit* 


For instance, the integral 



cos CLX 


dx 


approaches a limit, for the integrand may be written 


cos ax _ 1 cos ax 


and the coefficient of 1/x^ is less than unity in absolute value. 

The above rule is sufficient whenever we can find a positive num- 
ber /A for which the product x^f(x) approaches a limit different from 
zero as x becomes infinite. The integral approaches a limit if /a is 
greater than unity, but it approaches no limit if /a is less than or 
equal to unity.*^ 

For example, the necessary and sufficient condition that the inte- 
gral of a rational fraction approach a limit when the upper limit 
increases indefinitely is that the degree of the denominator should 
exceed that of the numerator by at least two units. Finally, if we 
take 

m = 



where P and R are two polynomials of degree p and r^ respectively, 
the product x''P^'''‘* f(x) approaches a limit different from zero when 
X becomes infinite. The necessary and sufficient condition that the 
integral approach a limit is that p be less than r / 2 — 1. 


91. The rules stated above are not always sufficient for determin- 
ing whether or not an integral approaches a limit. In the example 
f(x) = (sin x)/Xj for instance, the product x^f(x) approaches zero if 
/A is less than one, and can take on values greater than any given 
number if /a is greater than one. If /a = 1, it oscillates between -f 1 
and — 1. None of the above rules apply, but the integral does ap- 
proach a limit. Let us consider the slightly more general integral 

* The integral also approaches a limit if the product (where 1) approaches 

zero as x hecpmes infinite. 
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A = r dtCf «r>0. 

Jo ^ 

The integrand changes sign for x = kir. We are therefore led to 
study j;he alternating series 

(24) ao — + ^2 ^8 H h (““ 1)”^» H > 

where the notation used is the following : 

'»2Tr 


n ^ sina; ^ C 

ao=J e-^—^dx, 

»■-/ 


, Sin a; 


dx^ 


■»(n + l)Jr 


dx 


Substituting y + rnr for a;, the general term may be written 


-i' 




y + rnr 


dy. 


It is evident that the integrand decreases as n increases, and hence 
Moreover the general term a„ is less than (l/nir)dy, 
that is, than 1/n. Hence the above series is convergent, since the 
absolute values of the terms decrease as we proceed in the series, 
and the general term approaches zero. If the upper limit I lies 
between mr and (n -f 1) tt, we shall have 


/■ 


. sma; 


dx = 0 < 0 < 1 , 


where denotes the sum of the first n terms of the series (24). As 
I increases indefinitely, n does the same, a„ approaches zero, and the 
integral approaches the sum S of the series (24). 

In a similar manner it may be shown that the integrals 


i: 


sin x^dx, 



cos x^dx, 


which occur in the theory of diffraction, each have finite values. 
The curve y = smx^, for example, has the undulating form of a sine 
curve, but the undula tions becom e sharper and sharper as W’e go out, 
since the difference y/(n-\-l)ir — y/nir of two consecutive roots of 
sinaj^ approaches zero as n increases indefinitely. 


Remark. This last example gires rise to an interesting remark. As x increases 
indefinitely sin oscillates between — 1 and + 1. Hence an integral may 
approach a limit even if the integrand does not approach zero, that is, even if 
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the X axis is not an asymptote to the curve y = /{®). The following is an example 
of the same kind in which the function f(x) does not change sign. The function 


/(x) = 


X 

1 + sin^a; 


remains positive when x is positive, and it does not approach zero, since 
/(te) = k«. In order to show that the integral approaches a limit., let ns con- 
aider, aa above, the series 


where 


flO + <*1 + • • • + + 

'*(n+ l)ir 


dn 


f tcdc 

„,r l + x^Bin^x 


As X varies from nx to (n + 1) x, xfi is constantly greater than n«;r«, and we may- 
write 


f Z 

nv ^ 

A primitive function of the new integrand is 


dx 

w®7r®sin2* 


— r== arc tan (Vl+ n® x^ tan «), 
Vl+n8;re ^ 


and as x varies from nx to (n + l)7r, tana; becomes infinite just once, passing 
from + 00 to - 00 . Hence the new integral is equal (§ 77) to tt/ V l+n^, and 
we have 

a„ < ^ + 1) 

V i + n® ?ir® 71^ X 

It follows that the series 20^ is convergent, and hence the integral fix) dx 
approaches a limit. 

On the other hand, it is evident that the integral cannot approach any limit 
if/(x) approaches a limit h different from zero when x becomes infinite. For 
beyond a certain value of x, /(x) will be greater than \ 'h/2\ in absolute value 
and will not change sign. 

The preceding developments bear a close analogy to the treatment of infinite 
series. The intimate connection which exists between these two theories is 
brought out by a theorem of Cauchy’s which will be considered later (Chapter 
Vni). We shall then also find new criteria which will enable us to determine 
whether or not an integral approaches a limit in more general cases than those 
treated above. 


92. The function r(a). The definite integral 

(26) r(a) = x«-^c-®dx 

Jo 

has a determinate value provided that a is positive. 
For, let us consider the two integrals 


J x«-ie-»d!x, x“-^e“-*dx, 
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where 6 is a very small positive number and I is a very large positive number. 
The second integral always approaches a limit, for past a sufficiently large value 
of ® we have l/a*, that is, As for the first integral, the 

product approaches the limit 1 as x approaches zero, and the necessary 

and sufficient condition that the integral approach a limit is that 1 ~ a be less 
than unity, that is, that a be positive. Let us suppose this condition satisfied. 
Then the sum of these two limits is the function r(a), which is also called Euler's 
integral of the second kind. This function r(a) becomes infinite as a approaches 
zero, it is positive when a is positive, and it becomes infinite with a. It has 
a minimum for a = 1.4616321 •• •, and the corresponding value of r(ci) is 
0.8866032 • • • 

Let us suppose that a > 1, and integrate by parts, considering e“*=cix as the 
differential of — e”®. This gives 

r(a) = — -f (a — 1) 

but the product vanishes at both limits, since a > 1, and there remains 

only the formula 

(26) r(a) = (a~l)r(a-l). 

The repeated application of this formula reduces the calculation of r(a) to 
the case in which the argument a lies between 0 and 1. Moreover it is easy to 
determine the value of r(a) when a is an integer. For, in the first place, 

= = = 1 , 

and the foregoing formula therefore gives, for a = 2, 3, • • • , n • • • , 
r(2) = r(i) = 1, r(3) = 2r(2) = 1.2; 

and, in general, if ti is a positive integer, 

(27) r(n) = 1.2. 3. -.(11^1) = (n -1)!. 

93. Line integrals. Let AB be an arc of a continuous plane curve, 
and let P (Xf y) be a continuous function of the two variables x and 
y along AB, where x and y denote the cobrdinates of a point ot AB 
with respect to a set of axes in its plane. On the arc AB let us 
take a certain number of points of division mj, Wj, • • •, , whose 

coordinates are {xx, y^, (scj, y^, •••, (Xi, y^, •••, and then upon each 
of the arcs choose another point % i;,) at random. 

Finally, let us consider the sum 

/ogx ^ ’7i) (^i +‘^(^ 2 ^ 172 ) ( 2^2 — iCi) H 

extended over all these partial intervals. When the number of points 
of division is increased indefinitely in such a way that each of the 
differences ajf — 5Ci_i approaches zero, the above sum approaches a 
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limit wliich. is called the line integral of P(a 5 , y) extended over the 
arc AB^ and which is represented by the symbol 



In order to establish the existence of this limit, let us first sup- 
pose that a line parallel to the y axis cannot meet the arc in 
more than one point. Let a and h be the abscissse of the points A 
and B, respectively, and let y = be the equation of the curve AB. 
Then <#>(«) is a continuous function of x in the interval (a, J), by 
hypothesis, and if we replace y by <l>(x) in the function P(aj, y), the 
resulting function ^(x) = P[a;, <#>(«)] is also continuous. Hence we 
have 

and the preceding sum may therefore be written in the form 


^(^l) — a) + ^(fa) H h (Xi “ aJi_ i) H . 

It follows that this sum approaches as its limit the ordinary definite 
integral 

f <^(x)dx= r P[x, i/>(x)]dx, 

a c/a 

and we have finally the formula 

P(Xf y)dx=^ C P[x, 4l>(x)']dx, 

AB J a 

If a line parallel to the y axis can meet the arc AB in more than 

one point, we should divide the arc 

into several portions, each of which 

is met in but one point by any line 

parallel to the y axis. If the given 

arc is of the form A CDS (Fig. 14), 

for instance, where C and D are 

points at which the abscissa has an 

extremum, each of the arcs A C, Cl), 

DB satisfies the above condition, and 

^ ' Fig. 14 

we may write 

r P(x, y)dx = f P(x, y)dx -f f P(x, y)dx-^ I P(x, y)dx, 
Jacx>b tJAC Job Jbb 

But it should be noticed that in the calculation of the three integrals 
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on tLe light-Land side the variable y in the function P(a;, y) 
must be replaced by three different functions of the variable a?, 
respectively. 

Curviliiiear integrals of the form y) dy may be defined 

in a similar manner. It is cleai' that these integrals reduce at once 
to ordinary definite integrals, bnt their usefulness justifies their 
introduction. We may also remai'k that the arc AB may be com- 
posed of portions of different curves, such as straight lines, arcs of 
circles, and so on. 

A case which occurs frequently in practice is that in which the 
coordinates of a point of the curve AB are given as functions of a 
variable parameter 

where j>(t) and together with their derivatives and 
are continuous functions of t. We shall suppose that as t varies 
from a to p the point (pc, y) describes the arc AB without changing 
the sense of its motion. Let the interval (a, p) be divided into a 
certain number of subintervals, and let i and be two consecu- 
tive values of t to which correspond, upon the arc ^415, two points 
mf.i and rrii whose coordinates are (ccf^u 2/i-i) (pi^ respec- 
tively. Then we have 

Xi - ajf.i = Qi - ? 

where ^^lies between ti_i and t^. To this value there corresponds 
a point (ii, of the arc hence we may write 


or, passing to the limit, 

r P(x, y'jdx = r V[4(0) #)] 

Jab J a 

An analogous formula for fQ,dy may be obtained in a similar manner. 
Adding tlie two, we find the formula 

'»/3 


(29) 


r 4- Q<?2/ = f [J* .#.'(«) + Clyt>'{t)']dt, 
Jab Ja 


which is the formula for change of variable in line integrals. Of 
course, if the arc AB is composed of several portions of different 
curves, the functions ^(f) and yffif) will not have the same form 
along the whole of A B, and the formula should be applied in that 
case to each portion separately. 
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91 Area of a closed curve. We have already defined the area of a 
portion of the plane bounded by an arc A MB, a straight line which 
does not cut that arc, and the two perpendiculars AAq, BBq let fall 
from the points A and B upon the straight line (§§ 65, 78, Pig. 9). 
Let us now consider a continuous closed curve of any shape, by 
which we shall understand the locus described by a point M whose 
codrdinates are continuous functions x y = of a param- 

eter t which assume the same values for two values 4 and T of 
the parameter t. The functions f(t) and may have several 
distinct forms between the limits to and T; such will be the case, 
for instance, if the closed contour C be composed of portions of 
several distinct curves. Let Mo, iJfa, • • -, i, Mo 

denote points upon the curve C corresponding, respectively, to the 
values to, h, t^, •••, ti_i, ti, t^_^, r of the parameter, which 
increase from to 2\ Connecting these points in order by straight 
lines, we obtain a polygon inscribed in the curve. The limit 
approached by the area of this polygon, as the number of sides is 
indefinitely increased in such a way that each of them approaches 
zero, is called the area of the closed curve C.^ This definition is 
seen to agree with that given in the particular case treated above. 
For if the polygon AoAQiQ^ - • • BBqAo (Fig. 9) be broken up into' 
small trapezoids by lines parallel to AAq, the area of one of these 
trapezoids is (aj.- ~ [/(aji) +/(a;,.^i)]/2, or 

where ii lies between and Hence the area of the whole 
polygon, in this special case, approaches the definite integral 
Jf(x)dx. 

Let us now consider a closed curve C which is out in at most two 
points by any line parallel to a certain fixed direction. Let us 
choose as the axis of y z, line parallel to this direction, and as the 
axis of a; a line perpendicular to it, in such a way that the entire 
curve C lies in the quadrant xOy (Fig. 15). 

The points of the contour C project into a segment ah of the axis 
Ox, and any line parallel to the axis of y meets the contour O in at 
most two points, mi and m^. Let yx = V'i(^) 2/2 = ^ 

equations of the two arcs AmxB and Am^B, respectively, and let 
us suppose for simplicity that the points A and B of the curve C 
which project into a and h are taken as two of the vertices of the 


* It is supposed, of course, that the curve under consideration has no double point, 
and that the sides of the polygon have been chosen so small that the polygon itself 
has no double point. 
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polygon. The area of the inscribed polygon is equal to the differ- 
ence between the areas of the two polygons formed by the lines Ad^ 
ah, hB with the broken lines inscribed in the two ares Am^B and 
AmiB, respectively. Passing to the limit, it is clear that the area 
of the curve C is equal to the difference between the two areas 
bomded by the contours Am^BhaA and AmiBhaA, respectively, that 

is, to the difference between 
the corresponding definite in- 
tegrals 

' — I \l/i(x)dx. 

These two integrals represent 
the curvilinear integral fydx 
taken first along Am^B and 
then along AmiB. If we 
agree to say that the contour 
C is described in the positive 
sense when an observer standing upon the plane and walking around 
the curve in that sense has the enclosed area constantly on his left 
hand (the axes being taken as usual, as in the figure), then the above 
result may be expressed as follows: the area D enclosed by the 
contour C is given by the formula 



Fig. 15 


(30) 


a = ~ I ydx, 


where the line integral is to be taken along the closed contour C in 
the positive sense. Since this integral is unaltered when the origin 
is moved in any way, the axes remaining parallel to their original 
positions, this same formula holds whatever he 
the position of the contour C with respect to 
the coordinate axes. 

Let us now consider a contour C of any form, 
whatever. We shall suppose that it is possible 
to draw a finite number of lines connecting 
pairs of points on C in snch a way that the 
resulting subeontours are each met in at most 
two points by any line parallel to the y axis. 

Such is the case for the region bounded by the 
contour C in Pig. 16, which we may divide into three subregions 
hounded by the contours o/mbci^ ad)ndcqa, cdj^Cj by means of the 



Fig. 16 
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transversals ah and cd. Applying the preceding formula to each 
of these subregions and adding the results thus obtained, the line 
integrals which arise from the auxiliary lines ab and cd cancel each 
other, and the area bounded by the closed curve C is still given by 
the line integral — jy dx taken along the contour C in the positive 
sense. 

Similarly, it may be shown that this same area is given by the 
formula 

(31) 0=1 xdy\ 

J(C) 

and finally, combining these two formulae, we have 



where the integrals are always taken in the positive sense. This 
last formula is evidently independent of the choice of axes. 

If, for instance, an ellipse be given in the form 


X = a cos t, y sin t, 

its area is 

1 

n = 2 J a5(co8*< 4- sm^t) dt = Tvah . 


95. Area of a curve in polar coordinates. Let us try to find the 
area enclosed by the contour OAMBO (Fig. 17), which is composed 
of the two straight lines OA, OR, and the arc AMB^ which is 
met in at most one 
point by any radius 
vector. Let us take 
0 as the pole and a 
straight line Ox as 
the initial line, and 
let p = be the 
equation of the arc 
AMB, 

Inscribing a polygon in the arc AMB, with A and B as two of 
the vertices, the area to be evaluated is the limit of the sum of such 
triangles as OMMK But the area of the triangle OMM' is 
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where c approaches zero with Aw. It is easy to show that all the 
quantities analogous to c are less than any preassigned number rj 
provided that the angles Aw are taken sufficiently small, and that 
we may therefore neglect the term cAw in evaluating the limit. 
Henoe the area sought is the limit of the sum :Sp“Aw/2, that is, it 
is equal to the definite integral 

1 

2X 

where wi and wa are the angles which the straight lines OA and OB 
make with the line Ox, 

An area bounded by a contour of any form is the algebraic sum 
of a certain number of areas bounded by curves like the above. If 
we wish to find the area of a closed contour surrounding the point 
0, which is cut in at most two points by any line through 0, for 
example, we need only let w vary from 0 to 27r. The area of a con- 
vex closed contour not surrounding 0 (Fig. 17) is equal to the dif- 
ference of the two sectors OAMBO and OANBO, each of which may 
be calculated by the preceding method. In any case the area is 
represented by the line integral 

!/.■* 

taken over the curve C in the positive sense. This formula does 
not differ essentially from the previous one. For if we pass from 
rectangular to polar coordinates we have 

X = p cos w, y = p sin w, 

dx = cos <adp — p sin w <?w, dj/ = sin w c2p -f p cos w dm, 
xdy p^dm. 


Finally, let us consider an arc A MB whose equation in oblique 
coordinates is y =f(x). In order to find the area bounded by this 
arc AMB, the x axis, and the two lines AAo, BBq, which are parallel 
to the y axis, let us imagine a polygon inscribed in the arc AMB, and 
let US break up the area of this polygon into small trapezoids by 
lines parallel bo the y axis. The area of one of these trapezoids is 


2 


(*t ^i-i) sin $, 
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■vrhich may be written in the form (a!,_i - a:;) /(^j) sin where ^ 
lies in the interval ajj). Hence the area in question is equal 

to the definite integral 


sin 6 I f(x) dx, 

Jxq 

where % and X denote the absoiss8e 
of the points A and J5, respectively. 

It may he shown as in the similar 
case above that the area bounded by 
any closed contour C whatever is given 
by the formula 




^ydx. 


Note, Given a closed curve C (Pig. 15), let us draw at any point 
M the portion of the normal which extends toward the exterior, 
and let p he the angles which this direction makes with the axes 
of flc and y, respectively, counted from 0 to tt. Along the arc AmiB 
the angle p is obtuse and = — ds cos p. Hence we may write 


J ydx = — j y cos P ds. 

S) 

Along Bm^A the angle p is acute, but dx is negative along Bm^A 
in the line integral. If we agree to consider ds always as positive, 
W6 shall still have dx = — ds cos p. Hence the area of the closed 
curve may be represented by the integral 


/ 


y cos pdsj 


where the angle p is defined as above, and where ds is essentially 
positive. This formula is applicable, as in the previous case, to a 
contour "of any form whatever, and it is also obvious that the same 
area is given by the formula 


J* X cos a ds. 

These statements are absolutely independent of the choice of axes. 


96. Value of the integral /xdy-ydx. It is natural to inquire what will 
be represented by the integral fxdy-^ydx, taken over any curve whatever, 
closed or unclosed. 
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Let us consider, for example, the two closed curves OAOBO and 
ApBqCtAsBtCuA (Fig. 19) which have one and three double points, respec- 
tively. It is clear that we may replace either of these curves by a combinatioiS' 
of two closed curves without double points. Thus the closed contour OAOBO 

is equivalent to a combination of tho 
two contours OAO and OBO. The 
integral taken over the whole contouir 
is equal to the area of the portion. 
OAO less the area of the portion 
OBO, Likewise, the other contour 
may be replaced by the two closed 
curves ApBqCrA and AsBtCuA, and 
the integral taken over the whole con- 
tour is equal to the sum of the areas of ApBsA^ BtCqB, and ArCuA , plus twic© 
the area of the portion AsBqCuA. This reasoning is, moreover, general. Any 
closed contour with any number of double points determines a certain number 
of partial areas <ri, <r 2 , • • *} of each of which it forms all the boundaries- 
The integral taken over the whole contour is equal to a sum of the form 




mi<ri + m2<r2 H 1- rripffp, 

where mi, m 2 , • • •, are positive or negative integers which may be found hy 
the following rule ; Given two adjacent areas <r, o*'', separated by an arc ab of tk& 
contour (7, imagine an observer walking on the plane along the contour in the sensei 
determined by the arrows j then the coefficient of the area at his left is one greater* 
than that of the area at his right. Giving the area outside the contour the coefS- 
cient zero, the coefficients of all the other portions may be determined successively - 
If the given arc AB is not closed, we may transform it into a closed curve by* 
joining its extremities to the origin, and the preceding formula is applicable to 
this new region, for the integral fxdy-ydx taken over the radii vectores OAL 
and OB evidently vanishes. 


y. FUNCTIONS DEFINED BY DEFINITE INTEGKALS 


97. Differentiation under the integral sign. We frequently have to 
deal with integrals in which the fimction to be integrated depends 
not only upon the variable of integration hut also upon one or more 
other variables which we consider as parameters. Let f(x, a) be a 
continuous function of the two variables x and a when x varies from. 
fl?o to X and a varies between certain limits ao and ai. We proceed 
to study the function of the variable a which is defined by the 
definite integral 



X 

f(x, a)dx, 


where a is supposed to have a definite value between aQ and ai, and 
where the limits and X are independent of a. 
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We Lave then 


(33) F(a 4- Aa) - F(a) = f [/(«, a -f ^a) -/(x, a)] dx. 

Jxo 

Since the function /(cc, a) is continuous, this integrand may be made 
less than any preassigned number c by taking Aa sufficiently small. 
Hence the increment AF(a) will be less than c|Y — a^ol absolute 
value, which shows that the function F(a) is continuous. 

If the function /(a;, a) has a derivative with respect to a, let us 
write 

f(Xj a 4- Au:) —f(x, or) = Aa[/«(aj, a)4- c]. 


where c approaches zero with Aa, Dividing both sides of (33) by 
Act, we find 

a)dx+ r^dx; 

Aa Jxo 

and if 7 f be the upper limit of the absolute values of c, the absolute 
value of the last integral will be less than yj\X — Xq\. Passing to 
the limit, we obtain the formula 

In order to render the above reasoning perfectly rigorous we must 
show that it is possible to choose Aa so small that the quantity c 
will be less than any preassigned number p for all values of x between 
the given limits x, and X This condition will certainly be satisfied 
if the derivative f„(x, a) itself is continuous. For we have from 
the law of the mean 

f(x, a +Aa)- f(x, a) = Aar/, (x, a ^SAa), 0 < $ < 1, 


and hence 

e =/,(*, a: + eAa)-f,{x, or). 

If the function /, is continuous, this difference « will be less than ij 
for any values of a: and a, provided that | Aa 1 is less than a properly 
chosen positive number h (see Chapter VI, § 120). 

Let us now suppose that the limits X and x„ are themselves func- 
tions of or. If AX and A®o denote the increments which correspond 
to an increment A a, we shall have 
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F(a + Aa) - F(a) = C l/(x, a + Aar) —/(x, or)] dx 


-X 


X+AX 


/(z, a 4- Aa) dz 


*0 


/(Xf a-i-Aa)dz ; 


or, applying the first law of the mean for integrals to each of the 
last two integrals and' dividing by Aa, 


F(a-hAa)-FC 
Acc 


f) _ r V(«) a 

Jxq 


+ -/(g. q) 


Aa 


dz 


AX 


+ — /(^ + l9AX, or-f Aa) 
^ ^^Ax^, oc + Aa). 


As Aa approaches zero the first of these integrals approaches the 
limit found above, and passing to the limit we find the formula 

which is the general formula for differentiation under the integral 
sign. 

Since a line integral may always be reduced to a sum of ordinary 
definite integrals, it is evident that the preceding forihula may be 
extended to line integrals. Let us consider, for instance, the line 
integral 

■P(“) = y, a) dx + Q(x, y, a) dy 

taken over a curve AB which is independent of a. It is evident that 
we shall have 

F\(x) Vi o^dz Qa(Xj y, <£)dy^ 

where the integral is to be extended over the same curve. On the 
other hand, the reasoning presupposes that the limits are finite and 
that the function to be integrated does not become infinite between 
the limits of integration. We shall take up later (€hapter YIII, 
§ 175) the cases in which these conditions are not satisfied. 
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The foinmla (36) is frequently used to eTaluate certain definite 
integrals by reducing them, to others which are more easily ealcu- 
inted. Thus, if a is positive, we have 

r * 

Jq a Va Va 

•velience, applying the formula (34) n — 1 times, we find 

dx 1 4 . « ^ 

98. Examples of discontinuity. K the conditions imposed are not satisfied for 
^11 values between the limits of integration, it may happen that the definite inte- 
^al defines a discontinuous function of the parameter. Let us consider, for 
example, the definite integral 


sin or da; 

^ 1 - 2a; cos a H 


+ x2 

'This integral always has a finite value, for the roots of the denominator are 
imaginary except when a = fest, in which case it is evident that F{a) — 0. u^ 
posing that sin a 0 and making the substitution x = cos a + 1 sin a, e m e - 
nite integral becomes 


/ sincrdx _ C „ 
1 — 2x cos a + a;* J 1 + 


arc tan f. 


Hence the definite integral F{a) has the value 

where the angles are to he taken between - and 7r/2. But 


cos a — 1 — cos oc ^ 

X : 


sin a 


sin a 


and hence the difference of these angles is ± ?f/2. In order to 

slga uniquely we need only notice that the eign of the mtegi^ is “ 

Tt oHinJ. Hence F(a) =± */2 ac^irdiug ^ 

It foUows that the function F{a) is discontinuous for all tow^er 

fc*. This result does not contradict the above reining “ , ’ 

For when » variee from -1 to +1 and a m 

the faction under the inU^l si^ in que. 

of values a = 0, x = — i a _ v, a, -r 

tion for any value of e. ruhtnre Again, consider 

It would be easy to give numerous examples of this nature. Agam, 

the Integral . 

C !l^dx. 
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Making the substitution — find 

X + ao . /» + 00 . 

. “= J-. V 

where the sign to be taken is the sign of ?n,, since the limits of the transformed 
integral are the same as those of the given integral if m is positive, but should 
be interchanged if m is negative. We have seen that the integral in the second 
member is a positive number N (§ 91). Hence the given integral is equal to ± JSf 
according as m is positive or negative. If m = 0, the value of the integral is 
zero. It is evident that the integral is discontinuous for m = 0. 


VL APPROXIMATE EVALUATION OF DEFINITE INTEGRALS 


99. Introduction. When no primitive of /(oc) is known we may 
resort to certain methods for finding an approximate value of the 
definite integral dx. The theorem of the mean for integrals 
furnishes two limits between which the value of the integral must 
lie, and by a similar process we may obtain an infinite number of 
others. Let us suppose that <f{x) < i/r(£c) for all values of x 
between a and 5 (a < h). Then we shall also have 


X *' /*6 nb 

<i»(x)dx< J f{x)dx< J Xj,{x)dx, 


If the functions <^(a;) and \ff(x) are the derivatives of two known 
functions, this formula gives two limits between which the value of 
the integral must lie. Let us consider, for example, the integral 


Jo Vl—o;^ 


Now VT— = Vl - VlT^, and the factor VTT^ Hqq 
between 1 and V2 for all values of x between zero and unity. 
Hence the given integral lies between the two integrals 

r' ^ dx 

Jo Vl— x^ . V2 Jo Vi — X^^ 

that is, between w/2 and 7r/(2V2). Two even closer limits may 
be found by noticing that (l 4 -a!»)-vs is greater than l-a:V2, 
whmh results from the expansion of (1 + by means of Taylor’s 
^ries with a remainder earned to two terms. Hence the integral 
/ IS greater than the expression 



1 x^dx 

^ Jo Vi — 
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The second of these integrals has the value 7r/4 (§ 105); hence J 
lies between 7r/2 and 3 7r/8. 

It is evident that the preceding methods merely lead to a rough 
idea of the exact value of the integral. In order to obtain closer 
approximations we may break up the interval (a, b) into smaller 
subintervals, to each of which the theorem of the mean for inte- 
grals may be applied. Tor definiteness let us suppose that the 
function f(x) constantly increases as x increases from a to b. Let 
us divide the interval (a, b) into n equal parts (b^a= nh). Then, 
by the very definition of an integral, J^f(x')dx lies between the 
two sums 

s =: +/’(« + A) + • • • 4'/[a4- 1) 

S = h\f(a + h) 4./(a + 2;i) + . . . 4-/(a 4- nh) ^ 

If we take (S s)/ 2 as an approximate value of the integral, the 
error cannot exceed \S - s\/2 =\l(b -- a) /2n] [/(b) -f(a)2 1. The 
value of (S + s)/ 2 may be written in the form 

I /(^) + f(cc + h) ^ f(a + h) +f(a + 2h) ^ 

( 2 2 


Observing that \f(a -f ih) f[a (i -\-V) h'\\h/2 is the area of 
the trapezoid whose height is h and whose bases are /(a + ih) and 
f(a 4- ih 4 A), we may say that the whole method amounts to 
replacing the area under the curve y = f{x) between two neighbor- 
ing ordinates by the area of the trapezoid whose bases are the two 
ordinates. This method is quite practical when a high degree of 
approximation is not necessary. 

Let us consider, for example, the integral 



Taking n = 4, we find as the approximate value of the integral 


1 ^ 
2 '^ 17 ‘ 


4^1 
' 5 25 4 




78279 . 


and the error is less than 1/16 = .0625.’^ This gives an approxi- 
mate value of TT which is correct to one decimal place, — 3.1311 • • •. 


* Found from the formula IS — « | / 2. In fact, the error is about .00260, the exact 
value being 7r/4 .— Trans. 
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If the function /(a;) does not increase (or decrease) constantly as 
X increases from a to 5, we may break up the interval into sub- 
intervals for each of which that condition is satisfied,. 


100. Interpolation. Another method of obtaining an approximate 
value of the integral following. Let us determine 

a parabolic curve of order 

y = ^(aj) = ^0 + -I h a^x^f 

which passes through (n + 1) points Bq^ Bi, • of the curve 

y =/(«) between the two points whose abscissae are a and b. 
These points having been chosen in any manner, an approximate 
value of the given integral is furnished by the integral £<l>(x)dxj 
which is easily calculated. 

Let (xo, yo), (Xu yi), • * (^»; Vn) the coordinates of the (w +1) 

points Bo, J5i, •••, The polynomial <^(x) is determined by 

Lagrange^ s interpolation formula in the form 

4>(x) = 2 /o Ao -h yi H h + h 

where the coefficient of is a polynomial of degree w, 

^ (x — Xq) ' • ' (x Xj _ i) (x 1 ) • • • (x Xn) 

‘ ■” (Xi - Xo) • • • (Xi - Xf^i) (x, - • • • (Xf - x„)' 

which vanishes for the gi7en values Xo, Xi, • • • , except for x = x^, 
and which is ec[iial to unity when x = x^. Hence we have 



The numbers x^ are of the form 


ajo = a 4* Xi = a 4- dx(l) — a), • • •, x„ = a 4- B^(b — x), 

where 0 < < • • • < ^ 1- Setting x = a 4- (6 — a) the ap- 

proximate value of the given integral takes the form 

(36) (h ^ a) (iCoyo + -fiTiyi 4- • • • + iC„y„), 

where is given by the formula 



(0, -e,)-- (0, - 0 (6, - e..+ 1) ■ • ■ («< - K) 


dt. 


If we divide the main interval (a, V) into subintervals whose 
ratios are the same constants for any given function /(x) whatever, 
the numbers and hence also the numbers Af, are inde- 

pendent of /(x). Having calculated these coefficients once for all, 
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it only remains to replace yo> yu • ••> their respective values 
in the formula (36). 

If the curve f(x) whose area is to be evaluated is given graph- 
ically, it is convenient to divide the interval (a, h) into equal parts, 
and it is only necessary to measure certain equidistant ordinates of 
this curve. Thus, dividing it into halves, we should take = 0, 

== l/2> ^2 = Ij which gives the following formula for the approxi- 
mate value of the integral : 

- h — d , . 

^ (2/0 + ^Vi + y2). 

Likewise, for n = 3 we find the formula 

/ = _ + 32/i H- 3^2 4- yi ) , 

and for w = 4 

^ ” 90 ("^2/0 4 323/1 4 123/2 4 323/8 4 73 / 4 ). 

The preceding method is due to Cotes. The following method, 
due to Simpson, is slightly different. Let the interval (a, J) be 
divided into 2% equal parts, and let 3/0, 3/1, 3/2, •••, be the ordi- 
nates of the corresponding points of division. Applying Cotes^ 
formula to the area which lies between two ordinates whose indices 
are consecutive even numbers, such as 3/0 and 3/2, 3/2 and ^4, etc., we 
find an approximate value of the given area in the form 

^ [(yb 4 4yi 4 yi) 4 (y2 + ^y9 + yi) + -- 

4(y2«-2 4 4y2„>i4y2„)], 

whence, upon simplification, we find Simpson^s formula : 

^ ~ [yo 4 y 2 « 4 2 ( 3/2 4 y4 H h y2n~8) 

4 4 (yi 4 3/8 H h y 2 » - 1 )] • 

101. Gauss’ method. In Gauss’ method other values are assigned 
the quantities 0^. The argument is as follows: Suppose that we 
can find polynomials of increasing degree which differ less and less 
from the given integrand f(x) in the interval (a, &). Suppose, 
for instance, that we can write 

f(x) = ao 4 «i » 4 agO?® H h 4 , 

where the remainder i 22 »(») is less than a fixed number for all 
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values of x between a and The coefficients will be in gen- 
eral unknown, but they do not occur in the calculation, as we shall 
see. Let Xq, be values of x between a- and b, and let 

<l>(x) be a polynomial of degree n — 1 which assumes the same 
values as does f(x) for these values of x. Then Lagrange^ s inter- 
polation formula shows that this polynomial may be written in the 
form 

2n-l 

</>(*) = X H h 

m= 0 

where and are at most polynomials of degree n — 1. It is 
clear that the polynomial depends only upon the choice of 

Xq, Xx, On the other hand, this polynomial n^^st 

assume the same values as does x”^ for x = Xq, x = Xi, • x = ain-i* 
For, supposing that all the a^s except and also vanish, 

f(x) reduces to a^x”* and <l>(x) reduces to Hence the 

difference x^ — (x) must be divisible by the product 

Pn(x) = (x- ajo) (a; - aJi) • • • (a; - x^^x). 


It follows that x^ — PnQm-n(^)f whcre Qm^n(^) is a poly- 

nomial of degree m — n, if m > n ; and that a;” — (re) = 0 if m < n — 1. 
The error made in replacing J^''/(£c) by j^<\> {x)dx is evidently 
given by the formula 

2n-l ph 

X“» I C*” — I Jiin{x)dx 


(37) 


» — 1 yr»b 

X 1 

i=0 


The terms which depend upon the coefficients ao, «!, • • •, cr„ vanish 
identically, and hence the error depends only upon the coefficients 
^ 2 n~i f'ii® remainder E 2 n(*)‘ But this remain- 
der is very small, in general, with respect to the coefficients 
»n+i» ‘^ 2 n-i- Hcnco the chances are good for obtaining a 

high degree of approximation if we can dispose of the quantities 
Xoj a5i, •••, £c„_i in such a way that the terms which depend upon 
<^n+ij ••*> « 2 n~i ^Iso vanish identically. For this purpose it is 
necessary and sufficient that the n integrals 

' P^Q^dx, / P^Qrdx, •••, I 

o \J a t/o 


♦ This is a property of any function which is continuous in the interval (a, 6), 
according to a theorem due to Weierstrass (see Chapter IX, § 199). 
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sLould Tanish, -where is a polynomial of degree t. We have 
already seen (§ 88) that this condition is satisfied if we take P„ of 
the form 


dx^ 


[(aj — ay (x — i)"] . 


It is therefore sufficient to take for Xq, Xi, • • •, a;„_i the n roots of 
the equation = 0, and these roots all lie between a and h. 

We may assume that a = — 1 and ^> = -j- 1? since all other cases 
may be reduced to this by the substitution x—(b-\-a)/2^t(h — a)/2. 
In the special case the values of Xi^ •••, £c„_i are the roots of 
Legendre^s polynomial The values of these roots and the 

values of for the formula (36), up to = 5, are to be found to 
seven and eight places of decimals in Bertrand^s Traite de Calcul 
integral (p. 342). 

Thus the error in Gauss^ method is 


*/o .-*0 





b 

%(x)dXf 


where the functions %(x) are independent of the given integrand. 
In order to obtain a limit of error it is sufficient to find a limit of 
JRji„(a;), that is, to know the degree of approximation with which 
the function f(x) can be represented as a polynomial of degree 
2n — 1 in the interval (a, b). But it is not necessary to know 
this polynomial itself. 

Another process for obtaining an approximate numerical value of 
a given definite integral is to develop the function f(x) in series and 
integrate the series term by term. We shall see later (Chapter VIII) 
under what conditions this process is justifiable and the degree of 
approximation which it gives. 


102. Amsler’s planimeter. A great many machines have 'been, invented to 
measure mechanically the area hounded by a closed plane curve.* One of the 
most ingenious of these is Amsler’s planimeter, whose theory affords an interest- 
ing application of line integrals. 

Let us consider the areas Ai and A 2 bounded by the curves described by two 
points Ai and of a rigid straight line which moves in a plane in any manner 
and finally returns to its original position. Let (xi, yi) and (xj, y^) be the coor- 
dinates of the points Ai and As, respectively, with respect to a set of rectangu- 
lar axes. Let I be the distance Ai A 2 , and $ the angle which Ai A 2 makes with 


*A description of these instruments is to he found in a work by Abdank- 
Abakanowicz: Les int^grapheSf la courhe integrcUe et ees aj^lications (G-authier- 
Villars, 1886). 
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the positive x axis. In order to define the motion of the line analytically, Xi, yi, 
and d must be supposed to be periodic functions of a certain variable parameter t 
which resume the same values when t is increased by T. We have X2 = Xi + Z cos 6, 
2/2 = 2/1 + Z sin and hence 

3^2 dy2 - Vndzz = Xidyi - yidxi + I^de 

4 - 1 (cos 6 dyi - sin ^ dxi + Xi cos^d^ + yi sin 0 d $) . 

The areas Ai and A2 of the curves described by the points Ai and A 21 under the 
general conventions made above (§ 96), have the following values : 

^ y* sjidyi — yidcci, = i Jx^dy^ “ y^dx%. 

Hence, integrating each side of the equation just found, we obtain the equation 

A2 = Ai + ^ Jdd + ^ [ J' cos ~ sin -l- J {xi ooae + yisin $) , 

where the limits of each of the integrals correspond to the values to ^iid to 4* 
of the variable t. It is evident that fd$=z 2K7t^ where K is an integer which 
depends upon the way in which the straight line moves. On the other hand, 
integration by parts leads to the formulae 


y Xi cos BdB xi sin — y sin B dxi , 

y Visin^d^ = — yicos^ 4- j* coaBdyi. 


But Xisin B and yi cos B have the same values for t = to and t = to 4- T. 
the preceding equation may be written in the form 


Hence 


A2 == Ai + KitP 4 - 1 j cos e dyi — sin ^dxi. 

Now let s be the length of the arc described by A 1 counted positive in a certain 
sense from any fixed point as origin, and let a be the angle which the positive 
direction of the tangent makes with the positive x axis. Then we shall have 

cos B dyi - sin ^ dxi = (sin a cos ^ — sin B cos a) ds = sinFda , 

where V is the angle which the positive direction of the tangent makes with the 
positive direction .4 1.^2 of the straight line taken as in Trigonometry. The 
preceding equation, therefore, takes the form 


A2 = Ai 4 KitP + zy sinFda. 

Similarly, the area of the curve described by any third point Aj of the straight 
line is given by the formula ‘ 

(39) A, = Ai + + I'f sinFds, 

where V is the distance AiA». Eliminating the unknown quantity fainVdt 
between these two equations, we find the formula '' 

I'h - i A, = {V - I) Ax + - I ') , 
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which may be written in the form 

(40) Ai (23) + As (31) + As (12) -f KTt (12) (23) (31) = 0 , 

where (ik) denotes the distance between the points Ai and A* (i, A: = 1, 2, 3) 
taken with its proper sign. As an application of this formula, let us consider 
a straight line AiAz of length (a + &), whose extremities Ai and Aa describe the 
same closed convex curve C. The point As, which divides the line into seg- 
ments of length a and 6, describes a closed curve O' which lies wholly inside C. 
In this case we have 

A2 = Ai, (12) = a-}.6, (23) = -h, (31) = -a, 

whence, dividing by a + 5, 

Ai — As = Ttab. 

But Ai — As is the area between the two curves C and C'. Hence this area is 
independent of the form of the curve C. This theoi;em is due to Holditch. 

If, instead of eliminating JsinVds between the equations (88) and (39), we 
eliminate Ai, we find the formula 

(41) As = As + Ka - P) + (I' - l)famrda. 

Amsler’s planimeter affords an application of this formula. Let AiAaAs be a 
rigid rod joined at Aa with another rod OA 3 . The point 0 being fixed, the point 
As, to which is attached a sharp pointer, is made to describe the curve whose area 
is sought. The point Aj then 
describes an arc of a circle or 
an entire circumference, accord- 
ing to the nature of the motion. 

In any case the quantities Aa, iC, 

Z, I' are all known, and the area 
As can be calculated if the in- 
tegral f sin Vds, which is to be 
taken over the curve Ci described 
by the point Ai, can be evaluated. 

This end Ai carries a graduated 
circular cylinder whose axis coin- 
cides with the axis of the rod AiAs, and which can turn about this axis. 

Let us consider a small displacement of the rod which carries AiAgAs into 
the position AiAiA's. Let Q be the intersection of these straight lines. About 
Q as center draw the circular arc Aia and drop the perpendicular A{P from 
Ai upon Ai As. We may imagine the motion of the rod to consist of a sliding 
along its own direction until Ai comes to or, followed by a rotation about Q which 
brings a to Af. In the first part of this process the cylinder would slide, with- 
out turning, along one of its generators. In the second part the rotation of 
the cylinder is measured by the arc aA{. The two ratios aAi/AiP and 
AiP/arc Ai Af approach 1 and sinF, respectively, as the arc AfAi approaches 
zero. Hence aA{ = As (sinF + e), where e approaches zero with As. It follows 
that the total rotation of the cylinder is proportional to the limit of the sum 
21As(sinF+ e), that is, to the integral / sinFds. Hence the measurement of 
this rotation is sufficient for the determination of the given area. 
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EXERCISES 

1. Show that the sum 1/n + l/(n + 1) + • • * + l/2n approaches log 2 as n 
increases indefinitely. 

[Show that this sum approaches the definite integral [1/(1 + x)]dx as its 
limit.] 

2. As in the preceding exercise, find the limits of each of the sums 





n» + l 

ii’‘ + 2» 

-H (n — 1)® 

1 + 


1 

• ^ 

Vn® — 1 

Vn» - 2^ 

Vn“ - (n - 1)“ 


by connecting them with certain definite integrals. In general, the limit of 
the sum 

«). 


as n becomes infinite, is equal to a certain definite integral whenever ^(i, n) is 
a homogeneous function of degree — 1 in i and w. 

3. Show that the value of the definite integral log sin x dx is 
- (;r/2) log 2. 

[This may be proved by starting with the known trigonometric formula 


. 7t . 

Bin — sm • sm. 

n n 


{n — l)it^ n 
n 


or else by use of the following almost self-evident equalities : 
J^^logsinxdx =J^^logcosxdx = i ^^log 

4. By the aid of the preceding example evaluate the definite integral 



tanxdx. 


5. Show that the value of the definite integral 

Jo 1 + *’ 

i8(*/8)log2. 

[Set X = tan ^ and break up the transformed integral into three parts.] 
fit. Evaluate the definite integral 


X 


tr 

log (1 — 2a: cosx + a*) dx . 


[POISSOK.] 
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[Dividing the interval from 0 to tT into n equal parts and applying a well-known 
formula of trigonometry, we are led to seek the limit of the expression 

n La + 1 -• 

as n becomes infinite. If cc lies between — 1 and •+■ Ij this limit is zero. If 
a® > 1, it is It log a^. Compare § 140.] 

7. Show that the value of the definite integral 


i: 


sinxdx 


Vl 2acosx + 


where a is positive, is 2 if a ^ 1, and is 2/a if a > 1. 

8*. Show that a necessary and sufficient condition that f{z) should be inte- 
grable in an interval (a, h) is that, corresponding to any preassigned number e, 
a subdivision of the interval can be found such that the difference S •— s of the 
corresponding sums S and s is less than e. 

9. Let/(») and ^(x) be two functions which are continuous in the interval (a, 6), 
and let (u, ®i, sca, • • b) be a method of subdivision of that interval. If Vi 
are any two values of x in the interval (Xi-i, x,), the sum 2/(^i) (®i — aJi-i) 

approaches the definite integral f(x) <f)(x)dx as its limit. 

10. Let/(x) be a function which is continuous and positive in the interval (a, 5). 
Show that the product of the two definite integrals 

/»b dx 

im 


is a minimum when the function is a constant. 


11. Let the symbol denote the index of a function (§ 77) between xo 
and Xi. Show that the following formula holds: 




A I 

/(*) 


where . = + 1 if /(xo) > 0 and /(Xi) < 0, . = - 1 «/(*»)< 0 and /(xi) > 0, and 
c ?= 0 if /(xo) and /(xi) have the same sign. 

[Apply the last formula in the second paragraph of § 77 to each of the func- 
tions /(x) and l//(x).] 

12*. Let U and V be two polynomials of degree n and n - 1, respectively, 
which are prime to each other. Show that the index of the rational fraction 
V/U between the limits - oo and -H qo is equal to the difference between the 
number of imaginary roots of the equation JJ + iV-O in which the coefficient 
of i is positive and the number in which the coefficient of i is negative. 

[Hermite, Bulletin de la SociM matMmatique, Vol. VII, p. 128.] 

13*. Derive the second theorem of the mean for integrals by integration by 


parts. 
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[Let /(a) and 4>{x) be two functions each of which is continuous in the inter- 
val (a, b) and the first of which, f(x), constantly increases (or decreases) and. 
has a continuous derivative. Introducing the auxiliary function 


(p{x)dx 

a 

and integrating by parts, we find the equation 

<t>{x) dx = f(b) ^{b) -•J* f'ix) ^x)dx. 

Since /'(aj) always has the same sign, it only remains to apply the first theorena 
of the mean for integrals to the new integral.] 


14. Show directly that the definite integral f xdy — y dx extended over 
closed contour goes over into an integral of the same form when the axes ar© 
replaced by any other set of rectangular axes which have the same aspect. 


16. Given the formula 


j f*0 J 

cos X£B dte = ~ (sin \b — sin Xa) , 
a X 


evaluate the integrals 


j x^i’ + isinXxdx, f x^^^cosXxdx. 

a Ja 


16. Let us associate the points (re, y) and (a:'', y') upon any two given curves 
C and C', respectively, at which the tangents are parallel. The point whose 
cobrdinates are Xi—px-\- qx% + qy% where p and q are given constants, 

describes a new curve Ci. Show that the following relation holds between the 
corresponding arcs of the three curves ; 


8i=±p8± qs\ 

17. Show that corresponding arcs of the two curves 


- ti>'{t) + <P(t)y ^ - 4>(t) 

have the same length whatever be the functions /(t) and 4>{t). 

18. From a point Jkf of a plane let us draw the normals JWPi, • • MPn to 
n given curves Ci, C 2 , • Cn which lie in the same plane, and let k be the 
distance MPi. The locus of the points Jf, for which a relation of the form, 
E(Ii, Za, • • . , L) = 0 holds between the n distances Zi*, is a curve T. If lengths 
proportional to cF/dli be laid off upon the lines MPi^ respectively, according to 
a definite convention as to sign, show that the resultant of these n vectors gives 
the direction of the normal to r at the point M. Generalize the theorem for 
surfaces in space. 

19. Let C be any closed curve, and let us select two points p and p' upon th© 
tangent to C at a point wi, on either side of w, maJring ffip = ynp'* Supposing^ 
that the distance mp varies according to any arbitrary law as m describes th© 
curve C, show that the points p and p* describe curves of equal area. Discuss 
the special case where mp is constant. 
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20. Given any closed convex curve, let us dravr a parallel curve by laying oft 

a constant length I upon the normals to the given curve. Show that the area 
between the two curves is equal to ± + si, where s is the length of the given 

curve. 

21. Let C be any closed curve. Show that the locus of the points A, for 
which the corresponding pedal has a constant area, is a circle whose center is 
fixed. 

[Take the equation of the curve C in the tangential form 
X cost + 2 /sint =/(t).] 

22. Let 0 be any closed curve, Ci its pedal with respect to a point A, and Cz 
the locus of the foot of a perpendicular let fall from A upon a normal to C. 
Show that the areas of these three curves satisfy the relation A = Ai — Ag. 

[By a property of the pedal (§ 86), if p and w are the polar coordinates of a point 
on Oi, the cobrdinates of the corresponding point of are />'' and w + 7r/2, and 
those of the corresponding point of C are r = 0 = w -f arc tan p'/p*] 

23. If a curve C rolls without slipping on a straight line, every point A which 

is rigidly connected to the curve C describes a curve which is called a roulette. 
Show that the area between an arc of the roulette and its base is twice the area 
of the corresponding portion of the pedal of the point A with respect to C. Also 
show that the length of an arc of the roulette is equal to the length of the corre- 
sponding arc of the pedal. [Steiner.] 

[In order to prove these theorems analytically, let X and T be the cobrdi- 
nates of the point A with respect to a moving system of axes formed of the 
tangent and normal at a point M on G. Let s be the length of the arc OM 
counted from a fixed point 0 on C, and let w be the angle between the tangents 
at 0 and AT. First establish the formulae 

d8AdX= Yd<a, dr-4-Xd« = 0', 
and then deduce the theorems from them.] 

24*. The error made in Gauss’ method of quadrature may be expressed in 
the form 

^(3»)(g) ^ 2 r 1.2.3---n 

1 . 2 • • • 2n ^ 2n -H 1 Ll . 2 • • • (2n - 1) J ’ 

where | lies between — 1 and -fl* [Mansion, Comptea rendm, 1886.] 
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INDEFINITE INTEGRALS 

We shall review in this chapter the general classes of elemen- 
tary functions whose integrals can be expressed in terms of ele- 
mentary functions. Under the term elementary functions we shall 
include the rational and irrational algebraic functions, the exponen- 
tial function and the logarithm, the trigonometric functions and 
their inverses, and all those functions which can be formed by a 
finite number of combinations of those already named. When the 
indefinite integral of a function fix') cannot be expressed in terms 
of these functions, it constitutes a new transcendental function. 
The study of these transcendental functions and their classification 
is one of the most important problems of the Integral Calculus. 


I. INTEGRATIOi^' OF RATIONAL FUNCTIONS 


103. General method. Every rational function f(tc) is the sum of 
an integral function E(x) and a rational fraction P(x) /Q{x), where 
P(a;) is prime to and of less degree than Q{x). If the real and 
imaginary roots of the equation Q(x) be known, the rational frac- 
tion may be decomposed into a sum of simple fractions of one or the 
other of the two types 

A ilfg-f-N 

(x-ay IQc-ay + p^y 

The fractions of the first type correspond to the real roots, those 
of the second type to pairs of imaginary roots. The integral of 
the integi-al function E(x) can be written down at once. The inte- 
grals of the fractions of the first type are given by the formula 


/; 

/: 


A dx 
(x — a)” 

A dx 
x — a 


(m — l)(a; — a)™--! 
= A log (x — a). 


if m > 1 j 
if m = 1 . 


For the sake of simplicity we have omitted the arbitrary constant C, 
which belongs on the right-hand side. It merely remains to examine 
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the simple fractions which arise from pairs of imaginary roots. 
In order to simplify the corresponding integrals, let us make the 
substitution 

£C == a + dx = pdt. 

The integral in question then becomes 


/i 


Mx + N , 


— r 


Afa + N + 


(l+i^ 


dt, 


and there remain two kinds of integrals : 

r tdt C dt 

j (1 + ty’ j(i + <’)»■ 

Since tdt is half the differential of l+t\ the first of these inte- 
grals is given, if m > 1, by the formula 

1 


r tdt _ . 

j 2(»-l)(l+ 

or, if » = 1, by the formula 


2(»-l)[(x-a)*-|-j8“]”-* 




The only integrals which remain are those of the type 

dt 

ri + o*’ 

If n = 1, the value of this integral is 


/( 


I 


dt ® ■ 

; = arc tan t = arc tan — 


1 + 


If n is greater than unity, the calculation of the integral may be 
reduced to the calculation of an integral of the same form, in which 
the exponent of (1 4- f) is decreased by unity. Denoting the inte- 
gral in question by /», we may write 



dt 

(14- 



14- 


(14-^^) 




dt 


(1 + 


r t^dt 

j (i+«“) 


n 


From the last of these integrals, taking 


_ tdt 

« = *, dv = -jp V 


1 

2(n - 1)(1 + «*)"“*’ 
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and integrating by parts, we find the formula 
t'^dt t . 1 


h 


r4-: 


-Jx 


dt 


(1+ ff 2(»i - 1)(1+ 2{n -V)J (1+ 

Substituting this value in the equation for that equation becomes 
2??. — 3 , t 




. :/ _| 

2^-2 

Repeated applications of this formula finally lead to the integral 
Ix = arc tan t. Retracing our steps, we find the formula 

, (27^-3) (2^ -5).. -3.1 , 

(2» - 2) (2» - 4) . - . 4 . 2 

where R (t) is a rational function of t which is easily calculated. 
We will merely observe that the denominator is (1 + and that 
the numerator is of degree less than 2n — 2 (see § 97, p. 192). 

It follows that the integral of a rational function consists of 
terms which are themselves rational, and transcendental terms of 
one of the following forms : 

log (x — a), log [(x — ay 4- . 

Let us consider, for example, the integral J [1 / (x* - 1)] dx. The 
denominator has two real roots + 1 and — 1, and two imaginary 
roots + i and — i. We may therefore write 


- + 


+ 


Ca; + D 


a;^->l aj-l ^a; + l l+a;* ‘ 

In order to determine A, multiply both sides by x — 1 and then set 
a? = 1. This gives A = 1/4, and similarly 5 = - 1/4. The iden- 
tity assumed may therefore be written in the form 


-1 l/_i L.V 

a:^— 1 4 \a; — 1 a; 4-1/ 


Cx_±JO 
l4- ^ 


or, simplifying the left-hand side, 

- 1 ^ Cx A- D 

2 (1 4- x*) 1 4- 

It foUovs that C = 0 and D = - 1/2, and we have, finally, 

11 1 1 


which gives 


X*-1 4(0! -1) 4(x+l) 2(a!» + l)’ 


/: 


dx 


x ^-1 


1 T /a: — 1 


— - arc tan x , 



V,§104] 


RATIONAL FUNCTIONS 


211 


Note. The preceding method, though absolutely general, is not 
always the simplest. The work may often be shortened by using 
a suitable device. Let us consider, for example, the integral 


r dx 

It n> If we may either break up the integrand into partial frac- 
tions by means of the roots -1- 1 and — 1, or we may use a reduction 
formula similar to that for But the most elegant method is to 
make the substitution x ^ (1 / (1 — which gives 


■1 = 


4» 




dx : 


2 dz 


r dx 2 r 

J (x^ - ly 4« J 




~dz. 


Developing (1 ^ binomial theorem, it only remains 

to integrate terms of the form where ju. may be positive or 
negative. 


104. Hennite’s method. We have heretofore supposed that the 
fraction to be integrated was broken up into partial fractions, which 
presumes a knowledge of the roots of the denominator. The fol- 
lowing method, due to Hermite, enables us to find the algebraic 
part of the integral without knowing these roots, and it involves 
only elementary operations, that is to say, additions, multiplications, 
and divisions of polynomials. 

Let /(x)/i^(a;) be the rational fraction which is to be integrated. 
We may assume that f(x) and F(x) are prime to each other, and 
we may suppose, according to the theory of equal roots, that the 
polynomial F(x') is written in the form 

F(x) = X^XlXl-^Xlf 

where Ai, X^, • • •, are polynomials none of which have multiple 
roots and no two of which have any common factor. We may now 
break up the given fraction into partial fractions whose denomina- 
tors are Xi, X|, • • •, X^ : 


F(x) ^ 



XI 


■vrliere Af is a polynomial prime to Xi- Tor, by the theory of high- 
est common divisor, if X and Y are any two polynomials which are 
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prime to eacli other, and Z any third polynomial, two other poly- 
nomials A and B may always be found such that 

BXA-AY=^Z. 

Let us set Z = Ai, K = Z| • • • Z^, and Z =/(a:). Then this identity 
becomes 

or, dividing by F(x), 

^ 

It also follows from the preceding identity that if f(x) is prime to 
F(x), A is prime to Xi and B is prime to Zf • • • Z^. Eepeating the 
process upon the fraction 

B 

and so on, we finally reach the form given above. 

It is therefore sufficient to show how to obtain the rational part 
of an integral of the form 



where ^(x) is a polynomial which is prime to its derivative. Then, 
by the theorem mentioned above, we can find two polynomials B 
and C such that 


B^{x) + C<j>\x) = A, 


and hence the preceding integral may be written in the form 





If n is greater than unity, taking 

u = Cj V = 

and integrating by parts, we get 






,<l>'dx 


f.n-1 ! 


1 r c' . 
-ij 


<j!>" (n — 

whence, substituting in the preceding equation, we find the formula 

f g fAidx 
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where is a new polynomial. If n > 2, we may apply the same 
process to the new integral, and so on : the process may always be 
continued until the exponent of in the denominator is equal to 
one, and we shall then have an expression of the form 



where R(x) is a rational function of Xj and i// is a polynomial whose 
degree we may always suppose to be less than that of <#», but which 
is not necessarily prime to </>. To integrate the latter form we must 
know the roots of <j(>, but the evaluation of this integral will intro- 
duce no new rational terms, for the decomposition of the fraction 
leads only to terms of the two types 

A Mx -f N 

X — a (x — or)^ + ’ 

each of which has an integral which is a transcendental function. 

This method enables us, in particular, to determine whether the 
integral of a given rational function is itself a rational function. 
The necessary and sufficient condition that this should be true is 
that each of the polynomials like ^ should vanish \^hen the process 
has been carried out as far as possible. 


It will be noticed that the method used in obtaining the reduction formula 
for In is essentially only a special case of the preceding method. Let us now 
consider the more general integral 


h 


dx 




{Ax^ -f 2Bx + a)» 

From the identity 

A{Ax^ + 2Bx + C) ~ (Ax + B)^ = AC- JB* 
it is evident that we may write 




dx 


■Ji 


dx 


(Ax^ + 2Bx + 0)» AC-B^J (Ax^ + 2Bx + 

(Ax + B) dx 




(Ax + B) 


Integrating the last integral by parts, we find 


{Ax + JB) dz = - 


I 


' (Ax^ + 2Bx + C)« 


(Ax^ + 2Bx + C)" 

Ax + B 

2(n- l)(Ax^ + 2Bx -f C)^- ^ 




dx 


2n — 2 J {Ax^ -1- 2jBx -1- 0)”“^ 
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whence the preceding relation becomes 


/ 


dx, 


+ 2Bx + 0)» 


Ax-^B 

2 (n - 1)(^C - JB2)(^a;2 + 2Bx + C)~ - 1 
271. ~ 3 A r dx 

2n-~2 AC -B^ J {Ax'^ + 2Bx + C)"-!* 


Continuing the same process, we are led eventually to the integral 

dx 


/: 


Ax^ + 2Bx H- C 


which is a logarithm it AC>0, and an arctangent if 
As another example, consider the integral 

5»* + 3a; — 1 , 

(x8 + 3x + l)8 

From the identity 

5x8 + 3x - 1 = 6 x(x 2 + 1) - (x8 + 3* + 1) 



it is evident that we may write 

r 5x3 + 3x 1 ^ ^ r 
J («« + 3x + 1)3 J ] 


6x(x3 + l) 


dx 


(x« + 3x + 1)8 




dx 


(x8 + 3x •+• 1)* 


Integrating the first integral on the right by parts, we find 




6(x2+ l)dx 




dx 


(x« + 3x + 1)8 (x8 4- 3x H- 1)2 J (x8 -f 3x + 1)2 

whence the value of the given integral is seen to be 


/ 


5x8 3x _ 1 
(x8 + 3x + 1)8 


dx = 


— X 

(x8 + 3x + 1)*’ 


Note. In applying Hermite’s method it becomes necessary to solve the fol- 
lowing problem : giten three polynomials A, J?, C, of degrees m, n, p, respectively^ 
two of which^ A and B, are prime to each other ^ find two other polynomials u and v 
such that the relation Au -j- Bv = C is identically satisfied. 

In order to determine two polynomials u and v of the least possible degree 
which solve the problem, let us first suppose that p is at most equal to m + n — 1. 
Then we may take for u and v two polynomials of degrees w — 1 and m — 1, 
respectively. The w + ti unknown coefficients are then given by the system of 
m 4- n linear non-homogeneous equations found by equating the coefficients. 
For the determinant of these equations cannot vanish, since, if it did, we could 
find two polynomials u and tJ of degrees ti — 1 and m — 1 or less which satisfy 
the identity Au 4- Bv — 0, and this can be true only when A and B have a 
common factor. 

If the degree of C is equal to or greater than m 4- ti, we may divide C by AB 
and obtain a remainder C' whose degree is less than th 4- n. Then C = ABQ, 4- 0% 
and, making the substitution u ~ BQ = mi, the relation Am + Bu = C reduces to 
Aui 4- Bv = C': This is a problem under the first case. 
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105. Integrals of the type /r(x, + c) dx. After the 

integrals of rational functions it is natural to consider the inte- 
grals of irrational functions. We shall commence with the case in 
which the integrand is a rational function of x and the square root 
of a polynomial of the second degree. In this case a simple substitu- 
tion eliminates the radical and reduces the integral to the preceding 
case. This substitution is self-evident in case the expression under 
the radical is of the first degree, say ax -f- 5. If we set aa; -j- i 
the integral becomes 

J R{x, -s/ax + b)dx = J ^ 

and the integrand of the transformed integral is a rational function. 

If the expression under the radical is of the second degree and 
has two real roots a and we may write 

VA(x-a)(x-b) = (x-b)-yjA^~, 
and the substitution 



X — a 
cc — 5 




or 


X 


Aa — Ift^ 


actually removes the radical. 

If the expression under the radical sign has imaginary roots, the 
above process would introduce imaginaries. In order to get to the 
bottom of the matter, let y denote the radical -f 2Bx + C. 

Then x and y are the coordinates of a point of the curve whose 
equation is 

(1) y*== 2Ra;-f C, 


and it is evident that the whole problem amounts to expressing the 
coordinates of a point upon a conic by means of rational functions 
of a parameter. It can be seen geometrically that this is possible. 
For, if a secant 

y- P = t(x^ a) 

be drawn through any point (or, p) on the conic, the coordinates of 
the second point of intersection of the secant with the conic are 
given by equations of the first degree, and are therefore rational 
functions of t. 

If the trinomial Ax^ -f 2Bx -f C has imaginary roots, the coeffi- 
cient A must be positive, for if it is not, the trinomial will be 
negative for all real values of x. In this case the conic (1) is an 
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hyperbola. A straight line parallel to one of the asymptotes of 
this hyperbola, __ 

y — x-s/A + i, 

cuts the hyperbola in a point whose cobrdinates are 

oj = 7= > ^=s^4-VA 7= 

2^VA-2J5 2tVA-^2B 


If A < 0, the conic is an ellipse, and the trinomial Ax^ 2Bx + C 
must have two real roots a and J, or else the trinomial is negative 
for all real values of x. The change of variable given above is pre- 
cisely that which we should obtain by cutting this conic by the 
moving secant 

y=:t(x- a). 

As an example let us take the integral 


h 


dx 


(x^ + A;) Vcc* -f- A; 

The auxiliary conic 4- h is an hyperbola, and the straight line 

x-\-y = t, which is parallel to one of the asymptotes, cuts the hyper- 
bola in a point whose coordinates are 

y=Vx» + A=i(i+^). 

Making the substitution indicated by these equations, we find 

dt(t^ + k\ Cdx C ^idt 2 


=K‘-0’ 


dx = ■ 




fv‘f 


+ kf 


f- 


or, returning to the variable «, 

dx X — Vcc^ + k 


f, 


1 

■ —> 
k 


(x^ 4- k)^ k Va;^ 4* ^ k Vaj* 4 k 

where the right-hand side is determined save for a constant term. 
In general, if A C — J5^ is not zero, we have the formula 

dx 1 Ax 4 B 


h 


(Ax“ + 2£x + C)® AC- + 2£x + C 

In some cases it is easier to evaluate the integral directly without 
removing the radical. Consider, for example, the integral 

dx 


f 


VAx<‘ + + C 
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ff the ooefBcient A is positive, the integral may be -written 

r f Vldx 

J Va“x’‘ + 2ABx + AC J ->/(Ax + sy + AC — 

or setting Ax + B = t, 


f= = log (# + V^+AC^:^) . 


Keturning to the variable x, we have the formula 

f^x^ + 2Bx+C = + B+Va ^Ax^ + 2Bx + c). 

If the coefficient of x“ is negative, the integral may be -written in 
the form 




dx _ ^ Vldx 

Ax^ + 2Bx + C J VZc + J 52 ^ {Ax - B) 


A>0. 


The quantity AC + B^ is necessarily positive. Hence, making the 
substitution 

Ax—B=:t vjcnr^, 

the given integral becomes 

1 r dt 1 

— P=: I — 7—... ' = — 7 = arc Bin t, 

waJ Vi - <2 VJ 

Hence the formula in this case is 

r dx 1 . Ax — B 

J V— Ax^ + 2Bx + c Va Vac 4 - b^ 

It is easy to show that the argument of the arcsine varies from — 1 
to + 1 as a: varies between the two roots of the trinomial. 

In the intermediate case when .1 = 0 and B 0, the integral is 
algebraic : 

C dx 1 

I ~ V 2 Baj 4 * c. 

J V2Bx + C ^ 

Integrals of the type 


r — 

J (x a 


(x - a)VAx^ + 2Bx + C 
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reduce to the preceding type by means of the substitution x = a +l/y. 
We find, in fact, the formula 



= Aa^ + 2jB(X Cj Bi = Ad 4- -B, Ci=^ A. 

It should be noticed that this integral is algebraic if and only if 
the quantity a is a root of the trinomial under the radica l. 

Let us now consider the integrals of the type / Va;® -b A d'x. Inte- 
grating by parts, we find 


J Va;* A- Adx'. 



x^dx 
s/x^ + A 


On the other hand we have 


/x^ + A 


/x^ A- Adx- 


Adx 
^x^ A- A 


= J ^x^ A- A dx^ A log {x 4- Va;* 4- A ) . 


From these two relations it is easy to obtain the formulae 


(2) J Va;*4-^t?£c= ~ Va;* + 4“ ^ log (a; 4* Va;‘^ 4- a)^ 

^ |Vx« + A-|log(* + Va!»+4>. 


The following formulae may be derived in like manner : 



106. Area of the hyperbola. The preceding integrals occur in the evaluation 
of the area of a sector of an ellipse or an hyperbola. Let us consider, for 
example, the hyperbola 

1 

oa 6a"“ * 
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and let us try to find the area of a segment AMP bounded by the arc AM, the 
X axis, and the ordinate MP. This area is equal to the definite integral 


£ 


~ — a* (to, 

a 


that is, by the formula (2), 

But MP =y= if)/ a) Vx2 ~ a:\ and the term if>/2a)zy/x^ - a/ is precisely the 
area of the triangle OMP. Hence the area S of the sector OAM^ hounded by 
the arc AM and the radii vectores OA 
and OK, is 


S-~ab log 
= lab log 


4- VP -• 


This formula enables us to express 
the coordinates x and y of a point M 
of the hyperbola in terms of the area 8. 
In fact, from the above and from the 
equation of the hyperbola, it is easy to 
show that 

X y 
a 0 







p J 


Fia. 21 


- - ~ = e 
a b 


a / h/ 

x = -^^e«6+e y = j. 

The functions which occur on the right-hand side are called the hyperbolic 
cosine and sine : 


cosh X = 


c* 4- e~ 


sinh X — 


e» — e-^ 


2 “ 2 
The above equations may therefore be written in the form 


X = a cosh 


ab ’ 


y = 6 sinh 


ab 


These hyperbolic functions possess properties analogous to those of the trigo- 
nometric functions.* It is easy to deduce, for instance, the following formulae : 


cosh2 X — sinh* x = 1, 

cosh (x + y) = cosh x cosh y -f sinh x sinh y, 
sinh (x 4- y) == sinh x cosh y 4- sinh y cosh x. 


• A table of the logarithms of these functions for positive values of the argument 
is to be found in Houers Eecueil des formxUes numeriques. 
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It may be shown in like manner that the coordinates of a point on an ellipse 
may be expressed in terms of the area of the corresponding sector, as follows : 


25 


. 25 
: 5 sin . 
ab 


In the case of a circle of unit radius, and in the case of an equilateral hyperbola 
whose semiaxis is one, these formulae become, respectively, 

a; = cos 25, 2 / = sin 25; 

X = cosh 25, y = sinh 25. 

It is evident that the hyperbolic functions bear the same relations to the equi- 
lateral hyperbola as do the trigonometric functions to the circle. 

107. Rectification of the parabola. Let us try to find the length of the arc of 
a parabola 2py = between the vertex 0 and any point Jf. The general 
formula gives 


arc OM 


|„s(5±:f±Z). 


or, applying the formula (2), 

arc OM = — 

2p 

The algebraic term in this result is precisely the length MT oi the tangent, 
for we know that OT = x/2, and hence 


MT^ = 2/2 + ^ ^ 

4 4p2 


x* _ a;2(ic* + p2) 

4 “ 4p2 


If we draw the straight line connecting T to the focus F, the angle MTF will 

be a right angle. Hence we 



have 


FT 




I* 1 , 


whence we may deduce a curi- 
ous property of the parabola. 

Suppose that the parabola 
rolls without slipping on the z 
axis, and let us try to find the 
locus of the focus, which is sup- 
posed rigidly connected to the 
parabola. When the parabola 
is tangent at M' to the x axis, OM' = arc OM. The point T has come into a 
position T' such that M'T' = MT, and the focus F is at a point F' which is 
found by laying off T'F' = TF on a line parallel to the y axis. The coordi- 
nates X and T of the point F' are then 


X = arc OM 




TF=:^Vp^ + x^, 

Jt 
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and the equation of the locus is given by eliminating x between these two equa- 
tions. From the first we find 

X -}- Vx* -f jp2 = jpe p , 

to which we may add the equation 

__2X 

X — Vx^ 4 p* = — pe p * 

since the product of the two left-hand sides is equal to — p*. Subtracting these 
two equations, we find 

Vx2 -|-p2 /gp g 

and the desired equation of the locus is 

This curve, which is called the catenary^ is quite easy to construct. Its form 
is somewhat similar to that of the parabola. 


2X 

I ep 4 e p 


)= 


P 

~ cosh 


108. Unicursal curves. Let us now consider, in general, the inte- 
grals of algebraic functions. Let 

(6) F{x, y) = 0 

be the equation of an algebraic curve, and let R(Xj y) be a rational 
function of and y. If we suppose y replaced by one of the roots 
of the equation (6) in jK(«, y), the result is a function of the single 
variable x, and the integral 


/ 


R(Xj y)dx 


is called an Abelian integral with respect to the curve (6). When 
the given curve and the function jR(x, y) are arbitrary these inte- 
grals are transcendental functions. But in the particular case where 
the curve is unicursal, i.e. when the coordinates of a point on the 
curve can be expressed as rational functions of a variable param- 
eter % the Abelian integrals attached to the curve can be reduced at 
once to integrals of rational functions. For, let 




be the equations of the curve in terms of the parameter t. Taking 
t as the new independent variable, the integral becomes 


y ■R(®) y)^ 

and the new integrand is evidently rational. 
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It is sliowTi in treatises on Analytic Geometry * that every imi- 
cursal curve of degree n has (n— l)(w — 2)/2 double points, and, 
conversely, that every curve of degree n which has this number of 
double points is unicursal. I shall merely recall the process for 
obtaining the expressions for the coordinates in terms of the param- 
eter. Given a curve of degree n, which has = {n — l)(n — 2)/2 
double points, let us pass a one-parameter family of curves of degree 
n-~2 through these 8 double points and through ~ 3 ordinary points 
on C„. These points actually determine such a family, for 

■ (” - ^) 4 ^ - 3 = - 1 , 


whereas (n — 2)(w. 4-1) /2 points are necessary to determine uniquely 
a curve of order 2. Let P(«, y) tQ(Xj y) = 0 be the equation 
of this family, where t is an arbitrary parameter. Each curve of the 
family meets the curve in n(n — 2) points, of which a certain num- 
ber are independent of tj namely the n — 3 ordinary points chosen 
above and the 8 double points, each of which counts as two points of 
intersection. But we have 


— 3 -j- 2 S ^ ft — S-|-(^ — 1) (w- — 2) = 71^71 — 2^ — 1 , 

and there remains just one point of intersection which varies with t 
The coordinates of this point are the solutions of certain linear equa- 
tions whose coefl&cients are integral polynomials in t, and hence they 
are themselves rational functions of t. Instead of the preceding we 
might have employed a family of curves of degree n — 1 through the 
(n—l)(n-—2)/2 double points and 2n—3 ordinary points chosen at 
pleasure on C„. 

If 7t==2, (n —T)(7 v ^ 2)/2 — 0) — every curve of the second 
degree is therefore unicursal, as we have seen above. If n =: 3, 
(w~l)(n— 2)/2 = 1, — the unicursal curves of the third degree 
are those which have one double point. Taking the double point 
as origin, the equation of the cubic is of the form 

<#>8 y) 4- (a, y) = 0 , 

where <l >3 are homogeneous polynomials of the degree of their 

indices. A secant y = tx through the double point meets the cubic 
in a single variable point whose coordinates are 


X 




<#> 8 ( 1 , 


See, e.g., Niewenglowski, Cours de &€omdirie omalytique, Vol. II, pp. 99-114., 
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A unicursal curve of the fourth degree has three double points. 
Ill order to find the coordinates of a point on it, we should pass a 
family of conics through the three double points and through another 
point chosen at pleasure on the curve. Every conic of this family 
would meet the quartic in just one point which varies with the 
parameter. The equation which gives the abscissae of the points of 
intersection, for instance, would reduce to an equation of the first 
degree when the factors corresponding to the double points had 
been removed, and would give a; as a rational function of the 
parameter. We should proceed to find y in a similar manner. 
As an example let us consider the lemniscate 

- y^) , 

which has a double point at the origin and two others at the imagi- 
nary circular points. A circle through the origin tangent to one of 
the branches of the lemniscate, 

ic* + y* = t(x — y) , 

meets the curve in a single variable point. Combining these two 
equations, we find 

t^(x — yY = — y®), 

or, dividing by a: •— y, 

<®(x — y) = a®(y4-a;). 

This last equation represents a straight line through the origin which 
cuts the circle in a point not the origin, whose coordinates are 

+ a^) a?‘ t(t^ — a*) 

® -I- a* ’ ^ “ t* + a* ' 


These results may be obtained more easily by the following 
process, which is at once applicable to any unicursal curve of the 
fourth degree one of whose double points is known. The secant 
y = Xa; cuts the lemniscate in two points whose coordinates are 


± a 

l+X" ' 


y = Xa;. 


The expression under the radical is of the second degree. Hence, 
by § 105, the substitution (1 - X)/(H- = (O'/tY removes the radi- 

cal. It is easy to show that this substitution leads to the expressions 
just found. 
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Note, When a plane curve has singular points of higher order, it 
can be shown that each of them is equivalent to a certain number of 
isolated double points. In order that a curve be unicursal, it is suffi- 
cient that its singular points should be equivalent to — l)(?i — 2)/2 
isolated double points. For example, a curve of order n which has 
a multiple point of order n — 1 is unicursal, for a secant through 
the multiple point meets the curve in only one variable point. 


109. Integrals of binomial differentials. Among the other integrals 
in which the radicals can be removed may be mentioned the follow- 
ing types : 


J r\xj (ax -f J* Vaa; Vca? -f- d)dx, 

J" a:*', a*", .■■)dx, 


where R denotes a rational function and where the exponents 
or, a\ a", ••• are commensurable numbers. For the first type it is 
sufficient to set ax -f* J = tK In the second type the substitution 
ax -f- 5 = leaves merely a square root of an expression of the 
second degree, which can then be removed by a second substitution. 
Finally, in the third type we may set x = where JD is a common 
denominator of the fractions a, a', 

In connection with the third type we may consider a class of 
differentials of the form 


x’"(ax" -f hydx, 

which are called binomial differentials. Let us suppose that the 
three exponents m, n, p are commensurable. If p is an integer, the 
expression may be made rational by means of the substitution 
X = as we have just seen. In order to discover further cases 
of integrability, let us try the substitution ax” -f 5 = t. This gives 



The transformed integral is of the same form as the original, and 
the exponent which takes the place of p is (m + l)/n — 1. Hence 
the integration can be performed if (m + 1 ) /n is an integer. 
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On the other ha,nd, the integral may be ■vfritten in the form 


/ 


+ 4 hx-'^ydx, 


whence it is clear that another case of integrability is that in which 
(m + ?ij9 + l)/?i = (m+-l)/7i4-i> is an integer. To sum up, the 
integration can be performed whenever one of the three numbers 
jp, (m + 1) /?^, {m -{-V) Jn + p is an integer. In no other case can the 
integral be expressed by means of a finite number of elementary 
functional symbols when m, n, and jg are rational. 

In these cases it is convenient to reduce the integral to a simpler 
form in which only two exponents occur. Setting ax^ = bt^ we find 


X 





^dt, 



+ bydx = -(-. 





Neglecting the constant 
are led to the integral 


factor and setting = (m 4- l)/n — 1, we 



^dt. 


The oases of integrability are those in which one of the three num- 
bers p, q,p + q is an integer. If p is an integer and q^rjs, we 
should set t = u\ If q is an integer and p = r/s, we should set 
I4r5 = u*. Finally, if ^ is an integer, the integral may be 
written in the form 



and the substitution 1 4 ^ where p ^rjs, removes the radical. 
As an example consider the integral 



X ^l-\-x^dx. 


Here m, = l, n = Z, p = 1/3, and (m + l)/n +F = 1- Hence this 
is an integrate case. Setting »» = t, the integral becomes 




dty 


and a second substitution 1-|- ^ removes the radical* 
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II. ELLIPTIC AND HYPERELLIPTIC INTEGRALS 


110. Reduction of integrals. Let P(x) be an integral polynomial 
of degree p which, is prime to its derivative. The integral 

^ R [a;, VP(a;)] dx, 

where R denotes a rational function of x and the radical y = ^P(x), 
cannot be expressed in “terms of elementary functions, in general, 
when p is greater than 2. Such integrals, which are particular 
cases of general Abelian integrals, can be split up into portions which 
result in algebraic and logarithmic functions and a certain number 
of other integrals which give rise to new transcendental functions 
which cannot be expressed by means of a finite number of elemen- 
tary functional symbols. We proceed to consider this reduction. 

The rational function y^ is the quotient of two integral 
polynomials in x and y. Replacing any even power of y, such as 
y^^, by [P(a5)]«, and any odd power, such as by y [P(a;)]®, we 

may evidently suppose the numerator and denominator of this frac- 
tion to be of the first degree in y, 


R(x, y) = 


A + By 
C-hDy 


where A, B, C, D are integral polynomials in x. Multiplying the 
numerator and the denominator each by C - Dy, and replacing y* 
by P(a;), we may write this in the form 


•where F, G, and K are polynomials. The integral is now broken 
up into two parts, of which the first jP/Kdx is the integral of a 
rational function. For this reason we shall consider only the second 
integral / Gy/K dx, which may also be written in the form 


/: 


Mdx 

N-dP{x) 


where ilf and iV are integral polynomials in x. The rational frac- 
tion M/FT may be decomposed into an integral part E(x) and a 
sum of partial fractions 
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where each of the polynomials A'^ is prime to its derivative. We 
shall therefore have to consider two types of integrals, 


Ym 



__ r Ac^a; 
jr»VP(a;) 


Jf the degree of P(x) is p, all the integrals may be expressed 
in terms of the first p — 1 of them^ To? Yi, •••, Pi*- 2 ; certain 
algebraic expressions. 


Eor, let us write 

P{x) = a^x^ + aicc^-* H . 

It follows that 

2mx^^^P(x) -f x^P'jx) 

2 Vp^) 

The numerator of this expression is of degree m + j? — 1, and its 
highest term is {2m ^ p)a^x^-^^^\ Integrating both sides of the 
above equation, we find 

2 a;”' V P{x) =(2wi-f i?)ao^»n+p-i d > 

where the terms not written down contain integrals of the type 
Y whose indices are less than m-\-p — 1, Setting m = 0, 1, 2, • ■ *, 
successively, we can calculate the integrals Pi,-i> Pj,? *•* succes- 
sively in terms of algebraic expressions and the p — 1 integrals 

Po, Fi, •••, Pp-2. . 

With respect to the integrals of the second type we shall distin- 
guish the two cases where X is or is not prime to P{^)- 

1) If X is prime to P{x), the integral reduces to the sum of 
an algebraic term^ a number of integrals of the type Y t, and a new 
integral 

r Bdx 
J X->/P(x) 

where B is a polynomial whose degree is less than that of X, 

Since X is prime to its derivative X' and also to P(a;), X" is prime 
to PX Hence two polynomials X and p can be found such that 
XZ” 4 - /aX'P = A, and the integral in question breaks up into 
two parts: 
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The first part is a sum of integrals of the type Y. In the second 
integral, when w- > 1, let us integrate by parts, taking 


which gives 




j_ r 
i-lJ 2X^- 


P + ixP' 


J x^ (n-l)X^-^ n-lJ VjP(a:) 

The new integral obtained is of the same form as the first, except 
that the exponent of X is diminished by one. Repeating this 
process as often as possible, i.e. as long as the exponent of X is 
greater than unity, we finally obtain a result of the form 

r _ C , r C dx D V7^ 

J x^Vp^~‘J xVp^J 'Vp^~x^-^ 

where B, C, D are all polynomials, and where the degree of B may 
always be supposed to be less than that of X 

2) If X and P have a common divisor B, we shall have X = YD, 
P = SD, where the polynomials B, S, and T are all prime to each 
other. Hence two polynomials X and /i may be found such that 
A = \IP 4" /A E" and the integral may be written in the form 


J X” Vb ~j r«Vp ' 


fidx 

D^^P 


The first of the new integrals is of the iype just considered. The 
second integral, 

/ fidx 

ipVp' 

when D is a factor of F, redmes to the sum of an algebraic term 
and a number of integrals of the type Y, 

For, since IF is prime to the product F'S, we can find two poly- 
nomials and such that = g.. Hence we may write 

r g.dx ^ r r n^SD’ , 

J i)“Vp J ■y/p'^J iyVp'^' 

Eeplaoing P by DS, let us write the second of these integrals in the 
form 
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tiJjLOti- integrate it by parts, taking 


wlxiolx 


ti = fii Vn, 



1 


-f 


Xx dx 

V? 


— gL ^— + — j— 

(n — 2n — 1 J D^-Wp 


Tlxis iB ^S^iix a reduction formula; but in. this case, since tbe expo- 
nen.’b 1/^ is fractional, the reduction may be performed even 

wire XT J9 occurs only to the first power in the denominator, and we 
fimL;al.l 3 r obtain an expression of the form 


I 


fx dx 

jy'Vp 


kVp , CHdx 


wire are and IC are polynomials. 

'X'o Bn^n up our results, we see that the integral 


I 


M dx 

nVp 


ca.xi stlways be reduced to a sum of algebraic terms and a number of 
in-fce^irals of the two types 


/ 


x'^^dx 

'W’ 


I 


dx 

aVp' 


wlxoxr© 7n is less than or equal to jo — 2, where X is prime to its 
<iexi"%rad;i“ve X* and also to P, and where the degree of Xi is less than 
til 3.1: of X, fThis reduction involves only the operations of addition^ 
Trh%€l^£jplicationy and division of polynomials. 

If tlie roots of the equation Z = 0 are known, each of the rational 
f r3Ct:ioxis Xx/ XI can be broken up into a sum of partial fractions of 
tlio fwo forms 

A Bx^C 

X — a ~ "b 

wlxoire P, and C are constants*. This leads to the two new types 


/■ 


dx 

(as — a) Vp(£c) 


r — ^ 

J \Jx — a 


X A' C)dx 


wlrioli reduce to a single type, namely the first of these, if we agree 
to ^llow a to have imaginary values. Integrals of this sort are 
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called integrals of the third kind. Integrals of the type r„, are 
called integrals of the first kind when m is less than p/2 — 1, and 
are called integrals of the second kind when m is equal to or greater 
than pj2 — Integrals of the first kind have a characteristic 
property, — they remain finite when the upper limit increases 
indefinitely, and also when the upper limit is a root of P(a:) 
(§§ 89, 90); but the essential distinction between the integrals of 
the second and third kinds must be accepted provisionally at this 
timn without proof. The real distinction between them will be 
pointed out later. 

Note, Up to the present we have made no assumption about the 
degree j) of the polynomial P(ic). If p is an odd number, it may 
always be increased by unity. Eor, suppose that P(a:) is a poly- 
nomial of degree 2q 


P(x) = 4- 4 • ■ • + 


Then let us set x = a /t/, where a is not a root of P(a5)* 
gives 


P(x)=P(a)4PW-4- 


■4 


p(2«~I)(^) 1 

(2q - 1)! 




This 


where. Pi (y) is a polynomial of degree 2q. Hence we have 

and any integral of a rational function of x and Vp(a; ) is tr ans- 
formed into an integral of a rational function of y and VPi(^). 

Conversely, if the degree of the polynomial P(x) under the radi- 
cal is an even number 2q, it may be reduced by unity provided a 
root of P(x) is known. Tor, if a is a root of P(a5), let us set 
x^ This gives 


P(») = P'(a)p + --4- 


P<^»>(a) 1 Pi(y) 

(22')! i/“« ’ 


where Pi(y) is of degree 2q — 1, and we shall have 





Hence the integran d of th e transformed integral will contain no 
other radical than VPi(y). 
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111 . Case of integration in algebraic terms. We have just seen that an integral 
of the form 

J JK[a;, VP(a;j](fx 

can always be reduced by means of elementary operations to the sum of an inte- 
gral of a rational fraction, an algebraic expression of the form <tVP^/X, and 
a number of integrals of the first, second, and third kinds. Since we can also 
find by elementary operations the rational part of the integral of a rational 
fraction, it is evident that the given integral can always be reduced to the form 

/r[», VP^] dx = P[x, VP(a;)] + T, 

where P is a rational function of x and VP(a:), and where T is a sum of inte- 
grals of the three kinds and an integral J JTi/Xdx, X being prime to its deriva- 
tive and of higher degree than Xi . Liouville showed that if the given integral 
is integrable in algebraic terms, it is equal to P[a;, VP(x)]. We should there- 
fore have, identically, 

R[x, VP^)] = — \fIx, VpiF)]^, 

and hence 7=0. 

Hence we can discover by means of multiplications and divisions of polynomials 
whether a given integral is integrable in algebraic terms or not., and in case it is, 
the same process gives the value of the integral. 


112. Elliptic integrals. If the polynomial P(x) is of the second 
degree, the integration of a rational function of x and P(x) can be 
reduced, by the general process just studied, to the calculation of the 
integrals 



which we know how to evaluate directly (§ 105). 

The next simplest case is that of elliptic integrals, for which P(x) 
is of the third or fourth degree. Either of these cases can be 
reduced to the other, as we have seen just above. Let P(x) be a 
polynomial of the fourth degree whose coefficients are all real and 
whose linear factors are all distinct. We proceed to show that 
a real substitution can always be found which carries P(x) into a 
polynomial each of whose terms is of even degree. 

Let a, 6, c, c? be the four roots of P(x). Then there exists an 
involutory relation of the form 


( 7 ) 


Lx'x^' + M(x^ + sc") 4- = 0 
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wLicli is satisfied by = a, x’’ = bj and by x’ — c, — d. For the 
coefficients L, AT, N need merely satisfy the two relations 

Lab + Ar(a + + -ZV = 0, 

Led + Af(c4"<^)4'-^==^> 

which are evidently satisfied if we take 

£ = a + ^ — c — M =^cd — db, N = ah{c -^r d) — cd(a -\-h). 

Let a and ^ be the two double points of this involution, i.e. the 
roots of the equation 

Lu^ + 2Mu^N=(^. 


These roots will both be real if 

(cd — ahy^ — (a -f- — c — d') (c + ^d (a 4- &)] ]> 0 , 

that is, if 

(8) (a - c) (a - d) (b --^c)(b^d)> 0. 

The roots of P(x) can always be arranged in such a way that this 
condition is satisfied. If all four roots are real, we need merely 
choose a and h as the two largest. Then each factor in (8) is positive. 
If only two of the roots are real, we should choose a and h as the real 
roots, and c and d as the two conjugate imaginary roots. Then the 
two factors a — c and a — are conjugate imaginary, and so are the 
other two, b~c and b — d. Finally, if all four roots are imaginary, 
we may take a and b as one pair and c and d as the other pair of 
conjugate imaginary roots. In this case also the factors in (8) are 
conjugate imaginary by pairs. It should also be noticed that these 
methods of selection make the corresponding values of X, Af, iV real. 

The equation (7) may now be written in the form 


(9) 


— a , x'^ — a 


If we set (x — a)/(x I3) = y, ox x = (fiy — a)/(y — 1), we find 


P(x) = 


P M., 

(y-^y 


where Pi(y) is a new polynomial of the fourth degree with real 
coefficients whose roots are 


a — a h — a e — a d — a 
b-js’ c-js’ d-/3' 

It is evident from (9) that these four roots satisfy the equation 
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4- y'' = 0 by pairs ; hence the polynomial ih (y) contains no term 
of odd degree. 

If the four roots h, c, d satisfy the equation a -\-b = c dj we 
shall have L = 0, and one of the double points of the involution lies 
at infinity. Setting a: = — iV/2Af, the equation (7) takes the form 

— a 4- a: == 0, 

and we need merely set £c = a 4- 2 / in order to obtain a polynomial 
which contains no term of odd degree. 

We may therefore suppose P{x) reduced to the canonical form 

P(x) = AqX"^ 4- AiX^ 4> Ag. 

It follows that any elliptic integral, neglecting an algebraic term 
and an integral of a rational function, may be reduced to the sum 
of integrals of the forms 


^ ^ X dx ^ x^dx 

J AqX^A-AiX^A-A^^ J -s/ AqX^A-AiX^^A-A^ J WAQX*-j-Aii 


and integrals of the form 


£C^4-^2 


The integral 


r : 

J (x — a 


dx 


(x — a) VAorc* 4* AiX^ 4- A^ 
= 

Jx. 


^0 A qX^ 4” AiX^ 4" AI 2 

is the elliptic integral of the Jirst kind. If we consider £c, on the 
other hand, as a function of u, this inverse function is called an 
elliptic function. The second of the above integrals reduces to an 
elementary integral by means of the substitution x^ = u. The third 
integral 

^ x^dx 

J "s/ A qx"^ 4“ A^x^A- A^ 

is Legendre’s integral of the second kind. Finally, we have the 
identity 

C ^ C dx A- a C 

J (x — a) Vplx) J (x^ — a^) VPfic) J (x^ — 


(x — a) Vp(x) 
The integral 




)VP(a:) 
dx 




(x^ 4- 7i) VAo®* 4* Axx^ 4 - Aj 
is Legendre’s integral of the third kind. 
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These elliptic integrals were so named because they were first 
met with in the problem of rectifying the ellipse. Let 

x = aQos<l), y = bsm<l> 

be the coordinates of a point of an ellipse. Then we shall have 
ds^ = dx^ + d^ = (a^ cos^ <^) d<f>^, 

or, setting — b^ == e^a^, 

ds = aVl — e® cos^ffj d(j>. 

Hence the integral which gives an arc of the ellipse, after the sub- 
stitution cos <j> =:t, takes the form 


/ Vl- r 1-eH^ 

dt = a I — 7 - :-=:=z=- 




■ dt. 


It follows that the arc of an ellipse is equal to the sum of an inte- 
gral of the first kind and an integral of the second kind. 

Again, consider the lemniscate defined by the equations 





t(f - a^) 


An easy calculation gives the element of length in the form 


ds^ = dx^ + d'l/ = dt'^. 

i/ “j~ CL 

Hence the arc of the lemniscate is given by an elliptic integral of 
the first kind.* 


113. Pseud o-ellip tic integrals. It sometimes happens that an integral of the 
form /F[jc, \/P(ic)] dx, where P{x) is a polynomial of the third or fourth 
degree, can he expressed in terms of algebraic functions and a sum of a finite 
number of logarithms of algebraic functions. Such integrals are called pseudo^ 
elliptic. This happens in the following general case. Let 

(10) Lx'x" + if (a;' + x'q + N = 0 

be an involutory relation which establishes a correspondence between two pairs of 
the four rooU of the quartic equation P(x) = 0. If the function f{x) be mch that 
the relation 

is identieatly satined, the integral /[/(«)/ VP^] dx is paeudo^elliptic. 


* This is a common property of a whole class of curves discovered by Serret 
{Coura de Oalcul dif^rentiel et integral, Vol. 11, p. 264). 



V,§n3] ELLIPTIC AND HYPERELLIPTIC INTEGRALS 235 


Let a and /3 be the double points of the involution. As we have already 
seen, the equation (10) may be written in the form 


(12) 


z' ^ a x" — a 

— /9 x" — ^ 


= 0 . 


Let us now make the substitution (« — a)/(x — jS) = y. This gives 


dec 


and consequently 


(1-2/)^ ’ 


P(x) 


_ ■Pi(y) 

(1-3/)* 


dx (a — /8) dy 

VP^~ VPi^’ 


where Pi (3/) is a polynomial of the fourth degree which contains no odd powers 
of y (§ 112). On the other hand, the rational fraction f(x) goes over into a 
rational fraction 0(2/), which satisfies the identity <t>{y) -j- (t>{— y) = 0. For if 
two values of x correspond by means of (12), they are transformed into two 
values of y, say y' and y'% which satisfy the equation y' + 3/" = 0. It is evident 
that <t>(y) is of the form y^{y^)^ where ^ is a rational function of y\ Hence 
the integral under discussion takes the form 


/ 


yHy^)dy 


VAoy* + Ai2/2 + 


and we need merely set y^ = zm order to reduce it to an elementary integral. 
Thus the proposition is proved, and it merely remains actually to carry out 
the reduction. 

The theorem remains true when the polynomial P(«) is of the third degree, 
provided that we think of one of its roots as infinite. The demonstration is 
exactly similar to the preceding. 

If, for example, the equation P(x) = 0 is a reciprocal equation, one of the 
involutory relations which interchanges the roots by pairs is x'x" = 1. Hence, 
if /(x) be a rational funct ion which satisfies the relation /(x) + /(1/x) = 0, 
the integral /[/(x)/VP(x)] dx is pseudo-elliptic, and the two substitutions 
(x — !)/(» + 1) = y, 3^2 — 2;, performed in order, transform it into an elementary 
integral. 

Again, suppose that P(x) is a polynomial of the third degree, 

P(x) = x(x-\)(x-^. 

Let us set a = 00, 6 = 0, c = 1, d = \/k^. There exist three involutory rela- 
tions which interchange these roots by pairs : 

. 1 l~k^x" 1-x" 

Hence, if /(x) be a rational function which satisfies one of the identities 
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the integral 


/ 


f{x)dx 

Va;(i- a)(l- * 2 ^ 


is pseudo-elliptic. Prom this others may be derived. For instance, if we set 
z = the preceding integral becomes 


/ 


2f(z^)dz 


V (1 - z^){l - k^z^) 


whence it follows that this new integral is also pseudo-elliptic if f{z^) satisfies 
one of the identities 




/(^') +/ 



0 . 


The first of these cases was noticed by Euler.* 


III. INTEGRATION OF TRANSCENDENTAL FUNCTIONS 


114. Integration of rational functions of sin x and cos x. It is well 
known that sin a; and cos a; may be expressed rationally in terms 
of tan x/2 = t Hence this change of variable reduces an integral 
of the form 



£c, cosx)dx 


to the integral of a rational function of t. For we have 


arc tan t, dx ^ - > sm a; = 5 > 

and the given integral becomes 


coscc = 




r / 2t 2dt 



> 


where #(i) is a rational function. For example, 


hence 



* See Hermite’s lithographed CourSy ith ed., pp. 25-28. 
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The integral J [1/oos x\dx reduces to the preceding by means of the 
substitution x = Trj 2 —y, which gives 

The preceding method has the advantage of generality, but it is 
often possible to find a simpler substitution which is equally suc- 
cessful. Thus, if the function /(sin x, cos x) has the period tt, it is 
a rational function of tan F(tan x). The substitution tan x = t 
therefore reduces the integral to rhs form n 


JpitaiD. x)dx= 

As an example let us consider the integml 


I 


dx 


A cos^ a; + J5 sin x cos x C sin* x D 


where A, B, C, D are any constants. The integrand evidently has the 
period tt ; and, setting tan cc = ^, we find 


cos* x = 


1 


sin X cos X = 


1-f jJ* 


sin* X = 


1-f jJ* 


Hence the given integral becomes 



+ Bt 


dt 

+ C^*-f 


The form of the result will depend upon the nature of the roots 
of the denominator. Taking certain three of the coefficients zero, 
we find the formulse 


/: 


dx 

cos* X 


= tan £c, 


/ 


h 


dx 


sin X cos x 


= log tancc, 


dx 

sin*£c 


= — cot X. 


When the integrand is of the form i2(sin x) cos a;, or of the form 
i2(cos £c) sin jc, the proper change of variable is apparent. In the 
first case we should set sin £c = ^ ; in the second case, cos x = t. 

It is sometimes advantageous to make a first substitution in order 
to simplify the integral before proceeding with the general method. 
For example, let us consider the integral 


/ 


dx 


a cos a; -|- ft sin a; c 
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where a, h, c are any three constants. If /> is a positive number 
and <j> an angle determined by the equations 


we shall have 


a =: p cos b = p sin fp, 


p = 4- cos = • 


sin <l> ■ 


and the given integral may be written in the form 

♦ f ^ = f 

J pQ>OB{x — <j>)+ C J pcosy -\-c 

where a; — = y. Let us now apply the general method, setting 

tan yJ2 =zt. Then the integral becomes 



2dt 

e + (^c — p) 


and the rest of the calculation presents no difficulty. Two different 
forms will be found for the result, according as == a* 4 - 

is positive or negative. 

The integral 


I 


m cos a; 4- ^ sin a? 4- 
d C 08 X 4- b sin 03 4- c 


dx 


may be reduced to the preceding. For, let = a cos 03 4- 6 sin o; 4- c, 
and let us determine three constants X, /x., and v such that the equation 

m cos 03 4- 71 sin a; 4- jo == Xu-j- p — + v 

dx 


is identically satisfied. The equations which determine these num- 
bers are 

m = Xa 4- J n^yjb — p z=: Xc v. 


the first two of which determine X and p. The three constants hav- 
ing been selected in this way, the given integral may be written in 
the form 


^ Xu + p 


du 

dx 


• dx = Xx p log w 4- V / — 
J ® 


dx 


cos 03 4- i sin a; 4- c 


Example. Let us try to evaluate the definite integrid 


X 


dx 

14 - e cos*’ 


where |6|<1. 
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Considering it first as an indefinite integral, we find successively 

r d® _ o r — 2 r ^ 

J 1 + e~^8X " J 1 + e + (1 - 6)^2 vI37v ^ 

by means of the successive substitutions tanx/2 = i, < = V(1 + e)/(l — e)* 

Hence the indefinite integral is equal to 

2 , / ll ^ ^ x\ 

— — — ~ arc tan I tan - J • 

Vl - \ \ 1 + c 2/ 

As X varies from 0 to tt, V(1 — e)/(l+ e) tan x/2 increases from 0 to + co, and 
the arctangent varies from 0 to 7f/2. Hence the given definite integral is equal 
to Tcj V(1 e^). 


115. Reduction formulae. There are also certain classes of integrals 
for which reduction formulae exist. For instance, the formula for 
the derivative of tan"-^aj may be written 
d_ 
dx ' 

whence we find 


■ (tan““^a:) = (?i -—1) tan“"^a; ( 1 4 - tan^x) > 


J tan”a: dx = -J tan"-®* dx. 

The exponent of tanx in the integrand is diminished by two units. 
Repeated applications of this formula lead to one or the other of 
the two integrals 

J* dx=^Xj J^tmxdx = — log coBx. 

The analogous formula for integrals of the type /cot"x dx is 

J" cot”xcte = — ~J' 

In general, consider the integral 

^ 8ill”*x C 08 **xdx, 

where m and n are any positive or negative integers. When one of 
these integers is odd it is best to use the change of variable given 
above. If, for instance, ??. = 2j9 4 1, we should set sin x = tj which 
reduces the integral to the form /^"‘(l — 

Let us, therefore, restrict ourselves to the case where wt and n are 
both even, that is, to integrals of the type 
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which may be written in the form 






TaJkmg cos^'^a? sina; dx m t!m differantial of [ I /CJn 1 1 * * j-, 

an integration by parte gives 


I = 


« siir' 


^ fijt 


2m, If., 
, I mn* 
2n 4' IJ 




which may be written in the form 

tA) T SM sin^*”'’ *x eoa^”^ 2m 1 * 

( ) “ 2(m4’«) 2(m'| n) 

This formula enables us to diminish the #oc|Kment m wtliioiif, alter-’ 
ing the second exponent. If m m negative, mi anabigous foriinik 
may lie obtained by solving the cxtuiition (A) with rei|mi*t to 
and replacing m by 1 — w : 


(B) /' 


sin*" e08®'‘‘* *dr 


I 


4. ^ 0 / 

1 2m 


The following analogous formulm, which are easily dcrivwl, (niaWo 

US to reduce the exponent of mnx: 


(C) 

(D) 


L. 

L 


snr 


im f I 


X <^OS‘ 


,sr»t - I , 


2{m 4 **■) 
cos* 

t"^2a 


■f ..2l;iL r 

I ll| * 

i 2a 


Eepeated applications of tliese formulfi* r«!ncii emdi of llio mnti. 
berg m and n to fsn% The only ease in which wii shimld Im iiiiftlilc Ux 
proceed is that in which we obtain an integral where | « , ft 
But such an integral is of one of the ty|Wi for which rttilitciioii fur' 
mul© were derived at the iKsginniug of this article. 

lt$. 'Wanii» fematei. "Hitre exist mluctlon fornmtw wlietticr lli« 
m and n ar® even or odd. 

As an example let ui try to evaluate the diinlte Iiitefral 

/w - 

where m- Is a positive Integer, An Intigiutioa hy p»'t« glvti 

’iln"- > * «ln * (fa m - [c«« * iin« - 1 * I J 5 , 1 ^,. , ^ ^ 
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whence, noting that cosx 8in»»” * x vanishes at both limits, we find the formula 

= (m - 1) _ sin2x)(2« = (m — l)(Im-3 — Im)i 

which leads to the recurrent formula 
(18) 

m 

Repeated applications of this formula reduce the given integral to Jo = ?t/2 
if m is even, or to Ii = 1 if m is odd. In the former case, taking m = 2p and 
replacing m successively by 2, 4, 6, • • • , 2p, we find 


r 2p ~ 1 


or, multiplying these equations together, 


Similarly, we find the formula 


1 . $ . 5 . . ♦ (2p - 1) TT^ 
2.4.6.--2P 2 ’ 

2.4. 6... 2p 
' 1.3.6--.(2p4-l)‘ 


A curious result due to Wallis may be deduced from these forinulm. It Is 
evident that the value of Im diminishes as m increases, for sin^^+^x is less than 
sin"*®. Hence 

I2JP +■ I < ^2p < I2P-1 1 

and if we replace J2;,4.b Izp, values from the formulae above, we 

find the new inequalities 

where we have set, for brevity, 

2 2 4 4 2p - 2 2p 
r3'3‘6*'*2p~l'2p~l‘ 

It is evident that the ratio 7e/2Bp approaches the limit one as p increases indefi- 
nitely. It follows that 7r/2 is the limit of the product Sfp as the number of 
factors increases indefinitely. The law of formation of the successive factors is 
apparent. 

117. The integral f cos (ax ■+• b) cos (a'x + b') • • • dx. Let us consider 
a product of any number of factors of the form cos (ax 4- where 
a and b are constants, and where the same factor may occur several 
times. The formula 

cos (u + v) , cos (u — v) 
cos u cos V = ^ 1 ^“2 ^ 
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enables ns to replace the product of two factors of this sort by 
sum of two cosines of linear functions of x ; hence also the proc 
of n factors by the sum of two products of ^ — 1 factors ei 
Repeated applications of this formula finally reduce the given i 
gral to a sum of the form % H cos (Ax J5), each term of whic! 
immediately integrable. If A is not zero, we have 

+ B)d^ = 4 - c, 

while, in the particular case when A == 0, / cos B dx^x cos B ^ 
This transformation applies in the special case of products 
the form 

cos”* a; sin” a;. 


where m and n are both positive integers. For this product r 
be written 

COS”'£C cos”^~ — , 

and, applying the preceding process, we are led to a sum of sines i 
cosines of multiples of the angle, each term of which is immedial 
integrable. 

As an example let us try to calculate the area of the curve 



which we may suppose given in the parametric form a? = a coi 
y ■=,}) sin® where B varies from 0 to 27r for the whole curve. \ 
formula for the area of a closed curve, 


gives 


A = i f xdy—ydx, 

=x 


S(XB m „ ^ n ^ 

sin^^ cos^ 0d$, 


But we have the formula 

(sin e cos ey = ^ sin“2fl = i (1 — cos AO) . 
Hence the area of the given curve is 


__ 3a& f/i sin STrab 

-lel^ —j =— • 
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It is now easy to deduce the following forruulse •. 


sin^a; dx = J' ~ 

r • 8 ^ fSsi 

I sm®£c dx = f 

J' sin^a: dx^J 


cos 2x 


dx 


X sin 2x 




sin X — sin 3a; 


, 3 cos X , cos 3a; . ^ 

^ = ^+-i2- + ‘^> 


3 — 4 cos 2a; + cos 4a; _ 3a; sin 2a: , sin 4» , ^ 

8 4 -+- 3 F + ''’ 


J cos^aj dx^ J 
J cos®a; dx= J 
J* cos* X dx= J 


1 4 - cos 2x 


dx 


3 cos X 4- cos 3a; 
4 


dx 


X , sin 2 a; , ^ 

-2 + — +C, 

3 sin a; , sin 3a; . ^ 


3 4-4 cos 2a; - 1 - cos 4a; 
8 


- 3a; , sin2a; , sin4a; . ^ 

‘^=-8 +- + - 32 - + ^’ 


A general law may be noticed in these formulae. The integrals 
F{x) = sin" a; dx and ^{x) = cos"x dx have the period 27r 
when n is odd. On the other hand, when n is even, these integrals 
increase by a positive constant when x increases by 27r. It is evi- 
dent a priori that these statements hold in general. For we have 


^2rr + ac 

f sin"xcZx4- / sin^xdXf 

0 */a 7 r 

r 

J ^2jr px 

I sin"xc?x4*' / sin"xc?a5 = F(x) 4- I sin"xc?x, 
0 c/o i/O 


since sin x has the period 27r. If n is even, it is evident that the 
integral jr^"^sin"x dx is a positive d^antity. If n is odd, the same 
integral vanishes, since sin (x 4 - tt) = — sin x. 


JSfoto, On account of the great variety of transformations appli- 
cable to trigonometric functions it is often convenient to introduce 
them in the calculation of other integrals. Consider, for example, 
the integral /[1/(1 4 - x®)^]c2x. Setting x = tan<i(>, this integral 
becomes J cos <f> dtp = sin <l> C. Hence, returning to the variable x, 



dx 


X 

Vl 4- 


+ CT, 


which is the result already found in § 106. 
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118. The integral f R(x)a“*dx. Let us now consider an integral 
of the forna f R(x)e*^^dx, where R(x) is a rational function of x. 
Let us suppose the function R(x) broken up, as we have done 
several times, into a sum of the form 




where E(x), Ai , A ^, . • A^, Xi, • • •, are polynomials, and X; is 

prime to its derivative. The given integral is then equal to the 
sum of the integral f B(x)e*^^dx, which we learned to integrate in 
§ 85 by a suite of integrations by parts, and a number of integrals 
of the form 


/ 


Ae^^^dx 

X” 


There exists a reduction formula for the case when n is greater 
than unity. For, since X is prime to its derivative, we can determine 
two polynomials X and /j. which satisfy the identity = XX4-/iX'. 
Hence we have 


CAd^^dx fke^^dx , 

J x* j x» 


and an integration by parts gives the formula 



X'dx 

X'^ 


1 

n — 1 X«“i 


I 1 + 

w - 1 J X"-i 


dx. 


Uniting these two formulae, the integral under consideration is 
reduced to an integral of the same type, where the exponent n is 
reduced by unity. Repeated applications of this process lead to 
the integral 

where the polynomial B may always be supposed to be prime to 
and of less degree than X. The reduction formula cannot be applied 
to this integral, but if the roots of X be known, it can always be 
reduced to a single new type of transcendental function. For 
definiteness suppose that all the roots are real. Then the integral 
in question can be broken up into several integrals of the form 
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Neglecting a constant factor, the substitutions a? = a -f y/tny w = e*' 
enable us to write this integral in either of the following forms : 



The latter integral [1/log u\d/iL is a transcendental function which 
is called the integral logarithm. 


119. Miscellaneous integrals. Let us consider an integral of the form 



X, QOSX)dXy 


where / is an integral function of sin x and cos x. Any term of 
this integral is of the form 



sin”* 05 cos” a; dXy 


where m and n are positive integers. We have seen above that the 
product sin”* a; cos” a; may be replaced by a sum of sines and cosines 
of multiples of x. Hence it only remains to study the following 
two types: 


/ 


e"® cos hx dxy 


f 


sin bx dx. 


Integrating each of these by parts, we find the formulae 


e"® cos hx dx ■ 


I 


sin hxdx^ ' 


e*® sin hx 


e®® cos hx 


?/•*“ 

1 / 


sin hxdxy 


e®® cos hx dx. 


Hence the values of the integrals under consideration are 


/ a* , , e^(a cos hx ~\-h sin hx') 

e®* cos hx dx = — 

a^ 4 - h^ 

sin hx dx = 

J a^-\-h^ 

Among the integrals which may be reduced to the preceding 
types we may mention the following cases: 
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where / denotes any integral function. In the first two oases we 
should take log x or arc sin x as the new variable. In the last 
two we should integrate by parts, taking f(x) dx as the differential 
of another polynomial F(x)j which would lead to types of integrals 
already considered. 

EXERCISES 


1. Evaluate the indefinite integrals of each of the following functions : 
1 1 — — — x 1 -f vT+lc 


{x^ + iy a;(a;8+i)8 
1 


(x* + 1)® 1 ~ Vx 

1 X 


l + x + Vl + x**’ 1— -^1 + x' Vx 4- Vx + 1 + Vx(x + 1) ’ cos^x 

xe*co8X, 


£ 

x« tanx. 


Va 4- 

2. Find the area of the loop of the folium of Descartes ; 

X® 4- y® — Boxy = 0. 

3. Evaluate the integral fydXj where x and y satisfy one of the following 
identities : 

(x^ — — ay^ {2y 4 - 3a) = 0 , 2 /’ (« — ») = **» y = a (v® — ♦ 

4. Derive the formulae 

sin”x cosnx 


y'sin^-ix cos(n 4* l)x(fx = ^ 

, • / . -.v j sin^xsinnx 

sm«- lx sm (n 4 - 1) X dx = 

y* cos«-ixcos(n + l)xdx = 

/ 


cos**x sinnx 

__ 


4* C , 

4- C, 

+ C, 


cos"-ixsin (n 4 - l)xdx = ~ S . P . L . ? . — ^ ( 7 . 


6. Evaluate each of the following pseudo-elliptic integrals : 


[Eun»E.] 


f (i4-x®)dx r 

J (1-x®)vT4^’ J ] 


(1-X^)(lx 

(14-x®)\/iT^* 


(1-x2)vT4^ 

6. Reduce the following integrals to elliptic integrals ; 

B(x)dx 


I 


Va(l + *“) + 6 !c( 1 + !6<) + cx®(l + xS) + dx* 
J B(x)dx 


V a (1 4“ X®) 4- bx® (1 4- x*) 4- cx* 
where JB(x) denotes a rational function. 
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7*. Let a, 6, c, d be the roots of an equation of the fourth degree P(x) = 0. 
Then there exist three involutory relations of the form 


x' = — 




^ = 1, 2, 3, 


which interchange the roote by pairs. If the rational function fix) satisfies the 
identity 


V ii® + -Ml/ 


the Integral /[/(x)/ VP (x)] dx is pseudo-elliptic (see Bulletin de la Socm mam- 
matique, Vol. XV, p. 106). 

8. The rectification of a curve of the type y = Axi^ leads to an integral of 
a binomial differential. Discuss the cases of integrability. 


9. If a > 1, show that 


X 


dx 


Hence deduce the formula 

> + i 


x: 


1 (a — x) Vl -- x2 Va* — l 

1.3.6».-(271--1) 
2.4.6...2n 


x2"dx 


vT^ 

10. If -40 — J52 > 0, show that 

^ 1 . 8 . 6 ♦ . . (2n ~ 3) 

c/— «5 


TT. 




{Ax^ -}- 2Bx + 0)« 2.4.6.. • (2n ~ 2) " (AC B^)n+i,' 

[-A-pply the reduction formula of § 104.] 

11. Evaluate the definite integral 

sin^xcZx 


X 


1 -h 2a cosx + a** 


12. Derive the following formulae : 
-* + 1 


x: 


dx 


Vl - 2urx -f Vl — 2/9x + 


log 




ap>0. 




(1 ~ ax)(l - px)dx 


-1 (1 - 2ax + a^)(l - 2/3x -f- ^2) Vl ~ x^ 2 1 
13*. Derive the formula 

X"*~ldx _ Tf 
/o 1 + ®" 


■ ap* 


X' 

*yo 


n sin 


mTf 


n 


where m and n are positive integers (w<n). [Break up the integrand into 
partial fractions.] 
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14. From the preceding exercise deduce the formula 

Jo 


r 


0<a<l. 


1 + a; sin 

16. Setting (t + 1)^ dt, deduce the following reduction formulae : 

(p + g + 1) Ip. g = + 1)^ + Pip-i, 9 » 

(p ~ l)I^p,g = + 1)1-^ - (2 + q-p)I^p + i,q, 

and two analogous formulae for reducing the exponent g. 

16. Derive formulae of reduction for the integrals 






"s/jA-x^ ^JBx -}“ 0 


•=/ 


dx 


{x - a)”» ^/Ax^ + 2J?x + C 


17*. Derive a reduction formula for the integral 


J f*^ x*^dx 

0 vf^' 

ous to that of y 
dx 

Jo vT^ 


Hence deduce a formula analogous to that of Wallis for the definite integral 


18. Has the definite integral 


a finite value ? 


s: 


dx 


1 4- X* sin^x 


19. Show that the area of a sector of an ellipse hounded by the focal axis 
and a radius vector through the focus is 

r ^ 

(l+ecos..)^’ 

where p denotes the parameter h^a and e the eccentricity. Applying the gen- 
eral method, make the substitutions tan w/2 = t, t = w V'(l + e)/(l — e) succes- 
sively, and show that the area in question is 

A = a6 I arc tanw — e — - — ) . 

V 1 + W 

Also show that this expression may be written in the form 
A = _(<6_esin^), 

where <p is the eccentric anomaly. See p. 400. 

20. Find the curves for which the distance ITT, or the area of the triangle 
MNT, is constant (Fig. 3, p. 31). Construct the two branches of the curve. 

[licence, Paris, 1880; Toulouse, 1882.] 
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21» Setting 


”""0767^^ Jo 


deriye the recurrent formula 


^n+i = (27i-f l)x„~aj 
From this deduce the formulae 


da? 


A2p = I 7 ‘ 2 p sin a: + cos x , 

-d.2^ + 1 = ir2p 4 . 1 sin a; 4 - Fap + 1 cos a; , 

where Fjp, Oap + i, F2p+i are polynomials with integral coefficients, and 
where ir2p and I 72 p + i contain no odd powers of x. It is readily shown that 
these formulae hold when n = 1 , and the general case follows from the above 
recurrent formula. 

The formula for A2p enables us to show that tt* is incommensurable. For if 
we assume that 7ty4 = 6 /a, and then replace x by 7 t /2 in A2p , we obtain a 
relation of the form 




JaT. 

. 4 . 6 . 




where Hi is an integer. Such an equation, however, is impossible, for the light* 
hand side approaches zero as p increases indefinitely. 



CHAPTER VI 


DOUBLE INTEGRALS 

L DOUBLE INTEGRALS METHODS OF EVALUATION 
GREENES THEOREM 

120. Continuous functions of two variables. Let z = f{x, y) be a 
function of the two independent variables x and y which is contin- 
uous inside a region A of the plane which is bounded by a closed 
contoxir C, and also upon the contour itself. A number of proposi- 
tions analogous to those proved in § 70 for a continuous function 
of a single variable can be shown to hold for this function. For 
instance, given any positive number c, the region A can he divided into 
subregions in such a way that the difference between the values of z at 
any two points (cc, t/), (x\ y*) in the same subregion is less than c. 

We shall always proceed by means of successive subdivisions as 
follows : Suppose the region A divided into subregions by drawing 
parallels to the two axes at equal dis- 
tances 8 from each other. The corre- 
sponding subdivisions of A are either 
squares of side 8 lying entirely inside 
or else portions of squares bounded in 
part by an arc of C. Then, if the prop- 
osition were untrue for the whole region 
Af it would also be untrue for at least 

^ I ~ ® one of the subdivisions, say Ai. Sub- 

1 Fig. 23 , 

dividing the subregion Ai in the same 

manner and continuing the process indefinitely, we would obtain a 
sequence of squares or portions of squares A, Ai, •••, A^, •••, for 
which the proposition would be untrue. The region A^ lies between 
the two lines £c = and x = b^, which are parallel to the y axis, 
and the two lines y = which are parallel to the x axis. 

As n increases indefinitely and approach a common limit X, 
and and d^ approach a common limit /x, for the numbers 
for example, never decrease and always remain less than a fixed 
number. It follows that all the points of A,^ approach a limiting 
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point (X, fx) which, lies within or upon the contour C. The rest of 
the reasoning is similar to that in § 70 ; if the theorem stated were 
untrue, the function /(«, y) could be shown to be discontinuous at 
the point (X, /a), which is contrary to hypothesis. 

Corollary. Suppose that the parallel lines have been chosen 
so near together that the difference of any two values of z in any 
one subregion is less than c/2, and let 97 be the distance between 
the successive parallels. Let (a:, y^ and (x\ y^) be two points inside 
or upon the contour C, the distance between which is less than rj. 
These two points will lie either in the same subregion or else in 
two different subregions which have one vertex in common. In 
either case the absolute value of the difference 

y) y') 

cannot exceed = e. Hence, given any positive number c, another 
positive number rj can be found such that 

y) y’)\<^ 

whenever the distance between the two points (x, y) and (x\ f), which 
lie in A or on the contour C, is less than rj. In other words, any func- 
tion which is continuous in A and on its boundary C is uniformly 
continuous. 

From the preceding theorem it can be shown, as in § 70, that every 
function which is continuous in A (inclusive of its boundary) is neces- 
sarily finite in .it. If ilT be the upper limit and m the lower limit of 
the function in A, the difference M — m is called the oscillation. The 
method of successive subdivisions also enables us to show that the 
function actually attains each of the values m and M at least once 
inside or upon the contour C. Let a be a point for which z = m 
and b a point for which « = M, and let us join a and ^ by a broken 
line which lies entirely inside C. As the point (sc, y^ describes this 
line, » is a continuous function of the distance of the point (a;, y) 
from the point a. Hence z assumes every value y. between m and 
M at least once upon this line (§ 70). Since a and b can be joined 
by an infinite number of different broken lines, it follows that the 
function /(x, y) assumes every value between m and M at an infinite 
number of points which lie inside of C, 

A finite region A of the plane is said to be less than I in all its 
dimensions if a circle of radius I can be found which entirely 
encloses A. A variable region of the plane is said to be infinitesimal 
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in all its dimensions if a circle whose radius is arbitrarily preas- 
signed can be found which eventually contains the region entirely 
within it. For example, a square whose side approaches zero or an 
ellipse both of whose axes approach zero is infinitesimal in all its 
dimensions. On the other hand, a rectangle of which only one side 
approaches zero or an ellipse only one of whose axes approaches zero 
is not infinitesimal in all its dimensions. 

121. Double integrals. Let the region A of the plane be divided 
into subregions ai, manner, and let w.- be the area of 

the subregion «»•, and Mi and m* the limits of f(Xj y) in a,*. Consider 
the two sums 

n n 

»=l t=l 

each of which has a definite value for any particular subdivision 
of A. None of the sums S are less than mO,* where O is the area of 
the region A of the plane, and where m is the lower limit of /(x, y) 
in the region A ; hence these sums have a lower limit I. Likewise, 
none of the sums s are greater than AfO, where M is the upper limit 
of /(a;, y) in the region A ; hence these sums have an upper limit J'. 
Moreover it can be shown, as in § 71, that any of the sums S is 
greater than or equal to any one of the sums s ; hence it follows 
that 

I>I\ 

If the function /(cc, y) is continuous, the sums S and s approach 
a common limit as each of the subregions approaches zero in all its 
dimensions. For, suppose that is a positive number such that the 
oscillation of the function is less than c in any portion of A which 
is less in all its dimensions than ly. If each of the subregions a^, 
• * *, be less in all its dimensions than i;, each of the differences 
Mi — nfii will be less than c, and hence the difference S — s will be 
less than cG, where O denotes the total area of A, But we have 

S-s = S^lA-I-r + r-8, 

where none of the quantities S — T, I — T, I' s can be negative. 
Hence, in particular, / • /'dcO; and since c is an arbitrary posi- 
tive number, it follows that / = P. Moreover each of the numbers 
/ and I s can be made less than any preassigned number by 

*If f{z, y) is a constant k, = m = Jiff = w,- = A;, and S = « = = MO, — 

Tka-NS. 
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a proper choice of c. Hence the sums S and s have a common limit 
y, which is called the dovhle integral of the function /(«, y) extended 
over the region A. It is denoted by the symbol 

f f y)dxdy, 

and the region A is called the field of integration, 

If Vi) inside or on the boundary of the sub- 

region a,., it is evident that the sum •»;,;) o>f lies between the two 
sums S and 5 or is equal to one of them. It therefore also 
approaches the double integral as its limit whatever be the method 
of choice of the point (4-, v^- 

The first theorem of the mean may be extended without difBlculty 
to double integrals. Let f(x^ y) be a function which is continuous 
in A, and let <^(x, y) be another function which is continuous and 
which has the same sign throughout A. For definiteness we shall 
suppose that y) is positive in A, If M and m are the limits of 
/(x, y) in Ai it is evident that * 


>/(4 j vd^i^if Vi)^i > Vi)^i- 


Adding all these inequalities and passing to the limit, we find the 
formula 


/ / f{^> y)^{x,y)dxdy = iL\ f 4>{x,y)dxdy, 
J J(,A) J J{A) 


where /a lies between M and m. Since the function f(x, y) assumes 
the value /a at a point (f, ij) inside of the contour C, we may write 
this in the form 


0) r r fO>) =f(i> v) f f y)dx<iy> 

J Ju'> 'J .^(-0 

which constitutes the law of the mean for double integrals. If 
y) = 1, for example, the integral on the right, J* J* dxdy^ extended 
over the region A, is evidently equal to the area O of that region. 
In this case the formula (1) becomes 

(2) ff f(x,y)dxdy = n/(i,iij). 

J J{A) 


!!/(«, y) is a constant k, we shall have M:=m— A;, and these inequalities become 
equations. The following formula holds, however, with f*= k. — Trans. 
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122. Volume. To the analytic notion of a double integral corre- 

sponds the important geometric notion of volume. Let /(a;, y) be 
a function which is continuous inside and upon a closed contour C. 
We shall further suppose for definiteness that this function is posi- 
tive. Let S be the portion of the surface represented by the equa- 
tion z=:f(Xy y) which is bounded by a curve T whose projection 
upon the xy plane is the contour C. We shall denote by E the por- 
tion of space bounded by the xy plane, the surface S, and the cylinder 
whose right section is C. The region A of the xy plane which is 
bounded by the contour C being subdivided in any manner, let be 
one of the subregions bounded by a contour and tOf the area of 
this subregion. The cylinder whose right section is the curve Ct cuts 
out of the surface N a portion bounded by a curve yf. Let Pi and 
Pi be the points of Si whose distances from the xy plane are a mini- 
mum and a maximum, respectively. If planes be drawn through 
these two points parallel to the xy plane, two right cylinders are 
obtained which have the same base cof, and whose altitudes are the 
limits Mi and of the function /(a;, y) inside the contour respec- 
tively. The volumes Vi and Vi of these cylinders are, respectively, 
WiMi and The sums S and 5 considered above therefore repre- 

sent, respectively, the sums and ^Vi of these two types of cylin- 
ders. We shall call the common limit of these two sums the voluine 
of the portion E of space. It may be noted, as was done in the case 
of area (§ 78), that this definition agrees with the ordinary concep- 
tion of what is meant by volume. 

If the surface S lies partly beneath the xy plane, the double integral 
will still represent a volume if we agree to attach the sign — to the 
volumes of portions of space below the xy plane. It appears then that 
every double integral represents an algebraic sum of volumes, just as 
a simple integral represents an algebraic sum of areas. The limits of 
integration in the case of a simple integral are replaced in the case of a 
double integral by the contour which encloses the field of integration. 

123. Evaluation of double integrals. The evaluation of a double 
integral can be reduced to the successive evaluations of two simple 
integrals. Let us first consider the case where the field of integration 


♦By the volume of a right cylinder we shall understand the limit approached by 
the volume of a right prism of the same height, whose base is a polygon inscribed in 
a right section of the cylinder, as each of the sides of this polygon approaches zero, 
^his definition is not necessary for the argument, but is useful in showing that the 
definition of volume in general agrees with our ordinary conceptions. — XiiANS.] 



VI, §123] INTRODUCTIOJ^^ GREEN’S THEOREM 


255 


is a rectangle R bounded by the straight lines x = x = X, 

y = y = where a^o < X and < F. Suppose this rectangle 
to be subdivided by parallels to the two axes x ^ y = 

(i = 1, 2, • • •, ; /c = 1, 2, • • •, m). The area of the small rectangle 

i2,x- bounded by the lines = «£_!, a; = y = y = y* is 

(Xi — i»i_i)(y* — yjt-i). 

Hence the double integral is the limit of the sum 

n tn 

(^) fi^iky Vik)(^i ^i-i)(j/k “ yjb-l) > 

i«l 

where 17, x-) is any point 

inside or upon one of the 
sides of Rif^, 

We shall employ the in de- 
termination of the points 
{iik) Vik) order to simplify 
the calculation. Let us re- 
mark first of all that if f(x) 
is a continuous function in 
the interval (a, h), and if the interval (a, b) be subdivided in any 
manner, a value can be found in each subinterval a;^) such 
that 

(4) J f(^) =y’(^l) +/(f2) (^^3 — Jz;i) H by’(i„) (5 •— a;„ _ j) , 

For we need merely apply the law of the mean for integrals to each of 
the subintervals (a, ccj), (xi, x^), • • • , h) to find these values of f,- . 

Now the portion of the sum which arises from the row of rec- 
tangles between the lines x — and x = x,. is 

(Xi — ^a)(yi 2^0) — yi) H — 

Vik)(yk ~ yife~0 4- • • •]• 

Let US take == ^.^ = • • • = = x^^i, and then choose 17,1, • • • 

in such a way that the sum 

Vn)(yi - Vo) VaXVi - yi) + *• * 

is equal to the integral ’w^here the integral is to be 

evaluated under the assumption that Xi_i is a constant. If we pro- 
ceed in the same way for each of the rows of rectangles bounded by 
two consecutive parallels to the y axis, we finally find the equation 

(5) ^ = ^(xo)(xi -Xo) -Xi) -f • . . + + • • *, 
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wLera we have set for brevity 

*(“)= f /(®) 

v'Vo 

This function <^(x), defined by a definite integral, where x is con- 
sidered as a parameter, is a continuous function of x. As all the 
intervals — approach zero, the formula (5) shows that S 
approaches the definite integral 


I 


X 

^(x)dx. 


Hence the double integral in question is given by the formula 


[X) y)dxdy = f dx 

Jxq 

In other words, in order to evaluate the double integral, the function 
f(x^ y) should first he integrated between the limits y^ and F, regard^ 
ing x as a constant and y as a variable; and then the resulting func- 
tion^ which is a function of x alone, should he integrated again between 
the limits x^ and X, 

If we proceed in the reverse order, i.e. first evaluate the portion 
of S which comes from a row of rectangles which lie between two 
consecutive parallels to the x axis, we find the analogous formula 




f f y)dxdy- f dy f 
^ J(R) Jvo Jx^ 


X 

fix, y)dx. 


A comparison of these two formulae gives the new formula 



Y 

A^y y) = 



X 

fix, y)dx, 


which is called the formula for integration under the integral sign. 
An essential presupposition in the proof is that the limits Xq, X, y^, Y 
are constants, and that the function fix, y) is continuous throughout 
the field of integration. 


Mxamfile, Let & = xyja. Then the general formula gives 
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In general, if the function f(x, y) is the product of a function of x 
alone by a function of y alone, we shall have 


I / <i>(x)il/(y)dxdy= I <j,(x)dx x f <l'(y)dy. 


The two integrals on the right are absolutely independent of each 
other. 


Franklin * has deduced from this remark a very simple demonstration of cer- 
tain interesting theorems of Tchebycheff. Let if>{x) and ^(x) be two functions 
which are continuous in an interval (a, 6), where a <h. Then the double integral 

f f IH^) - - <f'(.V)]dxdy 

extended over the square hounded by the lines » = a, x = 6, y = a, y = 6 is equal 
to the difference 

2(6 - a) f^<f){x)\l/{x)dx — 2 T <j>{x)dx x f yj/(x)dx. 

Ja da da 

But all the elements of the above double integral have the same sign if the two 
lunctions <f>{x) and \l/(x) always increase or decrease simultaneously, or if one of 
them always increases when the other decreases. In the first case the two func- 
tions 4>{x)—<t>{y) and yp{x) — ^(y) always have the same sign, whereas they have 
opposite signs in the second case. Hence we shall have 

(6 - a) j' ^<i>{x)rp{x) dx > J%(x) dx xj \ix) dx 

whenever the two functions 0(x) and\f'(x) both increase or both decrease through- 
out the interval (a, 6). On the other hand, we shall have 

(6 -a) f\{x)\p(x)dx< f\{x)dx x f yj/(x)dx 

da da da 

whenever one of the functions increases and the other decreases throughout the 
interval. 

The sign of the double integral is also definitely determined in case 4>{x) = ^(x), 
for then the integrand becomes a perfect square. In this case we shall have 

(b - a)j\4.{x)ydx > [ 

whatever be the function <p(x), where the sign of equality can hold only when 
tp(x) is a constant. 

The solution of an interesting problem of the calculus of variations may be 
deduced from this result. Let P and Q be two fixed points in a plane whose 
coordinates are (a, A) and (6, JB), respectively. Let y =f(x) be the equation of 
any curve joining these two points, where /(x), together with its first derivative 


^American Journal of Mathematics, Vol. VII, p. 77. 




268 


DOUBLE INTEGRALS 


[VI, § 124 


f'{z), is supposed to be continuous in the interval (a, 6). The problem is to 
find that one of the curves y-f(x) for which the integral is a 

minimum. But by the formula just found, replacing 0(a;) by y' and noting 
that /(a) = A and /(b) = R by hypothesis, we have 

{h - a) jy^dx'^(B A)\ 

The minimum value of the integral is therefore (B - A)y(h - a), and that value 
is actually assumed when y' is a constant, i.e. when the curve joining the two 
fixed points reduces to the straight line PQ. 


124. Let us now pass to the case where the field of integration is 
bounded by a contour of any form whatever. We shall first suppose 
that this contour is met in at most two points by any parallel to the 
y axis. We may then suppose that it is composed of two straight 

lines 03 = a and x =zh (a Kb) 
and two arcs of curves APB 
and A' QB' whose equations are 
Yi = <t>i(x) and Fj = <l> 2 (x)f re- 
spectively, where the functions 
<f>i and <l >2 are continuous be- 
tween a and b. It may happen 
that the points A and A ^ coin- 

FI0.25‘‘‘*‘ ^ ^ -S' CO™- 

. , cide, or both. This occurs, for 

instance, if the contour is a convex curve like an ellipse. Let us 
again subdivide the field of integration R by means of parallels to 
the axes. Then we shall have two classes of subregions : regular if 
they are rectangles which lie wholly within the contour, irregular 
if they are portions of rectangles bounded in part by arcs of the 
contour. Then it remains to find the limit of the sum 



where «, is the area of any one of the subregions and (i, „) is a point 
in that subregion. 

Let us first evaluate the portion of S which arises from the row 
of subregions between the consecutive parallels x = x- x == x 
These subregions will consist of several regular onesrbeginning 
with a vertex whose ordinate is g'> r, and going to a vertex whose 
ordinate is y < Y„ and several irregular ones. Choosing a suitable 
point in each rectangle, it is clear, as above, that the portion 

of S which comes from these regular rectangles may be written in 
tne form 
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(Xi - iBt.i) r /(«<_!, y)dy. 

Jy* 

Suppose that the oscillation of each of the functions and <^2 (a?) 
in each of the intervals x^) is less than S, and that each of the 
differences yj^. — is also less than S. Then it is easily seen that 
the total area of the irregular subregions between x = and x = Xi 
is less than 4S(sCi — and that the portion of S which arises 
from these regions is less than 4:HB(Xi — Xi_{) in absolute value, 
where H is the upper limit of the absolute value of f(Xj y) in the 
whole field of integration. On the other hand, we have 

y)dy=J^f(Xi-u y)dy+ , 


and since jEi — i/’| and |Fj — y''| are each less than 28, we may -write 

r /(=*.•-!, y) dy = f%U, y) dy + 4H\8, I \ I < 1 . 

Jy> J r, 

The portion of 5 which arises from the row of subregions under 
consideration may therefore be written in the form 

y)dy + 

where Bi lies between — 1 and 4-1* The sum ^H^'^Bi(xi — Xi_-^ is 
less than %Hh(h — a) in absolute value, and approaches zero with 8, 
which may be taken as small as we please. The double integral is 
therefore the limit of the sum 


where 


<E>(a)(a:i — a) H h — a;£_i) H , 

H^) == r /(*» y)^y' 

JYx 


Hence we have the formula 


(7) 


r r y)^^ dy^fdxf f(x, y) dy, 
J J(Ii) Ja JYi 


In the first integration x is to be regarded as a constant, but 
the limits Yi and are themselves functions of x and not 
constants. 
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Example. Let us try to evaluate tlie double integral of the function xy/a 
over the interior of a quarter circle bounded by the axes and the circumference 

x^ + y2-B^=:0. 

The limits for x are 0 and jB, and if x is constant, y may vary from 0 to -/P - 
Hence the integral is 




The value of the latter integral Is easily shown to be B*/8a. 


When the field of integration is bounded by a contour of any form 
whatever, it may be divided into several parts in such a way that 
the boundary of each part is met in at most two points by a parallel 
to the y axis. We might also divide it into parts in such a way that 
the boundary Of each part would be met in at most two points by 
any line parallel to the x axis, and begin by integi-ating with respect 
to X. Let us consider, for example, a convex closed curve which lies 
inside the rectangle formed by the lines a: = a, a: = i, y = o, y = <f, 
upon wWch lie the four points A, B, C, D, respectively, for which x 
or y is a minimum or a maximum.* Let (x) and y, = (*) 

be the equations of the two arcs ACB and ADB, respectively, and 
let a:i = ^i(y) and a:j = ^j(y) be the equations of the two arcs CAD 
and CBD, respectively. The functions <^i(a:) and ^a(a;) are continu- 
ous between a and b, and (y) and (y) are continuous between c 
Md d. The double integral of a funotion/[a!, y), which is continuous 
mside this contour, may be evaluated in two ways. Equating the 
values found, we obtain the formula 


/(*» y)dy = jT dyjf f(x, y)dx. 

It IS clear that the limits are entirely different in the two integrals. 
Jtveiy convex closed contour leads to a formula of this sort. Eor 
example, taking the triangle bounded by the lines y = 0, x = a, 

y = » as the field of integration, we obtain the following formula! 
which 18 due to Lejeune Dirichlet ; 


Mm y')dy — 



f{x, y)dx. 


•The reader is advised to draw the figure. 
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125. Analogies to simple integrals. The integral ///(<) considered as a 
function of oj, has the derivative fix). There exists an analogous theorem for 
double integrals. Let /(x, y) be a function which is continuous inside a rec- 
tangle bounded by the straight lines x = u, x = A, y = 6, y = B,{a<A^ b < B). 
The double integral of /(x, y) extended over a rectangle bounded by the lines 
X = a, X = y =zb^ y =z T,(a<-2t<A, b<!F<B), is a function of the coordi- 
nates X and T of the variable corner, that is, 


F(X, ^)=f^ f{x, y)dy. 

Setting €>(x) =f/f{x, y) dy, a first differentiation with respect to X gives 

||=<^w=XV,v)%. 

A second differentiation with respect to Y leads to the formula 




02 B 

0xar 






The most general function u(X, Y) which satisfies the equation (9) is evi- 
dently obtained by adding to E(X, Y) a function 2 whose second derivative 
d^z/dX 0T is zero. It is therefore of the form 


(10) w(X, ’ 

where (f>{X) and ^(F) are two arbitrary functions (see § 38). The two arbitrary 
functions may be determined in such a way that w(X, F) reduces to a given 
function F(F) when X = a, and to another given function I7(X) when F= b. 
Setting X = a and then F = 6 in the preceding equation, we obtain the two 
conditions 

V(Y) = «(a) + H^), V(X) = 0(jSr) + f(b ) , 

whence we find 


f(^) = V(Y)-i>{a), =F(6) -«(a), 0(X) = )7(X) - F(6) + ^(o) , 

and the formula (10) takes the form 

(11) «(X, Y) ~ • 

Conversely, if, by any means whatever, a function u(X, Y) has been found 
which satisfies the equation (9), it is easy to show by methods similar to me 
above that the value of the double integral is given by the formula 

(12) v)dy = u(X, Y) - u(X, 6) - «(o, Y) + u{a, b). 

This formula is analogous to the fundamental formula (6) on page 156. 

The following formula is in a sense analogous to the formula for integration 
by parts. Let be a finite region of the plane bounded by one or more curves 
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of any form. A function /(«, y) which is continuous in A varies between its 
minimum uo and its maximum 7". Imagine the contour lines f(x, y) =: v drawn 
where u lies between vq and F, and suppose that we are able to find the area of 
the portion of A for which /(», y) lies between vq and n. This area is a func- 
tion F{v) which increases with v, and the area between two neighboring contour 
lines is F(v + Av) — F(v) = AvF'{v + dAv). If this area be divided into infinitesi- 
mal portions by lines joining the two contour lines, a point (^, rj) may be found 
in each of them such that /(^, 17) = t) 4- Hence the sum of the elements 
of the double integral / ffdx dy which arise from this region is 

(n + dAv) F'(v -f 6Av) Av. 

It follows that the double integral is equal to the limit of the sum 
S(n + dAv) F'{v -1- BAv) Av , 
that is to say, to the simple integral 

f ^v F'(v) dv = FE(F) - f E(d) dv . 

t/Vo 

This method is especially convenient when the field of integration is bounded 
by two contour lines 

/(x,y)z=voy f(Xyy)= V. 

For example, consider the double integral / / VI + x^ -f y'^dxdy extended over 
the interior of the circle x^ 1. If we set v = Vl -h + y^, the field of 

integration is bounded by the two contour lines v = 1 and v = V2, and the 
function F(v), which is the area of the circle of radius Vv^ — 1, is equal to 
(1)2 — 1). Hence the given double integral has the value 

f^27tv^dv = ~ (2 V 2 - 1) . * 

Ji 3 

The preceding formula is readily extended to the double integral 
fff(x,y)4>i^,y)dxdy, 

where F{v) now denotes the double integral ff<l>{x,y)dx dy extended over that 
portion of the field of integration bounded by the contour line v = f{x, y). 

126. Green’s theorem. If the function /(a;, y) is the partial deriva- 
tive of a known function with respect to either x or y, one of the 
integrations may he performed at once, leaving only one indicated 
integration. This very simple remark leads to a very important 
formula which is known as Greenes theorem. 

♦Numerous applications of this method are to be found in a memoir by Catalan 
{Journal de Idouville, lat series, Vol. IV, p. 233). 
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Let Tis consider first a double integral / f dPfdydxdy extended 
over a region of the plane bounded bj a contour C, which, is met 
in at most two points by any line parallel to the y axis (see Fig. 15, 

p. 188). 

Let A and B be the points of C at which a; is a minimum and a 
maximum, respectively. A parallel to the y axis between Aa and 
Bh meets C in two points and m^, whose ordinates are yx and y^, 
respectively. Then the double integral after integration with respect 
to y may be written 

_p(*, 

But the two integrals y^^dx and ^^P(£c, y^dx are line 

integrals taken along the arcs AmxB and Am^B^ respectively; hence 
the preceding formula may be written in the form 

where the line integral is to be taken along the contour C in the 
direction indicated by the arrows, that is to say in the positive 
sense, if the axes are chosen as in the figure. In order to extend 
the formula to an area bounded by any contour we should proceed 
as above (§ 94), dividing the given region into several parts for each 
of which the preceding conditions are satisfied, and applying the for- 
mula to each of them. In a similar manner the following analogous 
form is easily derived : 

SI ^ ’ 

where the line integral is always taken in the same sense. Sub- 
tracting the equations (13) and (14), we find the formula 

(16) dx + Qdy -~)d^ dy, 

where the double integral is extended over the region bounded by C. 
This is Green’s formula ; its applications are very important. Just 
now we shall merely point out that the substitution Q^x and 
P = — y gives the formula obtained above (§ 94) for the area of a 
closed curve as a line integral. 
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IL CHANGE OF VARIABLES AREA OF A SURFACE 

In the evaluation of double integrals we have supposed up to the 
present that the field of integration was subdivided into infinitesimal 
rectangles by parallels to the two coordinate axes. We are now going 
to suppose the field of integration subdivided by any two systems of 
curves whatever. 

127. Preliminary formula. Let -w and v be the coordinates of a point 
with respect to a set of rectangular axes in a plane, x and y the coor- 
dinates of another point with respect to a similarly chosen set of 
rectangular axes in that or in some other plane. The formula 

( 1 ^) ^ , 2 / = ^ 0 ^, v) 

establish a certain correspondence between the points of the two 
planes. We shall suppose 1) that the functions v) and v), 
together with their first partial derivatives, are continuous for all 
points (u, v) of the uv plane which lie within or on the boundary of 
a region bounded by a contour Ci; 2) that the equations (16) 
transform the region Ai of the uv plane into a region A of the 
xy plane bounded by a contour C, and that a one-to-one correspond- 
ence exists between the two regions and between the two contours 
in such a way that one and only one point of ,4 1 corresponds to any 
point of A j 3) that the functional determinant A = </>) v) 

does not change sign inside of Ci, though it may vanish at certain 
points of Ai. 

Two cases may arise. When the point (w, v) describes the con- 
tour Cl in the positive sense the point (a;, y') describes the contour C 
either in the positive or else in the negative sense without ever 
reversing the sense of its motion. W^e shall say that the corre- 
spondence is direct or inverse, respectively, in the two cases. 

The area O of the region A is given by the line integral 



taken along the contour C in the positive sense. In terms of the 
new variables u and v defined by (16) this becomes 

v'CCt) 

where the new integral is to be taken along the contour Ci in the 
positive sense, and where the sign -f- or the sign - should be taken 
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according as the correspondence is direct or inverse. Applying 
Green’s theorem to the new integral with x=ti,v — y, P =fd<f,/du, 
Q =/ d^Jdv, we find 





V) 


or, applying the law of the mean to the double integral, 


(17) n = 

V) 

where (^, ^) is a point inside the contour Cj, and Oi is the area of 
the region Ai in the uv plane. It is clear that the sign -f or the 
sign — should be taken according as A itself is positive or negative. 
Hence the eorrespondence is direct or inverse according as A is positive 
or negative. 

The formula (17) moreover establishes an analogy between func- 
tional determinants and ordinary derivatives. For, suppose that the 
region Ai approaches zero in all its dimensions, all its points approach- 
ing a limiting point (u, v). Then the region A will do the same, and 
the ratio of the two areas O and Oi approaches as its limit the abso- 
lute value of the determinant A. Just as the ordinary derivative is 
the limit of the ratio of two linear infinitesimals, the functional 
determinant is thus seen to be the limit of the ratio of two infinites- 
imal areas. From this point of view the formula (17) is the analogon 
of the law of the mean for derivatives. 


Remarks. The hypotheses which we have made concerning the correspondence 
between A and are not all independent. Thus, in order that the correspond- 
ence should be one-to-one, it is necessary that A should not change sign in the 
region Ai of the uv plane. For, suppose that A vanishes along a curve 71 which 
divides the portion of Ai where A is 
positive from the portion where A is 
negative. Let us consider a small arc 
mi Til of 7 i and a small portion of Ax 
which contains the arc mini. This 
portion is composed of two regions ax 
and. ai which are separated by minx 
(Fig, 26). 

When the point (w, v) describes the Fro. 26 

region ui, where A is positive, the point 

(», y) describes a region a bounded by a contour mnpm, and the two contours 
mi nipi mi and mnpm are described simultaneously in the positive sense. When 
the poidt (m, n) describes the region aj, where A is negative, the point (», y) 
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n “ described in the negative sense as 

covei a part The region a' must therefore 

nrm corresnond twn ^ point (x, y) in the common part 

line ‘he 

As an example consider the transformation JT = x, r = j ,2 for which A = 2 i/ 

a: axis.^t'is etidelfTh^'rt! ^ encloses a segment al of the 

lie above the JT avia s v describes two regions both of which 

hafa^s T “® '>y ‘he eame segment AB of 

SsT^ear idea of rb '‘"T a straight line dfawn upon it 

Tbe.Tr!, I described by the point (X, T). 

flciem forTne" one ‘hroughL A is’noisuf- 

examplex = x»-,e, r= 2 x.. 

pie .Urtfee A ol “ “ '’■;.'',"V* ■> “ 

a circular rm<p b r “ 0 ^/ 2 ), the point (B, u) describes 

TeTSl o Ba‘ ‘o evei value of 

be wTefo InTaZ rb b"“ ®“ °*^hich lies 

p!lTlTla;rr!!Tsrr^ described by ae 

overlaps Itself. ^ hy forming a circular ring of paper which partially 


the Wn^r f ‘‘u* “««>od. Eetaming 

«Ti ? concerning the regions A and A. and the 

in the consider a function E(x, y) which is continuous 

in the region A. To any subdivision of the region A ^ into subregions 
‘'°^"®®Ponds a subdivision of the region A into sub- 
gions a„ fltj, . . ., a„. Let o).- and aj be the areas of the two corre- 
ponding subregions a, and ur^, respectively. Then, by formula (17), 

m <!>) I 

D(a,, i,,)!’ 

where a, and ^ are the co8rdinates of some point in the region u,. 
To Ais pomt (u„ V,) corresponds a point x. =/(«., y^ = ) 

I ^(f, <t>) 


^ P’CaSij Vi) <iii = ^ ^{Ui, Vf) 


D(mj, Vi) 

whence, passing to the limit, we obtain the formula 

<'*> ///(“^ "> ->' *(•. •)] I sg^ 


Idudv. 
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Heace to perform a transformation in a doiible integral x and y should 
be replaced hy their values as functions of the new variables u and v, 
and dxdy should he replaced hy \^\dudv. We have seea already 
how the new field of integration is determined. 

In order to find the limits between which the integrations should 
be performed in the calculation of the new double integral, it is in 
general unnecessary to construct the contour Ci of the new field 
of integration For, let us consider u and v as a system of 
curvilinear coordinates, and let one of the variables u and v in the 
formulae (16) be kept constant while the other varies. We obtain 
in this way two systems of curves u = const, and v = const. By 
the hypotheses made above, one and only one curve of each of these 
families passes through any 
given point of the region A. 

Let us suppose for definite- 
ness that a curve of the 
family v — const, meets the 
contour C in at most two 
points M-i and which cor- 
respond to values Ui and u^ 
of u (ui < U 2 ), and that each 
of the (v) curves which meets 
the contour C lies between 
the two curves v ^ a and 
V h (a <h). In this case 
we should integrate first 
with regard to u, keeping v constant and letting u vary from Ux 
to W 2 , where and % general functions of v, and then inte- 

grate this result between the limits a and h. 

The double integral is therefore equal to the expression 

d'tt f v), <^(k, «)3|A|dM. 

A change of variables amounts essentially to a subdivision of the 
field of integration by means of the two systems of curves (w) and (v). 
Let ft) be the area of the curvilinear quadrilateral bounded by the 
curves (u), (u du), (v), (v -h dv)f where du and dv are positive. 
To this quadrilateral corresponds in the uv plane a rectangle whose 
sides are du and dv. Then, by formula (17), co = | A(f, ■» 7 ) | du dv^ where 
^ lies between u and u -f du, and rj between v and v + dv. The expres- 
sion I A(w, v) I du dv is called the element of area in the system of 
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coordinates («, v). The exact value of <0 is a> = || A(u, v) | c| die dv^ 
where c approaches zero with du and dv. This infinitesimal may be 
neglected in finding the limit of the sum %F(Xf y) for since A(u, v) 
is continuous, we may suppose the two (u) curves and the two 
(v) curves taken so close together that each of the e’s is less in ab- 
solute value than any preassigned positive number. Hence the abso- 
lute value of the sum 5F(£c, y)€.dudv itself may be made less than 
any preassigned positive number. 


129. Examples. 1) Folar coordinates. Let us pass from rectangu- 
lar to polar coordinates by means of the transformation x — p cos < 0 , 
y = p sin 0 ). We obtain all the points of the xy plane as p varies 
from zero to + 00 and <0 from zero to Here p] hence the 
element of area is p dm dp, which is also evident geometrically. Let 
us try first to evaluate a double integral extended over a portion of 
the plane bounded by an arc AB which intersects a radius vector in 
at most one point, and by the two straight lines OA and OB which 
make angles wi and <02 with the x axis (Fig. 17, p. 189). Let 
R =r <^(( 0 ) be the equation of the arc AB. In the field of integration 
o) varies from oi to <02 and p from zero to R. Hence the double inte- 
gral of a function f(x, y) has the value 

I / f(p cos 0 ), p sin <a)pdp. 

If the arc is a closed curve enclosing the origin, we should 
take the limits <oi = 0 and cog = 27r. Any field of integration can 
be divided into portions of the preceding types. Suppose, for 
instance, that the origin lies outside of the contour C of a given 
convex closed curve. Let OA and OB be the two tangents from 
the origin to this curve, and let -Ri=/i(a)) and R^ be the 

equations of the two arcs ANB and A MB, respectively. For a 
given value of m between oi and (Og, p varies from to R^, and 
the value of the double integral is 



^^2 

f(p cos (I), p sin <o)pdp. 


2) Elliptic coordinates. Let us consider a family of confocal conics 
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where X denotes an arbitrary parameter. Through every point of the plane pass 
two conics of this family, — an ellipse and an hyperbola, — for the equation (19) 



has one root X greater than c^, and another positive root ja less than c^, for any 
values of x and y. From (19) and from the analogous equation where X is 
replaced by /x we find 


( 20 ) 


VX/A _ V(X — c^)(c^ ~ yi) 
c c 


0</4<c2<X. 


To avoid ambiguity, we shall consider only the first quadrant in the xy plane. 
This region corresponds point for point in a one-to-one manner to the region of 
the X/A plane which is bounded by the straight lines 

X = C2, /A = 0, /t = c2 

It is evident from the formulse (20) that when the point (X, y) describes the 
boundary of this region in the direction indicated by the arrows, the point (x, y) 
describes the two axes Ox and Oy in the sense indicated by the arrows. The 
transformation is therefore inverse, which is verified by calculating A : 


A ^ (^7 y) 

D(X, fx) 4 ■v/X/*(X-c2)(c2-iu) 


130. Transformation of dotible integrals. Second method. We shall 
now derive the general formula (18) by another method which 
depends solely upon the rule for calculating a double integral. We 
shall retain, however, the hypotheses made above concerning the 
correspondence between the points of the two regions A and Ai. 
If the formula is correct for two particular transformations 

( a; = f(tc, v), U =/i v ‘) , 

^ y = v), (u', v') , 

it is evident that it is also correct for the transformation obtained 
hy carrying out the two transformations in succession. This follows 
at once from the fundamental property of functional determinants 
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Similarly, if the formula holds for several regions X, 

to which correspond the regions Bi, Ci, • ■ Xi, it also holds for 

the region A+B+CH hX. Finally, the formula holds if the 

transformation is a change of axes : 

a; = ajo 4- x' cos a — i/ sin a, y = sin cc + cos a. 

Here A = 1, and the equation 


//' 

J J(A) 


F(xj y) dx dy 




F(xq 4- 35' cos a — y' sin a, y^ 4- a:' sin a 4- y' cos a) dx^ dy' 

is satisfied, since the two integrals represent the same volume. 

We shall proceed to prove the formula for the particular trans- 
formation 

(21) x = ^{x',y'), y = y', 

wMcli carries the region A into a region -which is included between 
the same parallels to the x axis, y = y^ imdi y = y^^. We shall sup- 
pose that just one point of A corresponds to any given point of A ' and 

conversely. If a paral- 
lel to the X axis meets 
the boundary C of the 
region A in at most two 
points, the same will be 
true for the boundary 
C' of the region A To 
any pair of points 
and Ml on C whose or- 
dinates are each y cor- 

. . respond two points m'o 

0 the contour C. But the correspondence may be direct or 
inverse. To distmguish the two cases, let us remark that if dA /dx' is 
positive, » increases with and the points and m, and mi and 
2 he as shown in Fig. 29 ; hence the correspondence is direct. On 
he other hand, if d<t,/dx' is negative, the correspondence is inverse. 

ofS! let be the abscissae 

f “I y Then, applying the for- 

mula for change of variable in a simple integral, we find 



/—A 


> 

& 

1 

I 

1 

1 


li 







Fio. 29 
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where y and y' are treated as constants. A single integration gives 
the formula 

f dy f F(x, ij)dx = r dy’ f y'), y'] ^,dx’. 

But the Jacobian A reduces in this case to d<f}/dx\ and hence the 
preceding formula may be written in the form 

f f y)dxdy = f f y% . 

J Ju) 

This formula can be established in the same manner if d<l>/dx' is 
negative, and evidently holds for a region of any form whatever. 

In an exactly similar manner it can be shown that the trans- 
formation 

(22) a; = a:', y = 2/') 

leads to the formula 

r f F(x, y)dxdy^f f F^x^ y')] I ^ 1 
J J^A) J 

where the new field of integration A' corresponds point for point to 
the region A. 

Let us now consider the general formulae of transformation 

(23) X ^ f(xxj 2/i)j y “*/i(^ij 2/i) ? 

where for the sake of simplicity (x, y) and (oji, yi) denote the coor- 
dinates of two corresponding points w and with respect to the 
same system of axes. Let A and A i be the two corresponding regions 
bounded by contours C and Ci, respectively. Then a third point 
whose coordinates are given in terms of those of m and Mi by the 
relations a:' = Xi, y' = y, will describe an auxiliary region A\ which 
for the moment we shall assume corresponds point for point to each 
of the two regions A and Aj. The six quantities x, y, Xi^ yi, a?', y' 
satisfy the four equations 

«=/(%jyi), y ==/i(i»i» yO? = y' = y> 

whence we obtain the relations 

(24) 

which define a transformation of the type (22). From the equation 
y' =/i (x', yi) we find a relation of the form yi = 7r(a;', y ') ; hence 
we may write 

(25) X = f(x', yi) = y^ , y == y'- 
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The given transformation (23) amounts to a combination of the two 
transformations (24) and (25), for each of which the general formula 
holds. Therefore the same formula holds for the transformation (23). 

Itemarh. We assumed above that the region described by the 
point 7 n! corresponds point for point to each of the regions A and 
Ai. At least, this can always be brought about. For, let us con- 
sider the curves of the region Ai which correspond to the straight 
lines parallel to the x axis in A. If these curves meet a parallel to 
the y axis in just one point, it is evident that just one point m' of 
A^ will correspond to any given point m of A. Hence we need 
merely divide the region Ai into parts so small that this condition 
is satisfied in each of them. If these curves were parallels to the 
y axis, we should begin by making a change of axes. 

131. Area of a curved surface. Let be a region of a curved sur- 
face free from singular points and bounded by a contour T. Let S 
be subdivided in any way whatever, let be one of the subregions 
bounded by a contour y,., and let w,. be a point of Draw the tan- 
gent plane to the surface S at the point m,., and suppose Si taken so 
small that it is met in at most one point by any perpendicular to 
this plane. The contour y,. projects into a curve y[ upon this plane ; 
we shall denote the area of the region of the tangent plane bounded 
by yi by (Ti. As the number of subdivisions is increased indefinitely 
in such a way that each of them is infinitesimal in all its dimensions, 
the sum 2<r,. approaches a limit, and this limit is called the area of 
the region S of the given surface. 

Let the rectangular coordinates x, y, « of a point of S be given in 
terms of two variable parameters u and v by means of the equations 

(26) X=f(u,v), y=^(u,v), * = 

in such a way that the region 5 of the surface corresponds point for 
point to a region It of the uv plane bounded by a closed contour C 
We shall assume that the functions/, 4 ., and 4 ,, together with their 
nrst partial derivatives, are continuous in this region. Let R be 
suMivided, let be one of the subdivisions bounded by a contour c„ 
and let o)( be the area of r.-. To corresponds on S’ a subdivision s. 
ounded by a contour yj. Let or( be the corresponding area upon the 
tangent plane defined as above, and let us try to find an expression 
for the ratio o-f/cof. 

Let at, y. be the direction cosines of the normal to the surface S 
at a pomt «,) of s, which corresponds to a point (m,, tr,) 
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of r^. Let us take the point as a new origin, and as the new axes 
the normal at and two perpendicular lines rrtiX and m^Y in the 
tangent plane whose direction cosines with respect to the old axes are 
a’, y' and y", respectively. Let X, 7, Z be the coordinates 

of a point on the surface S with respect to the new axes. Then, 
by the well-known formulae for transformation of coordinates, we 
shall have 

X = a' (a; - x,) -f /3' (y - yi) 4- y' ~ 

Y = a^\x - X,) 4- - yO 4- - «£>, 

X = (a: - x,) -f A (2/ “ Vt) + y.- 


The area cr^ is the area of that portion of the XY plane which is 
bounded by the closed curve which the point (X, 7) describes, as 
the point (w, v) describes the contour C£. Hence, by § 127, 


CTf = (tii 


D(X, Y) 
D{u[, 




where ie{ and wj are the coordinates of some point inside of . An 
easy calculation now leads us to the form 


f>(X, Y) 
D{u\, vj) 


{^w'-vn 

+ (y' a" - a’ y") 


■P(y. 


D(ul «.!) 


+ - P'a") 


■P(a=. y) 

D{u[, t>;.) 


oPj by the well-hnown relations between the nine direction cosines^ 

/)(«;., 1 ^;.) - ^ ^ D(u!, vl) ^ D{K, vl) ^ D(wl, vO ) 

Applying the general formula (17), we therefore obtain the equation 


o-i = <*>i 


‘ X)(ul, vi) ^ D(u;, v<) ^ D(u[, vi) 


where ttj and vi are the coordinates of a point of the region r, in the 
uv plane. If this region is very small, the point («{, Vj) is very near 
the point (Ufj -y.), and we may write 




J)(ul, vl) D(Ui, Vi) 


+ €i, 




D{ul^ vj) J)(Ui, Vi) 

, . . I + I (Xi€i + A j 


^ ^ fe .,gL + 

"D(Ui, Vi) 

where the absolute value of 6 does not exceed unity. Since the 
derivatives of the functions /, 4>, and ^ are continuous in the 



274 


DOUBLE INTEORALS 


[VI, § m 


region i2, we may assume that the regions have been taken so 
small that each of the quantities c,*, e-j cl' is less than an arbitrarily 
preassigned number tj. Then the supplementary term will certainly 
be less in absolute value than StjO, where O is the area of the 
region H. Hence that term approaches zero as the regions Si 
(and r,) all approach zero incthe manner described above^ and the 
sum ScTf approaches the double integral 


If 

J JiR) 


D{u, v) ^ ' 


, J>(g, a;) ^ ^ D(x, ,/) 


du dVf 


D(Uf v) ' ^ D(w, v) I 

where a, y are the direction cosines of the normal to the surface S 
at the point (uy v). 

Let us calculate these direction cosines. The equation of the 
tangent plane (§ 39) is 

whence 

0^ _ P y ±1 


■Pfa g) 

D(u, v) 


x) 

JD(Uy V) 


_ y 

y) 

D(u, v). 


\Ld(w, t;)J 


+ ■ 


Choosing the positive sign in the last ratio, we obtain the formula 


Z>(u, v) ^ D(u, v) ^ D{u, v) 


\ LD{u, ^») J + \_D(u, v)J + \_D{u, «) J ■ 

The well-known identity 

{ah' — Jd')* (he' — cb’y -I- (ca' — ac')“ 

= (a? +b^ + o»)(d'« + + c'») - (aa' + hb' + cc')“, 

which was employed hy Lagrange, enables us to write the quantity 
under the radical in the form BG — F\ where 


( 27 ) 




F=S 


dx dx 
du dv ^ 


^ \at; J ' 


the symbol S indicating that a: is to be replaced by y and * succes- 
sively and the three resulting terms added. It follows that the area 
of the surface is given by the double integral 


( 28 ) 


A 


-fi: 


V EG — du dv . 
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The functions E, F, and G play an important part in the theory 
of surfaces. Squaring the expressions for dx, dy, and dz and adding 
the results, we find 

(29) ds"^ = dx’^ 4- dy^ + dz^ = E du^ ’\‘2Fdudv G dv\ 

It is clear that these quantities E, F, and G do not depend upon 
the choice of axes, but solely upon the surface S itself and the inde- 
pendent variables u and v,' If the variables u and v and the sur- 
face iS are all real, it is evident that EG — must be positive. 


132. Surface element. The expression -y/EG — F^ dudv is called the 
element of area of the surface S in the system of coordinates (u, v). 
The precise value of the area of a small portion of the surfa ce bounded 
by the curves (u), (u -f du), (v), (v + dv) is (VjBC? — H- i)dudv, 
where c approaches zero with du and dv. It is evident, as above, 
that the term c du dv is negligible. 

Certain considerations of differential geometry confirm this result. 
For, if the portion of the surface in question be thought of as a small 
curvilinear parallelogram on the tangent plane to S at the point (t^, -y), 
its area will be equal, approximately, to the product of the lengths 
of its sides times the sine of the angle between the two curves 
and (y). If we further replace the increment of arc by t^e differ- 
ential ds, the lengths of the sides, by formula (29), are Vf du and 
Vg dv, if du and dv are taken positive. The direction parameters of 
the tangents to the two curves (w) and (y) are dx/du, dy/du, dz/du 
and dxfdv, dyjdv, dz/dv, respectively. Hence the angle a between 
them is given by the formula 



whence sin a = VfG — F^/-y/EG. Forming the product mentioned, 
we find the same expression as that given above for the element of 
area. The formula for cos a shows that F = 0 when and only when 
the two families of curves (w) and (y) are orthogonal to each other. 

When the surface S reduces to a plane, the formulae just found 
reduce to the foirmulce fourth in § 128. For, if we set ^(u, y) == 0, 
we find 



dx dx dy dy 
du dv du dv^ 



\ 
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whence; by the rule for squaring a determinant, 

' dx dx 
du dv 

A** = ■{ y z 

Ijl hi 

, du dv ^ 

Hence '\/eG — reduces to | A|. 

Examples. 1) To find the area of a region of a surface whose equa- 
tion is z—f(xy y) which projects on the xy plane into a region E in 
which the function f(xj y), together with its derivatives p = df/dx and 
q = df/dy^ is continuous. Taking x and y as the independent vari- 
ables, we find E = l-\-p\ Ez=zpqj G = 1 + q% and the area in ques- 
tion is given by the double integral 

(30) A= rr Vl+P^ + q^dxdy= f f 

d dm J cos y 

where y is the acute angle between the * axis and the normal to the 
surface. 


A' F 
F a 


= EG - F^. 


2) To calculate the area of the region of a surface of rexmlution 
between two plane sections perpendicular to the axis of revolution. 
Let the axis of revolution he taken as the z axis, and let » =f(x) 
be the equation of the generating curve in the x* plane. Then the 
coordinates of a point on the surface are given by the equations 


x — pOQSo), g = psm<a, z=f(p), 

where the independent variables p and a, are the polar coordinates of 
the projection of the point on the xy plane. In this case we have 

= 1^=0, G = p‘‘. 

To find the area of the portion of the surface bounded by two plane 
sections perpendicular to the axis of revolution whose radii are I and 
P., respectively, , should be aUowed to vary from p. to p, (p,< p^) and 

. <«,» 2,. Hence .he ^ b, £, 

^ P-/T+f'\p)do> = 27rjf p-Vl+f'\p)dp, 

tTe\ro?r^°"" evaluated by a single quadrature. If s denote 
the arc of the generating curve, we have 


= dp’‘ + dz^ = V[l+/'“(p)] , 
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and the preceding formula may be written in the form 

j ^Pa 

27rpd$. 

Pi 

The geometrical interpretation of this result is easy : 27rp ds is 
the lateral area of a frustum of a cone whose slant height is ds and 
whose mean radius is p. Replacing the area between two sections 
whose distance from each other is infinitesimal by the lateral area 
of such a frustum of a cone, we should obtain precisely the above 
formula for A. 

Eor example, on the paraboloid of revolution generated by revolv- 
ing the parabola a® = 2pz about the ^ axis the area of the section 
between the vertex and the circular plane section whose radius is r is 

III. GENERALIZATIONS OP DOUBLE INTEGRALS 
IMPROPER INTEGRALS SURFACE INTEGRALS 

133, Improper integrals. Let /(a;, y) be a function which is con- 
tinuous in the whole region of the plane which lies outside a closed 
contour P. The double integral of /(a?, y) extended over the region 
between T and another closed curve C outside of T has a finite value. 
If this integral approaches one and the same limit no matter how 
C varies, provided merely that the distance from the origin to the 
nearest point of C becomes infinite, this limit is defined to be the 
value of the double integral extended over bhe whole region 
outside r. 

Let us assume for the moment that the function /(as, y) has a 
constant sign, say positive, outside P. In this case the limit of the 
double integral is independent of the form of the curves C. Tor, 
let Cl, C'a, • ••, <7,^, • • • be a sequence of closed curves each of which 
encloses the preceding in such a way that the distance to the nearest 
point of becomes infinite with n. If the double integral extended 
over the region between T and approaches a limit J, the same will 
be true for any other sequence of curves C{, C^, •••, •• • which 

satisfy the same conditions. Por, if li, be the value of the double 
integral extended over the region between P and n may be 
chosen so large that the curve C„ entirely encloses and we 
shall have Moreover increases with m. Hence 
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has a limit L It follows in the same manner that / t\ flitiwe 
r =s /, i.e. the two limits are equal. 

As an example let us consider a function /(x, j/), wliirli oiitiiiii* a 
circle of radius r about the origin as center is of the form 


v) 


(x^ 4- t/f 


where the value of the numerator i^(x, y) remains twn ptwi* 

tive numbers m and M. Choosing the eurves t* the eirriei 
concentric to the above, the value of the dotible iniegrsil ext4md#d 
over the circular ring between the two circles of radii r and H » 
given by the definite integral 



It therefore lies between the values of the two exprassioni 

By § 90, the simple integral involved apprtmcliofi a limit m M 
increases indefinitely, provided that 2tx — I > 1 or a :> L But it 
becomes infinite with It it a < 1, 

If no closed curve can be found outside which the |/) 

has a constant sign, it can be shown, as in i BO, that the inti»gral 
II f(^) y)dxdy approaches a limit if the integral //l/ix, y\\dxtiy 
itself approaches a limit. But if the latter int4*gnil becomes infinile, 
the former integral is indeterminate. The fed, lowing exaittplo, tliw 
to Cayley, is interesting. Let /(x, y) s= 8in(x® .f y*), imd let ti» iaiO'* 
grate this function first over a scpiare of side a formal by tlm mm 
and the two lines x =» a, y » a. The value (d this integral it 



a 

sin (x® 4- y^) dy 



smx®dx X 


co 8 y®cfy 4 - / oosx^dx x I iin 

0 */tt * * 


As a increases indefinitely, each of the integralii on the riglsl Iim 
a limit, by § 91. This limit can \m shown Ui la* '\/v/2 lit mwk ciiik* j 
hence the limit of the whole right-hand sitie m m On llm ntlier 
hand, the double integral of the same function extenckjct ovi^r lltc 
quarter circle bounded by the axes and the circk x* 4- / ka II* It 
equal to the expression 
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X '^"X = - f [°°® P'] 0 = f [1 - cos iS“] , 

wMch, as R becomes infinite, oscillates between zero and 7r/2 and 
does not approach any limit whatever. 

We should define in a similar manner the double integral of a 
function /(x, y) which becomes infinite at a point or all along a line. 
First, we should remove the point (or the line) from the field of 
integration by surrounding it by a small contour (or by a contour 
very close to the line) which we should let diminish indefinitely. 
For example, if the function /(a;, y) can be written in the form 

f(x, y) = 

l(^-ay + {y-byy 

in the neighborhood of the point (a, h), where \l/(x, y) lies between 
two positive numbers m and if, the double integral of f(x, y) 
extended over a region about the point (a, J) which contains no 
other point of discontinuity has a finite value if and only if a is 
less than unity. 


184. The function B(p, q). We have assumed above that the contour Cn 
recedes indefinitely in every direction. But it is evident that we may also sup- 
pose that only a certain portion recedes to infinity. This is the case in the above 
example of Cayley’s and also in the following example. Let us take the function 

f{x, y) = 

where p and q are each positive. This function is continuous and positive in the 
first quadrant. Integrating first over the square of side a bounded by the axes 
and the lines z = a and 2 / = a, we find, for the value of the double integral, 

j* X J* 2y2(/~ie-2/2^y 

Each of these integrals approaches a limit as a becomes infinite. Eor, by the 
definition of the function r(p) in § 92, 

J f% -f-oo 

0 

whence, setting t = x®, we find 

( 31 ) r(p)=: r'^" 2 x 2 p“ie-**dx. 

Jo 

Hence the double integral approaches the limit r(p) r(q) as a becomes infinite. 

Let us now integrate over the quarter circle bounded by the axes and the 
circle x* + 2 /^ = The value of the double integral in polar coordinates is 

y 2p^(p'^9'>-^erP^dp X y*^2cos2p-i^sin2«-i0d4>. 
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As R becomes infinite this product approaches the limit 
r(p + 9 )B(p, q), 

where we have set 

V 

(32) B{p, q)= r ® 2 cos2j> - 1 0 sin® 9 - 1 0 d 0 . 

J Q 

Expressing the fact that these two limits must be the same, we find the equatiot^ 

(33) r(p) T{q) = T{p + q) B{p, q ) . 

The integral J5(p, q) is called Euler’s integral of the first kind. Setting t = sin® 
it may be written in the form 

(34) B{p, q) = 

Jo 

The formula (33) reduces the calculation of the function B{p, q) to the calc»t** 
lation of the function T. For example, setting p = q = 1/2, we find 

[r(l)]“=r(i)^“' 2 d^ = «, 

whence r(l/2) = V;r. Hence the formula (31) gives 



In general, setting g = 1 — p and taking p between 0 and 1, we find 
V(p) r(i -p) = B{p, 1 - P) 

We shall see later that the value of this integral is Tt/sinpTt. 

185. Surface integrals. The definition of surface integrals is analogous to th5i«^ 
of line integi'als. Let S be a region of a surface bounded by one or more curves F * 
We shall assume that the surface has two distinct sides in such a way that if 
side be painted red and the other blue, for instance, it will be impossible to pa^ 
from the red side to the blue side along a continuous path which lies on the sur- 
face and which does not cross one of the bounding curves.* Let us think of 8 
a material surface having a certain thickness, and let m and m' be two poinM* 
near each other on opposite sides of the surface. At m let us draw that half iff 
the normal mn to the surface which does not pierce the surface. The directiorit 
thus defined upon the normal will be said, for brevity, to correspond to that sid^s 
of the surface on which m lies. The direction of the normal which corresponds 
to the other side of the surface at the point m' will be opposite to the direction 
just defined. 

Let z = (p{z, y) be the equation of the given surface, and let <3 be a region 
this surface bounded by a contour r. We shall assume that the surface is 
in at most one point by any parallel to the z axis, and that the function 0 (aj, J 


*It is very easy to form a surface which does not satisfy this condition. We ne^t 

only deform a rectangular sheet of paper .4 J? CD by pasting the side DC to the side -dX# 
in such a way that the point C coincides with A and the point D with D. 
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18 continuous inside the region A of the xy plane which is hounded by the curve C 
into which r projects. It is evident that this surface has two sides for which 
the coiTesponding directions of the normal make, respectively, acute and obtuse 
angles with the positive direction of the « axis. We shall call that side whose 
corresponding normal makes an acute angle with the positive z axis the upper 
side. Now let P(x, y, z) be a function ofi the three variables x, y, and x which 
is continuous in a certain region of space which contains the region S of the sur- 
face. If z be replaced in this function by ^(x, y), there results a certain function 
•P [«» y, 2/)] of X and y alone ; and it is natural by analogy with line integrals 
to call the double integral of this function extended over the region A, 

’ 

the surface integral of the function P(x, y, z) taken over the region S of the given 
surface. Suppose the coordinates x, y , and z of sl point of S given in terms of two 
auxiliary variables u and v in such a way that the portion S of the surface corre- 
sponds point for point in a one-to-one manner to a region P of the uv plane. Let 
do- be the surface element of the surface S, and y the acute angle between the posi- 
tive z axis and the normal to the upper side of S. Then the preceding double 
integral, by §§ 131-132, is equal to the double integral 

W f f P(x, y, 2) cos 7 do-, 

where x, y, and z are to be expressed in terms of u and v. This new expression 
is, however, more general than the former, for cosy may take on either of two 
values according to which side of the surface is chosen. When the acute angle 7 
is chosen, as above, the double integral (36) or (36) is called the surface integral 

(SI) y y P(x, y, z) dz dy 

extended over the upper side of the suiface S. But if 7 be taken as the obtuse 
angle, every element of the double integral will be changed in sign, and the new 
double integral would be called the surface integral // P dx dy extended over the 
lower side of 5. In general, the surface integral/ f Pdxdy is equal to ± the double 
integral (86) according as it is extended over the upper or the lower side of 8. 

This definition enables us to complete the analogy between simple and double 
integrals. Thus a simple integral chaifges sign when the limits are interchanged, 
while nothing similar has been developed for double integrals. With the gen- 
eralized definition of double integrals, we may say that the integral / / /(x, y) dx dy 
previously considered is the surface integral extended over the upper side of the 
xy plane, while the same integral with its sign changed represents the surface 
integral taken over the under side. The two senses of motion for a simple inte- 
gral thus correspond to the two sides of the xy plane for a double integral. 

The expression (36) for a surface integral evidently does not require that the 
surface should be met in at moat one point by any parallel to the z axis. In the 
same manner we might define the surface integrals 

yy<2(». y, x)dydZy y y P(x, y, z)dzdx, 
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and the more general integral 


J J P{x, y, z)dxdy^ Q(x, y, z) dy dz + E(x, y, z)dzdx. 
This latter integral may also he written in the form 

C0S7 + Qcoso: -1- JBcosj8]c2<r, 


where j 3 , 7 are the direction angles of the direction of the normal which cor- 
responds to the side of the surface selected. 

Surface integrals are especially important in Mathematical Physics. 


136. Stokes’ theorem. Let X be a skew curve along which the functions 
P(x, y, 2 ), Q(x, y, z), R(x, y, z) are continuous. Then the definition of the line 
integral 


r Pdx-\-Qdy -^-Edz 
d(L) 


taken along the line L is similar to that given in § 93 for a line integral taken 
along a plane curve, and we shall not go into the matter in detail. If the curve L 
is closed, the integral evidently may be broken up into the sum of three line inte- 
grals taken over closed plane curves. Applying Green’s theorem to each of these, 
it is evident that we may replace the line integral by the sum of three double 
integrals. The introduction of surface integrals enables us to state this result in 
very compact form. 

Let us consider a two-sided piece 5 of a surface which we shall suppose for 
definiteness to be bounded by a single curve P. To each side of the surface 
corresponds a definite sense of direct motion along the contour P. We shall 
assume the following convention : At any point M of the contour let us draw 
that half of the normal Mn which corresponds to the side of the surface under 
consideration, and let us imagine an observer with his head at n and his feet at M; 

we shall say that that is the positive sense 
of motion which the observer must take in 
order to have the region S at his left hand. 
Thus to the two sides of the surface corre- 
spond two opposite senses of motion along 
the contour P. 

Let us first consider a region S of a sur- 
face which is met in at most one point by 
any parallel to the z axis, and let us suppose 
the trihedron Oxyz placed as in Pig. 80, 
where the plane of the paper is the yz plane 
and the x axis extends toward the observer. 
To the boundary P of /S will correspond a 
closed contop C in the zy plane ; and these 
PiQ* 30 two curves are described simultaneously in 

the sense indicated by the arrows. Let 
2 =/{«, y) be the equation of the given surface, and let P(x, y, z) be a function 
which is continuous in a region of space which contains 8. Then the line inte- 
S^^l V-i 2 )<ix is identical with the line integral 
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y, 4>{x, y)]dte 

taken along the plane curve C. Let us apply Green’s theorem (§ 126) to this 
latter integral. Setting 

P(aj, 2/) = P[x, y, 0(a;, 2/)] 

for definiteness, we find 


Sy hy dz hy dy bz cosy* 

where a, y are the direction angles of the normal to the upper side of S 
Hence, by Green’s theorem, 

f ¥(^dx = f f (^cos/S - — 00S7) 

J /cosy 

where the double integral is to be taken over the region A of the xy plane 
bounded by the contour C. But the right-hand side is simply the surface 
integral 

jy'(|?oos^-gcoa7)c*. 

extended over the upper side of S ; and hence we may write 


r P(®> Ih z)dx f f ^dzdx 


£P 

dy 


dxdy. 


This formula evidently holds also when the surface integral is taken over the 
other side of S, if the line integral is taken in the other direction along r. And 
it also holds, as does Green’s theorem, no matter what the form of the surface 
may be. By cyclic permutation of x, y, and z we obtain the following analogous 
formulie : 



Adding the three, we obtain Stokes' theorem in its general form : 
j P(x, y, z) dz + Q(x, y, z) dy + P(x, y, z) dz 

■/X>(s ■ ^ (? - 


( 88 ) 


The sense in which V is described and the side of the surface over which the 
double integral is taken correspond according to the convention made above. 
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IV. ANALYTICAL AND GEOMETRICAL APPLICATIONS 

137. Volumes. Let us consider, as above, a region of space bounded 
by tbe xy plane, a surface S above that plane, and a cylinder whose 
generators are parallel to the ^ axis. We shall suppose that the 
section of the cylinder by the plane s = 0 is a contour similar to 
that drawn in Eig. 25, composed of two parallels to the y axis and two 
curvUinear arcs APB and A'QB'. If « =/(«, y) is the equation of the 
surface S, the volume in question is given, by § 124, by the integral 

J C<‘ rH 

dx ( f(x, y)dy. 

a 

Now the integral y)^y represents the area A of a section of 

this Tolume by a plane parallel to the yz plane. Hence the preceding 
formula may he written in the form 



The volume of a solid hounded in any way whatever is equal 
to the algebraic sum of several volumes bounded as above. Tor 
instance, to find the volume of a solid bounded by a convex closed 
surface we should circumscribe the solid by a cylinder whose gen- 
erators are parallel to the « axis and then find the difference between 
two volumes like the preceding. Hence the formula (39) holds for 
any volume which lies between two parallel planes a; = a and a: = 

(a < h) and which is bounded by any surface whatever, where A 
denotes the area of a section made by a plane parallel to the two 
given planes. Let us suppose the interval (a, h) subdivided by the 
points a, Xi, a? 2 , • • •, a;„_i, I, and let A©, Ai, • • •, A^, • • • be the areas 
of the sections made by the planes x = a, a; = cci, • ■ respectively. 
Then the definite integral dx is the limit of the sum 

Ao(xi — a) -h Ai(a *-2 — H + ki^iix^ — a;i_i) • * *. 

The geometrical meaning of this result is apparent. Por ki^iix^ 
for instance, represents the volume of a right cylinder whose base is 
the section of the given solid by the plane x = and whose height 
is the distance between two consecutive sections. Hence the volume 
of the given solid is the limit of the sum of such infinitesimal cylin- 
ders. This fact is in conformity with the ordinary crude notion of 
volume. 
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If the value of the area A be known as a function of x, the vol- 
ume to be evaluated may be found by a single quadrature. As an 
example let us try to find the volume of a portion of a solid of revo- 
lution between two planes perpendicular to the axis of revolution. 
Let this axis be the x axis and let z = f(x) be the equation of the 
generating curve in the xz plane. The section made by a plane par- 
allel to the yz plane is a circle of radius f{x). Hence the required 
volume is given by the integral \_f(x)Ydx. 

Again, let us try to find the volume of the portion of the ellipsoid 


E + r 

^2 -t* ^2 


bounded by the two planes x — X(^i x = X. The section made by a 
plane parallel to the plane a; = 0 is an ellipse whose semiaxes are 
h Vl — and c Vl — x^JaK Hence the volume sought is 

F=jr = 

To find the total volume we should set x = — a and = a, which 
gives the value ^irabc. 


138. Ruled surface. Prismoidal formula. When the area A is an integral 
function of the second degree in x, the volume may he expressed very simply 
in terms of the areas JB and W of the hounding sections, the area h of the mean 
section, and the distance h between the two hounding sections. If the mean 
section he the plane of yz^ we have 

7= + 2mx-i* n)da; = 2Z~ +2na. 

But we also have 

A = 2a, 6 = 71, B = Za2 + 2ma + ?i, B' = Za® - 2ma + n, 

whence n = 5, a = V2, SZa^ = B + B' 26. These equations lead to the formula 

(40) V = l[B + S' + ii], 

which is called the prismoidal formvXa. 

This formula holds in particular for any solid bounded by a ruled surface and 
two parallel planes, Including as a special case the so-oaUed prismoid * For, 
let y = oa; + p and z = te + « he the equations of a Tariable straight Ime, where 
a, 6, p, and q are continuous functions of a yariahle parameter t which resume 
their initial values when t increases from f„ to T. This s traight line describes 

• A prismoid is a solid bounded by any number of plarm, two of which are para)- 
lei and contain all the vertices. — Teans. 
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a ruled surface, and the area of the section made by a plane parallel to the plane 
X = 0 is given, by § 94, by the integral 

A= (ax p}(b'x -i- q')dtf 

dto 

where a% c\ d' denote the derivatives of a, 6, c, d with respect to t. These 
derivatives may even be discontinuous for a finite number of values between 
and r, which will be the case when the lateral boundary consists of portions of 
several ruled surfaces. The expression for A may be written in the form 

/*T pT nT 

A = ab'dt -f- X / (aq^ -\-pb')dt + / pq'dt^ 

J t0 Jt0 

where the integrals on the right are evidently independent of x. Hence the 
formula (40) holds for the volume of the given solid. It is worthy of iiptice that 
the same formula also gives the volumes of most of the solids of elementary geometry. 


139. Viviani’s problem. Let C be a circle described with a radius OA (= R) 
of a given sphere as diameter, and let us try to find the volume of the portion 
of the sphere inside a circular cylinder whose right section is the circle C. 
Taking the origin at the center of the sphere, one fourth the required volume 
is given by the double integral 

j=ff VJSs -x^-yo dxdy 


extended over a semicircle described on OA as diameter. Passing to polar co5r- 
dinates p and w, the angle w varies from 0 to 7f/2, and p from 0 to li cos w. Hence 
we find 



p — p^ dp 






4 



or 

T = 5 PiR’ - B^air>.‘u)du = -(- - ?)■ 
4 3 Jo ^ ’ 3 \2 sj 

If this volume and the volume inside the cylinder 
which is symmetrical to this one with respect to 
the z axis be subtracted from the volume of the 
whole sphere, the remainder is 



Again, the area Cl of the portion of the sur- 
face of the sphere inside the given cylinder is 


"=^// 


vT+ p 2 ^ q 2 dxdy. 


Replacing p and q by their values — x/z and — y/z^ respectively, and passing to 
polar coordinates, we find 
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S = 4 I doj I 
Jo Jo 


Rp dp 




— /)2 Jo 


: 4tR^ J' ^(1 — sin w) d!ti> = 412^ . 


Subtracting the area enclosed by the two cylinders from the whole area of the 
sphere, the remainder is 

4;rE2 - 8E2^~ - = 8E». 

140. Evaluation of particular definite integrals. The theorems estab- 
lished above, in particular the theorem regarding differentiation 
under the integral sign, sometimes enable ns to evaluate certain defi- 
nite integrals without knowing the corresponding indefinite integrals 
We proceed to give a few examples. 

Setting 

. . r*log(l4- , 

'‘="(“>=1 i +»« 

the formula for differentiation under the integral sign gives 

X dx 

(1-h ax)(l-{-x'^) 

Breaking up this integrand into partial fractions, we find 


dA log(l+a®) , C“ 

l^=l+l^+Jo ( 


whence 


(1 + ax) (1 + x^) 


j" ““ 1 + \1 + 1 ^ 


i: 


X dx 


(1+ ax)(l+ 
It follows that 

dA 
da 


_ log(l ±_^ + « tan a. 

2(1+ a“) l + a“ 


or . , log(l+ff“) 

TT^^rctana+ 


whence, observing that A vanishes when « == 0, we may write 
Integrating the first of these integrals by parts, we finally find 


A = 2 ^ • 
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Again, consider the function This function is continuous 
when X lies between 0 and 1 and y between any two positire 
numbers a and h. Hence, by the general formula of § 123, 


But 


I dx I x^dy = I dy I x^dx. 
\J<li *Ja %J a %Jqi 


hence the value of the right-hand side of the previous equation is 



On the other hand, we have 


whence 



Jo loga: 


dx = log 



In general, suppose that P(Xj y) and Q(a;, y) are two functions 
which satisfy the relation dP/dy ^dQjdxy a^d that Xq, ccj, yi are 
given constants. Then, by the general formula for integration 
under the integral sign, we shall have 


or 

( 41 ) C [P(x, yi) - P(x, y„)]«fo! = f y) _ Q(x„, y)] dy. 


Cauchy deduced the values of a large number of definite inte- 
grals from this formula. It is also closely and simply related to 
Green’s theorem, of which it is essentially only a special case. 
For it may be ierived by applying Green’s theorem to the line 
integral jpdx + Qdy taken along the boundary of the rectangle 
formed by the lines x = Xo, x = Xj, y = y - y^. 

In the following example the definite integral is evaluated by a 
special device. The integral 
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has a finite value if la| is different from unity. This function 
F(a) has the following properties. 

1) F{-a) = F(a). Tor 


F{- a) = £ log (1 + 2a cos X + a^) dx, 


or, making the substitution x^ir 

i?(- a) log (1 - 2a cos y 4- dy = F(a ) . 


2) F(a^) = 2F{a). For we may set 

2F(a) = F(a) + F(- a), 

whence 

2F(a) = ^ [log (1 — 2a cos x -j- + log (1 -f 2a: COS x + a;®)] dx 



2a^ cos 2x 4- a*)dx. 


If we now make the substitution 2x — yj this becomes 


2F(a) = \ f log(l-2a^COSy + a*)dy 
^ Jo 

1 

4- i I log (1 — 2a^ cos y + or^) dy. 

2 Jir 

Making a second substitution y = 27r z in the last integral, we 
find 

X 2ir 

log (1 — 2a^ cos y a^)dy ^ J log (1 — 2a^ cosz -h ^ )d»f 

which leads to the formula 

2F(a) = I F(a:‘) + ^ F(a‘) = F{a ^ . 


From this result we have, successively, 

F(a) = I F(a^ = ^ T(a*) = ' • ' - 

If I a I is less than unity, approaches zero as n becomes infinite. 
The same is true of F(a^’'), for the logarithm approaches zero. 
Hence, if |a| <1, we have ■F’(a) =5 0. 
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If I <3: 1 is greater than imity^ let us set a = 1//8. Then we find 

=J^ log(l — 2p cos X dx — TT log 

where | ^ | is less than unity. Hence we have in this case 
F(a) = — Trlog = TT log 

Finally, it can be shown by the aid of Ex. 6, p. 205, that F(± 1) = 0 ; 
hence F(a) is continuous for all values of a. 


141. Approximate value of log r(n + 1). A great variety of devices may be 
employed to find either the exact or at least an approximate value of a definite 
integral. We proceed to give an example. We have, by definition, 

r(nH-l)= r 

Jo 

The function assumes its maximum value n«e”” for a = n. As cc increases 
from zero to ti, x»»e-® increases from zero to n”e-” (n>0), and when x increases 
from n to + », decreases from 7 i«e-n to zero. Likewise, the function 
^ag-ng-ts increases from zero to as t increases from - oo to zero, and 
decreases from n«e-« to zero as t increases from zero to 4- oo. Hence, by the 
substitution 


(42) 


x”e“® = n”e“"e“*' 


the values of x and t correspond in such a way that as t increases from — oo 
to -h Qo, X increases from zero to + oo. 

It remains to calculate dx/dt. Taking the logarithmic derivative of each side 
of (42), we find 

dx _ 2tx 
dt X — n 

We have also, by (42), the equation 

— u — n. log 

For simplicity let us set x = n + s, and then develop log (1 + z/n.) hy Taylor's 


= ^-nr ^ 2! 1 = 

L” 2n^(l+«irJ 


nz^ 


2(71 + $z)^ 


where 9 lies between zero and unity. Prom this we find, successively. 


2 + 9 = 

* t \2 
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whence, applying the formula for change of variable, 

r(ft + 1) = 2n,«e-’« + 2w«c“” 


The first integral is 


r ^ e-^'^dt = 2 f e~*^di = Vtt. 
J-x «/o 


As for the second integral, though we cannot evaluate it exactly, since we do 
not know 0, we can at least locate its value between certain fixed limits. For 
all its elements are negative between — oo and zero, and they are all positive 
between zero and -i- oo. Moreover each of the integrals is less in 

absolute value than dt = 1/2. It follows that 

(43) r(w 4- 1) = V¥n 7i«c-"^V^ + 

where w lies between — 1 and + 1. 

If n is very large, w/V^ is very small. Hence, if we take 

r(n + 1) = n” e-" V2n7t 

as an approximate value of r(?i + 1), our error is relatively small, though the 
actual error may be considerable. Taking the logarithm of each side of (43), we 
find the formula 

(44) log r (n + 1) = (n + I) log n - n -H i log (2;r) + e , 

where c is very small when n is very large. Neglecting e, we have an expression 
which is called the asymptotic value of logr(Ti4- !)• This formula is inter- 
esting as giving us an idea of the order of magnitude of a factorial. 


V27i/ 


142. D*Alembert’s theorem. The formula for integration under the integral 
sign applies to any function /(«, y) which is continuous in the rectangle of inte- 
gration. Hence, if two different results are obtained by two different methods 
of integrating the function /(x, y), we may conclude that the function /(x, y) is 
discontinuous for at least one point in the field of integration. Gauss deduced 
from this fact an elegant demonstration of d’Alembert’s theorem. 

Let F(z) be an integral polynomial of degree m in z. We shall assume for 
definiteness that all its coefficients are real. Replacing z by p(cosw + isinw), 
and separating the real and the imaginary parts, we have 

F(z) = P + iQ, 

where ^ . 

P = Aop^’ccemw + Aip”*-! co8(m - l)w 4- • • • + 

Q = Aop”‘sinmw 4- sinjm - 1) w 4- • • • 4- Am-ipsin w. 


If we set V = arc tan (P/Q), ^e shall have 


dV ^ dp 


dp 


?Z- 

d<a 


*^00) 


dcj 


dp P* 4- ' 0« P2 4- 

and it is evident, without actually carrying out the calculation, that the second 

027 M 


derivative is of the form 
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where M is a. continuous function of p and a>. This second derivative can only 
be discontinuous for values of p and w for which P and Q vanish simultaneously, 
that is to say, for the roots of the equation I^{z) = 0. Hence, if we can show that 
the two integrals 



are unequal for a given value of P, we may conclude that the equation F(z) = 0 
has at least one root whose absolute value is less than R. But the second inte- 
gral is always zero, for 

Jo L^pJco^O 

and hY /dp is aperiodic function of w, of period 2??. Calculating the first inte- 
gral in a similar manner, we find 

X SpbJ'’ L8“Jp=o’ 

and it is easy to show that dV/du is of the form 

— = 

Al ’ 

where the degree of the terms not written down is less than 2m in p, and where 
the numerator contains no term which does not involve p. As p increases indefi- 
nitely, the right-hand side approaches -m. Hence R may be chosen so large 
diat the value of dV/dta, for p = P, is equal to - m + c, where e is less than m 
in absolute value. The integral m + c)dw is evidently negative, and 
hence the first of the integrals (46) cannot be zero. 


EXERCISES 




1. At any point of the catenary defined in rectangular coordinates by the 
equation 

a I 

v = 2l 

let ns draw the tangent and extend it until it meets the * axis at a point T. 
Eevolrag the whole figure about the i axis, find the difference between the areas 
de^nM by the arc AM of the catenary, where A is the vertex of the catenary, 
and tlmt described by the tangent MT (1) as a function of the abscissa of the 
point M, (2) as a function of the abscissa of the point T. 

[Licence^ Paris, 1889.] 

2. Tlsing the usual system of trireotangnlar coordinates, let a ruled surface 

“ foUoTO : The plane zOA revolves about the a; axis, while the gen- 
watmg fine D, which hes in this plane, makes with the z axis a constant angle 
whose tangent IS \ and cuts off on OA an intercept OC equal to Xo9, where^a 
given length and S is the angle between the two planes zOx and zOA. 
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1) Find the volume of the solid bounded by the ruled surface and the planes 
zOy, zOZf and zOA, where the angle $ between the last two is less than 23 ?. 

2) Find the area of the portion of the surface bounded by the planes xOy, 
zOzy zOA. 

ILicence, Paris, July, 1882.] 

3. Find the volume of the solid bounded by the xy plane, the cylinder 
b^x^ -j- a^y^ = a^b% and the elliptic paraboloid whose equation in rectangular 
coordinates is 

C qi 

[Xicence, Paris, 1882.] 

4. Find the area of the curvilinear quadrilateral bounded by the four con- 
focal conics of the family 


which are determined by giving \ the values cV3, 2cV3, 4cV3, 6cV3, respectively. 

[Licence^ Besan^on, 1886.] 

6. Consider the curve 

y = V2 (sin® — cos®) , 

where ® and 2 ^ are the rectangular coordinates of a point, and where ® varies 
from 3ir/4 to 67r/4. Find ; 

1) the area between this curve and the ® axis ; 

2) the volume of the solid generated by revolving the curve about the ® axis ; 
8) the lateral area of the same solid. 

[iicence, Montpellier, 1898.] 


6. In an ordinary rectangular coordinate plane let A and B be any two 
points on the y axis, and let AMB be any curve joining A and B which, together 
with the line AB, forms the boundary of a region AMB A whose area is a pre- 
assigned quantity S, Find the value of the following definite integral taken 
over the curve AMB : 


[ 0 ( 2 /) e® — my] d® + [0'(y)e® - m] dy , 


where m is a constant, and where the function 0{y), together with its derivative 
<t>'{y), is continuous. 

[Xicence, Nancy, 1895.] 

7. By calculating the double integral 

r ^ r sin a® dy d® 

Jo Jo 

in two different ways, show that, provided that a is not zero. 


f 


sin a® , , jr 

d® = ± -• 

® 2 


8, Find the area of the lateral surface of the portion of an ellipsoid of revo- 
lution or of an hyperboloid of revolution which is bounded by two planes perpen- 
dicular to the axis of revolution. 
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9^. To find the area of an ellipsoid with three unequal axes. Half of the total 
area A is given by the double integral 


A 

2 



a2~.c2 , 62. 

■ : 


C® 



62 


dxdy 


extended over the interior of the ellipse 62a;2 zz a^b^. Among the methods 

employed to reduce this double integral to elliptic integrals, one of the simplest, 
due to Catalan, consists in the transformation used in § 126. Denoting the 
integrand of the double integral by and letting v vary from 1 to + », it is 
easy to show that the double integral is equal to the limit, as I becomes infinite, 
of the difference 








( 1?2 ^ 1 ) dV 


This expression is an undetermined form ; but we may write 


r2 dv 








and hence the limit considered above is readily seen to be 


7tab 


/ +<x> 

— 

-H)H) 


dv 




10*. If from the center of an ellipsoid whose semiaxes are a, 6, c a perpen- 
dicular be let fall upon the tangent plane to the ellipsoid, the area of the surface 
which is the locus of the foot of the perpendicular is equhl to the area of an 
ellipsoid whose semiaxes are bc/a, ac/b^ ab/c. 

[William Roberts, Journal de Liouville, VoL XI, 1st aeries, p. 81.] 
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11. Evaluate the double integral of the expression 

(X - 2/)”/(y) 

extended over the interior of the triangle hounded by the straight lines y — xo, 
y = X, and X = X in two different ways, and thereby establish the formula 

J dx y* {X -y)nf{y)dy = C 

From this result deduce the relation 

/ <3* • • • /’*/(*)*» = — /% - yYf(v)dy. 

In a similar manner derive the formula 

f xdx f xdx-- - f xdx fy(x}dx= ^ -y^)’‘f(y)cly, 

Jx^ 2 . 4 . 6 • • • 2n 

and verify these formulae by means of the law for differentiation under the 
integral sign. 



CHAPTER VII 


MULTIPLE INTEGRALS 
INTEGRATION OF TOTAL DIFFERENTIALS 

I. MULTIPLE INTEGRALS CHANGE OF VARIABLES 

143. Triple integrals. Let F(x, y, z) be a function of the three 
Tariables x, y, z which is continuous for all points M, whose rec- 
tangular coordinates are (a;, y, z), in a finite region of space (B) 
hounded by one or more closed surfaces. Let this region be sub- 
divided into a number of subregions (^i), (eg), •••, (««), whose vol- 
umes are ••*> ai^d let rji, ^i) be the coordinates of any 

point of the subregion (e,). Then the sum 

( 1 ) 

t=i 

approaches a limit as the number of the subregions (e,;) is increased 
indefinitely in such a way that the maximum diameter of each of 
them approaches zero. This limit is called the triple integral of 
the fimction F(a;, y, z) extended throughout the region (L"), and 
is represented by the symbol 

( 2 ) ill F{x^y^ z^dxdy dz, 

J J JiB) 

The proof that this limit exists is practically a repetition of the 
proof given above in the case of double integrals. 

Triple integrals arise in yarious problems of Mechanics, for 
instance in finding the mass or the center of gravity of a solid 
body. Suppose the region (E) filled with a heterogeneous sub- 
stance, and let y, z) be the density at any point, that is to say, 
the limit of the ratio of the mass inside an infinitesimal sphere about 
the point (a, y, z) as center to the volume of the sphere. If and 
are the maximum and the minimum value of /a in the subregion (e^), 
it is evident that the mass inside that subregion lies between fXiV, 
and hence it is equal to rji, Q, where rji, f,.) is a 

suitably chosen point of the subregion (e,). It follows that the total 

296 
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mass is equal to the triple integral f f (iidxdydz extended thronerh- 
out the region (E). 

The evaluation of a triple integral may be reduced to the suc- 
cessive evaluation of three simple integrals. Let us suppose first 
that the region (E) is a rectangular parallelepiped bounded by the 
six planes a; = Xq, x X, y = yo, y = = «o, « = -2:. Let (E) 

be divided into smaller parallelopipeds by planes parallel to the 
three cobrdinate planes. The volume of one of the latter is 
(^» — {yk ~ and we have to find the limit of 

the sum 

( 3 ) S = ^i~i)(yk “■ yk^i)(^i "" 

i k I 

where the point is any point inside the corresponding 

parallelopiped. Let us evaluate first that part of S which arises 
from the column of elements bounded by the four planes 


= x = Xi, y^yk-u y = yki 

taking all the points Vau W the straight line x = 
y == 3/i— 1 * This column of parallelopipeds gives rise to the sum 


(Xi - yk-^iy - «o) + • • 

and, as in § 123, the ^’s may be chosen in such a way that the 
quantity inside the bracket will be equal to the simple integral 


2/ifc-.i) = f yk-iy 

It only remains to find the limit of the sum 

XX ~ Vk-O- 

i k 

But this limit is precisely the double integral 

J J ^{^3 3/)da;dy 

extended over the rectangle formed by the lines x = Xqj x = X, 
y ^ yoi y ^ Y. Hence the triple integral is equal to 

f dx f <>(x,y)dy, 

or, replacing #(aj, y) by its value, 

( 4 ) 


' dx I dy I F(x, y, »)dz, 
*0 
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The meaning of this symbol is perfectly obvious. During the first 
integration x and y are to be regarded as constants. The result will be 
a function of x and y, -which, is then to be integrated between the linaits 
and Y, x being regarded as a constant and y as a variable. The 
result of this second integration is a function of x alone, and the last 
step is the integration of this fnnction between the limits Xq and X. 

There are evidently as many ways of performing this evaluation 
as there are permutations on three letters, that is, six. Eor instance, 
the triple integral is equivalent to 

dz I dx I F(pc, y, si)dy= I dz , 

Jxf^ Jy^ Jz^ 

■where ^{z) denotes the double integral of F(x, y, z) extended over 
the rectangle formed by the lines x , x — y = y = Y. We 
might rediscover this formula by commencing with the part of the 
sum S which arises from the layer of parallelepipeds bounded by the 
two planes z = z = z^. Choosing the points (^, ly, f) suitably, 
the part of S -which arises from this layer is 

and the rest of the reasoning is similar to that above. 

144. Let ns now consider a region of space bounded in any 
manner whatever, and let us divide it into subregions such that any 

line parallel to a suitably chosen 
fixed line meets the surface which 
hounds any subregion in at most 
two points. We may evidently 
restrict ourselves without loss of 
generality to the case in which a 
line parallel to the z axis meets 
the surface in at mo^t two points. 
The points upon the hounding 
surface project upon the xy plane 
into the points of a region A 
hounded by a closed contour (7. 
To every point (x, y) inside C cor- 
respond two points on the bound- 
ing surface whose coordinates are 
y) and — <f>^(x, y). We shall suppose that the functions 
and <j >2 are continuous inside C, and that <#»i< </» 2 . Let us now 
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divide the region under consideration by planes parallel to the coor- 
dinate planes. Some of the subdivisions will be portions of paral- 
lelepipeds. The part of the sum ( 1 ) which arises from the column 
of elements bounded by the four planes x = Xi_i, x = y = 
y = 2/^ is equal, by § 124 , to the expression 


- ^i-i) (yjfc ~ yjt-i) r , Vk-x^ 



where the absolute value of may be made less than any preassigned 
number e by choosing the parallel planes sufficiently near together. 
The sum 

%'k 


approaches zero as a limit, and the triple integral in question is 
therefore equal to the double integral 




^(x, y) dx dy 


extended over the region (A) bounded by the contour C, where the 
function $(£c, y) is dehned by the equation 


F{x,y,»)dz. 

Jh 

If a line parallel to the y axis meets the contour C in at most two 
points whose coordinates are y = and y = respectively, 

while X varies from 'xi to X2 , the triple integral may also be written 
in the form 

rvi 

dx dy F{x,y,i^)dz. 

Xj Vx »/ *1 

The limits and depend upon both x and y, the limits yi and 3/2 
are functions of x alone, and finally the limits Xi and £C2 are constants. 

We may invert the order of the integrations as for double inte- 
grals, but the limits are in general totally different for different 
orders of integration. 

Note. If ^{x) be the function of x given by the double integral 

dy F(x,y,z)dz 

!/l 
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extended over the section of the given region by a plane parallel to 
the yz plane whose abscissa is sc, the formula (5) may be written 

r' 

I ^(x) dx . 

This is the result we should have obtained by starting with the 
layer of subregions bounded by the two planes = 

Choosing the points (^, suitably, this layer contributes to the 
total sum the quantity 

Example. Let us evaluate the triple integral / Jfz dx dy dz extended through- 
out that eighth of the sphere which lies in the first octant. If 

we integrate first with regard to 2 , then with regard to y, and finally with regard 
to a;, the limits are as follows : x and y being given, z may vary from zero to 
VR 2 - z 2 _ j a; being given, y may vary from zero to ; and x itself 

may vary from zero to jR. Hence the integral in question has the value 

j J J zdxdydz - dx dy zdz, 

whence we find successively 

0 zdz = -(B!i-x-^-y^), 

2X (It!! -!*»)», 

and it merely remains to calculate the definite integral |// {m - x^)^dx^ which, 
by the substitution z= Ecoa 0 , takes the form 

V 

Hence the value of the given triple integral is, by § 116, 

145. Change of variables. Let 

I X - f{u, V, w), 

y = <^(«, V, w), 

s = f (m, V, w) , 

be formulae of transformation which establish a one-to-one corre- 
spondence between the points of the region {E) and those of another 
region (£i). We shall think of u, v, and w as the rectangular cobr- 
dinates of a point with respect to another system of rectangular 
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coordinates, in general different from the first. If F(pe, y, z) is a 
continuous function throughout the region (E), we shall always have 


( 7 ) 



x,y,z)dxdydz 

ff f 

J J J(.s,) 


DLf, <!>, <P) 

D(u, V, w) 


dudvdwy 


where the two integrals are extended throughout the regions (E) 
and respectively. This is the formula for change of variables 

in triple integrals. 

In order to show that the formula (7) always holds, we shall 
comnaence by remarking that if it holds for two or more particular 
transformations, it will hold also for the transformation obtained by 
carrying out these transformations in succession, by the well-known 
properties of the functional determinant (§ 29). If it is applicable 
to several regions of space, it is also applicable to the region obtained 
by combining them. We shall now proceed to show, as we did for 
double integrals, that the formula holds for a transformation which 
leaves all but one of the independent variables unchanged, —• for 
example, for a transformation of the form 


( 8 ) 




We shall suppose that the two points M{xy 2/, z) and M'(x\ z') are 

referred to the same system of rectangular axes, and that a parallel 
to the z axis meets the surface which 
bound-S the region (JS) in at most two 
points. The formulae (8) establish a corre- 
spondence between this surface and another 
surface which bounds the region (-E^). The 
cylinder circumscribed about the two sur- 
faces with its generators parallel to the 
z axis outs the plane « = 0 along a closed 
curve C. Every point m of the region A 
inside the contour C is the projection of 
two points mi and Wj of the first surface, j i 

whose coordinates are and respectively, and also of U o 
points ml and mj of the second surface, whose coordinates are .. 
Ld zL, respectively. Let us choose the notation m such a way 
Si . < J and /< .1. The formula (8) teansform he point m, 

into tL point ml, or else into the point mj. 

two cases, we need merely consider the sign of ■ K </'/ 


FlO. 33 
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positive, z increases with and the points Wj and mg go into the 
points m{ and respectively. On the other hand, if dip/dz' is 
negative, z decreases as z' increases, and and go into ml and 
miy respectively. In the previous case we shall have 

jT F{x, y, ^)d.z= jT F[x, y, y, s')] 
whereas in the second case 


r 'f{x, y,)i)dz = -f F\x, y, f(x, y, «)] 


^ Az' 
dz’ ^ • 


In either case we may write 


(9) ^ Fix, y, z) dz = JJfIx, y, ^(x, y, »)] ^ dz' . 

If we now consider the double integrals of the two sides of this 
equation over the region^, the double integral of the left-hand side, 




y, z) dz, 


IS precisely the triple integral/// F(x, y, z) dx dydz extended through- 
out the region (S). Likewise, the double integral of the right-hand 
side of (9) is equal to the triple integra,! of 

y\ y', «')]|g 

extended throughout the region (E'), which readily follows when 
X and 2 / are replaced by x' and y\ respectively. Hence we have in 
this particular case 

//X F(a;, y, z) dx dy dz 

dx'dt/dz'. 

But in this case the determinant D(x, y, z)/D{x’, y’, z') reduces to 
d>p/8z.^ Hence the formula (7) holds for the transformation (8). 

Again, the general formula (7) holds for a transformation of the 
type 

( 10 ) x=/(x',y',z'), y=i.(x',y',z’), z^z'. 
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where the variable z remains unchanged. We shall suppose that 
the formulae (10) establish a one-to-one correspondence between 
the points of two regions (E) and (E'), and in particular that the 
sections R and R’ made in (E) and (E% respectively, by any 
plane parallel to the xy plane correspond in a one-to-one manner. 
Then by the formulae for transformation of double integrals we 
shall have 


( 11 ) 


\flj 


F(x, y, z) dx dy 


-f y '’ «'). y'> 


The two members of this equation are functions of the variable 
z=:z^ alone. Integrating both sides again between the limits Zi 
and Z 2 , between which 2 ; can vary in the region (E), we find the 
formula 


I rrr z)dxdydz 

/"\0\ %J(E) 

But in this case D(_x, y, ^)/r)(x\ y', «') = D(x, y)/Dix’, y'). Hence 
the formula (7) holds for the transformation (10) also. 

We shall now show that any change of variables whatever 

(13) x=f(xt,yx,<^0y y = <#>(*i. 2/1. ^)> s = >/'(‘«^i. yi. »i) 

may be obtained by a combination of the preceding transformations. 
Bor, let ns set ^ = yi, = - Then the la^t equation of 

(13) may be written = y', sh). whence % ^(a:, y , )• 

Hence the equations (13) may be replaced by the six equations 

(14) a: = fix', y', ir{x', y', »')] . V = 2''’ 2''’ ’ 


z = z\ 


(16) 


= *1. 


y' = yi. 


z' = <p{xx, yi, »i) • 


The general formula (7) holds, as we have seen, for each of the 
transformations (14) and (15). Hence it holds for the transforma- 

l\?t’have replaced the general transformation (13), as the 
reaTer^f easily show, by a sequence of three transformations of 

tbe type (8). 
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146. Element of volume. Setting F(x, y, a;) = 1 in the formula (7), 
we find 

rrr dxdydz=^ f f f ^\ \dudvdtv. 

J J JiE) J J i>(W, V, W) 1 

The left-hand side of this equation is the volume of the region (E). 

i^he law of the mean to the integral on the right, we find 
the relation 


(16) 


F = Fa 


D{u, V, w) 


where Vi is the volume of (-E^i), and i, yjj f are the coordinates of some 
point in This formula is exactly analogous to formula (17), 
Chapter VI. It shows that the functional determinant is the limit 
of the ratio of two corresponding infinitesimal volumes. 

If one of the variables w, w in (6) be assigned a constant value, 
while the others are allowed to vary, we obtain three families of 
surfaces, = const., v = const., w = const., by means of which the 
region (E) may be divided into subregions analogous to the paral- 
lelepipeds used above, each of which is bounded by six curved faces. 
The volume of one of these subregions bounded by the surfaces 
(w), {u -f- du\ (v), (v -f di;), (w), (w + dw) is, by (16), 



E(Uj Vy w) 




du dv dw , 


where du, dv, and dw are positive increments, and where c is infini- 
tesimal with du, dv, and dw. The term e du dv dw may be neglected, 
as has been explained several times (§ 128). The product 


(17) 


dV = 



du dv dw 


IS the principal part of the infinitesimal AF, and is called the element 
of volume in the system of curvilinear coordinates (u, v, w). 

Let d^ be the square of the linear element in the same system of 
ooordmates. Then, from (6), 


whence, squaring and adding, we find 


du « du *4” • • • . 
du ^ > 


( ds^ — + dy^ + dz^ 

( = ^i<^«'’‘+W,dv‘+ff„dw^+2Fidvdw+2F,dudw+2F,dudv, 
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the notation employed being 


(19) 


Ih- 




r,-S 


dx dx 
dv d‘w^ 



jy Q ^ ^ jy n ^ ^ 

^ du dw ® ^ du dv ’ 


where the symbol S means, as usual, that x is to be replaced by y 
and z successively and the resulting terms then added. 

The formula for dV is easily deduced from this formula for ds\ 
For, sc[uaring the functional determinant by the usual rule, we find 


dx dy ^ 
du du du 

dx dy ^ 
dv dv dv 

dx dy dz 
dw dw dw 


Hi 

F, 

F^ 

F, 

Hi 

Fi 


Fi 

H. 


whence the element of volume is equal to Vm du dv dw. 

Let us consider in particular the very important case in which 
the coSrdinate surfaces (u), (v), (w) form a triply orthogonal system, 
that is to say, in which the three surfaces which pass through any 
point in space intersect in pairs at right angles. The tangents to 
the three curves in which the surfaces intersect in pairs form a tri- 
rectangular trihedron. It follows that we must have Fi = 0, 0, 

= 0 ; and these conditions are also sufficient. The formulae for 
dV and ds^ then take the simple forms 

( 20 ) ds^ = Hi du^ 4 - H^ dv^ + H^dw^y dV = y/ HiH^H^dudv dw. 

These formulae may also be derived from certain considerations of 
infinitesimal geometry. Let us suppose du, dv, and dw very small, 
and let us substitute in place of the small subregion defined above a 
small parallelepiped with plane faces. I^eglecting infinitesimals of 
higher order, the three adjacent edges of the parallelepiped may be 
taken to be y/Hidu, yfW, dv, and ^^dw, respectively. The for- 
mulae (20) express the fact that the linear element and the element of 
volume are equal to the diagon al and the volume of this parallele- 
piped, respective. The area y/H^, du dv of one of the faces repre- 
sents in a similar manner the element of area of the surface (i^^). 

As m example consider the transformation to polar coordmates 

(21) aj = psindcos<^>, y = p sin d sin<#», z^pGOsO, 
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where p denotes the distance of the point M(x, y, z) from the origin, 
0 the angle between OM and the positive ^ axis, and the angle 
which the projection of OM on the a;?/ plane makes with the positive 
X axis. In order to reach all points in space, it is sufficient to let p 
vary from zero to + co, ^ from zero to tt, and from zero to 27 r. 
From (21) we find 

(22) ds^ = dp^ 4- p" d$^ -}- p^ sin^e 

whence 


dV = p^ sin d dp dO d<t > . 

These formulae may be derived without any calculation, however. 
The three families of surfaces (p), (0), (<^) are concentric spheres 

about the origin, cones of revolution 
about the rj axis with their vertices 
at the origin, and planes through 
the z axis, respectively. These 
surfaces evidently form a triply 
orthogonal system, and the dimen- 
sions of the elementary subregion 
are seen from the figure to be dp, 
pd$, p sin Od<l>; the formulae (22) 
and (23) now follow immediately. 

To calculate in terms of the va- 
riables p, 6, and a triple integral 
extended throughout a region bounded by a closed surface S, which 
contains the origin and which is met in at most one point by a radius 
vector through the origin, p should be allowed to vary from zero to R, 
where R — f(6, ^) is the equation of the surface ; 6 from zero to tt • 
and from zero to 27r. For example, the volume of such a surface is 



X 2 .T pTT 

d<l>J dsj p^ sin 0 dp. 

The first integration can always be performed, and we may write 


X 27r 

Jo 


ursine 


Occasional use is made of cylindrical coordinates r, a., and « defined 
by the equations a: = r cos y = r sin It is evident that 

ds‘ = di^+r^do,’‘ + dz^, 


and 


dV = rd<o dr dz. 
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147. Elliptic coBidinates. The surfaces represented by the equatioa 


where X is a variable parameter and a > 5 > c> 0, form a family of confocal 
conics. Through every point in space there pass three surfaces of this family, — 
an ellipsoid, a parted hyperboloid, and an unparted hyperboloid. Tor the equa- 
tion (24) always has one root Xi which lies between b and c, another root X 2 
between a and 6 , and a third root Xs greater than a. These three roots Xi, X 2 , X 3 
are called the elliptic coordinates of the point whose rectangular coordinates are 
(x, y, z). Any two surfaces of the family intersect at right angles : if X be given 
the values Xi and X 2 , for instance, in (24), and the resulting equations be sub- 
tracted, a division by Xi “• X 2 gives 

?/2 z® 


(26) 


a) (Xi - 6 )(X 2 ~ h) ' (Xi - c)(X 2 - c) 




= 0 , 


(Xi — a)(X2 * 

which shows that the two surfaces (Xi) and (X2) are orthogonal. 

In order to obtain x, y, and z as functions of Xi, X2, X3 , we may note that the 

relation 

(X - a)(X - 6)(X - c) - c){X d)(X - b) 

= (X — Xi)(X — X2)(X — X3) 

is identically satisfied. Setting X = a, X = 6, X = c, successively, in this equa- 
tion, we obtain the values 


( 26 ) 


.2 - (^8 - a)(a - ^ 

■” (a - 5) (a ’ 

^ (X8-b)(X2-5)(&-Xi) 


(a ~ b){h - c) 

(X3 — C)(X2 — C)(Xl c) 
(a - c )(6 - c) 

whence, taking the logarithmic derivatives, 

X / dXi , <2X2 , dXs 

d\x 


dx : 


+ 


dy 


dz 


=i(i 


Xi- 6 
dXi 


+ 


X 2 — a 
dXa 


X3 - 


a)’ 


X 2-6 
< 2 X 2 ^ ^ 

X2 — c Xs 


<2X3 

X3-&/’ 


Forming the sum of the squares, the terms in dXi dXj, 

ap^ar by means of (26) and similar relations. Hence the coefficient of dX, is 


Ml-- 


If 


UL(M-a) 2 '^(Xi- 6 )^ 

r, replacing x, y, a by their values and simplifying, 

1 (X8-Xi)(X2-Xi) _ 

4 (Xi - a)(M - 


( 27 ) 



308 


MULTll^LE INTEGRALS 


[vn, § 148 


The coefficients and 3fa of dX| and d\l, respectively, may be obtained from 
this expression by cyclic permutation of the letters. The element of volume is 
therefore ■VMiMqMq d\i d\s dXg • 


148. Dirichlet’a integrals. Consider the triple integral 


fff ^x — y — zydxdydz 

taken throughout the interior of the tetrahedron formed by the four planes 
ajrrO, y = 0, 25 = 0, X y + z =1. Let us set 


X-\-y + Z = ^, y + Z = ^yf, 

where f are three new variables. These formulae may be written in the form 


^ = + 2/4-2, 


y 4- 2 
« 4- 2/ 4- 2 ’ 


and the inverse transformation is 


f = 


z 

2 / 4 - 2 ’ 


y = ^i7(l-r)i 2 = lvi'. 

When X, y, and z are all positive and x 4- 2 / 4- 2 is less than unity, 77 , and ^ all 
lie between zero and unity. Conversely, if 7 ;, and ^ all lie between zero and 
unity, X, 2 /, and z are all positive and x 4- y 4- 2 is less than unity. The tetra- 
hedron therefore goes over into a cube. 

In order to calculate the functional determinant, let us introduce the auxiliary 
transformation X = |, F = ^ 17 , Z = ^ 77 ^, which gives x = X~r, 2 / = r- Z, 
2 = Z. Hence the functional determinant has the value 

y. g) _ J>(2, y, 2 ) D(X, F, Z) _ 

Dfc 77 , r) i)(X, F, Z) ‘ J)(i, 77 , fl " ^ 

and the given triple integral becomes 


me integrand is the product of a function of f, a function of ii, and a funo- 
tion of Hence the triple integral may be written in the form 

^fp+«+-+>(i - {)*df xj^'ra - 

or, introducing V functions (see (33), p. 280), 

r(p + } + r + 3)r(»+i) ^ r(g + r + 2)r(p+n ^ r(r + i)r(?+i) 
r(p + ? + r + s + 4 ) r(p + 3 + r + 3) ^ r (3 + r + 2) 

Canceling the common factors, the value of the given triple integral is Anally 
found to be o ^ 

(28) r(p +i)r (3 +i)r(r +i)r(8 +ii 

r(p + « + r + 3 + 4) 
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149. Gieen’s theorem.* A formula entirely analogous to (16), § 126, may be 
derived for triple integrals. Let us first consider a closed surface S -which is 
met in at most two points by a parallel to the z axis, and a function R{x, y, z) 
which, together with dR/dz, is jpntinuous throughout the interior of this surface. 
All the points of the surface 8 project into points of a region A of the xy plane 
which is bounded by a closed contour C. To every point of A inside C corre- 
spond two points of 8 whose coordinates are zi = 4>i («, y) and Z 2 = <t>i (x, y). 
The surface 8 is thus divided into two distinct portions and 8i . We shall 
suppose that Zi is less than . 

Let us now consider the triple integral 



— dxdydz 
dz 


taken throughout the region bounded by the closed surface 8. A first integra- 
tion may be performed with regard to z between the limits z\ and z^ (§ 144), 
which gives R(«, y, — jR(x, y, Zi). The given triple integral is therefore 
equal to the double integral 


j j" [B(x, y, Z 2 ) - E(x, y, zi)]dxdy 


over the region A, But the double integral f f B{x, y, z^) dxdy is equal to the 
surface integral (§ 136) 


y, z)dxdy 


taken over the upper side of the surface . Likewise, the double integral of 
•K(x, y, Zi) with its sign changed is the surface integral 


ff R(x,y,z)dxdy 


taken over the lower side of Si . Adding these two integrals, we may write 



— dxdydz= f f R(x, y, z) dxdy , 
dz d d(S) 


where the surface integral is to be extended over the whole exterior of the sur- 
face 8, 

By the methods already used several times in similar cases this formula may 
be extended to the case of a region bounded by a surface of any form whatever. 
Again, permuting the letters x, y, and z, we obtain the analogous formulae 


Iff 

Iff 


^dxdydz — f f P(x, y, z) dy dz, 
dx J J(.s) 

^ dxdydz = f f Q(x, y, z)dzdx. 


* Occasionally called Oetrogradsky^ s theorem. The theorem of § 126 is sometimes 
called RiemanrCs theorem. But the title Greers s theorem is more clearly established 
and seems to he the more fitting. See Ency. der Math. Wiss.^ II, A, 7, b and c. 
Teans. 
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Adding these three formulae, we finally find the general Green’s theorem for 
triple integrals ; 


(29) 




+ ^^\dxdpdz 
dx dy dz ) 


= r r P(x, y, z)dydz + Q(x, y, z)dzdz + B{x, y, z)dxdy, 

«/ «/(iS) 


where the surface integrals are to be taken, as before, over the exterior of the 
bounding surface. 

If, for example, we set P = x, Q = P = 0orQ = y, P = P = 0orP = «, 
P = Q = 0 , it is evident that the volume of the solid bounded by S is equal to 
any one of the surface integrals 


(290 


ff xdydz. ff ydzdx^ if zdxdy 

J J^S) J J(S) J d(S) 


150. Multiple integrals. The purely analytical definitions which have been 
given for double and triple integrals may be extended to any number of vari- 
ables. We shall restrict ourselves to a sketch of the general process. 

Let Xi, X 2 , • • •, x„ be n independent variables. We shall say for brevity 
that a system of values i i these variables represents a point in 
space of n dimensions. Any equation P(xi, X 2 , • • • , x„) = 0, whose first member 
is a continuous function, will be said to represent a surface; and if F is of the 
first degree, the equation will be said to represent a plane. Let us consider the 
totality of all points whose codrdinates satisfy certain inequalities of the form 

(30) ^»(xi, X2, • • •, Xrt)<0, i = 1, 2, . ‘ A:. 

We shall say that the totality of these points forms a domain D in space of n 
dimensions. If for all the points of this domain the absolute value of each of 
the coordinates Xi is less than a fixed number, we shall say that the domain I) is 
finite. If the inequalities which define D are of the form 

(31) 

we shall call the domain a prismoid, and we shall say that the n positive quan- 
tities xj- — xj are the dimensions of this prism oid. Finally, we shall say that a 
point of the domain D lies on the frontier of the domain if at least one of the 
functions in (30) vanishes at that point. 

Now let I) be a finite domain, and let /(xi , Xa , • • • , x„) be a function which 
is continuous in that domain. Suppose D divided into subdomains by planes 
parallel to the planes Xf = 0 (i = 1, 2, • • • , n), and consider any one of the pris- 
moids determined by these planes which lies entirely inside the domain D. 
Let Axi, Axa, • • • , AXn be the dimensions of this prismoid, and let fi, , • • • , 
be the coordinates of some point of the prismoid. Then the sum 

(32) 5 = S/(^i, ^ 2 , • • • , ^n) Axi Axa • • • Ax„, 

formed for all the prismoids which lie entirely inside the domain D, approaches 
a limit I as the number of the prismoids is increased indefinitely in such a way 
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that all of the dimensions of each of them approach zero. We shall call this 
limit I the n-tuple integral of a; 2 , * • *» a^n) taken in the domain D and shall 
denote it by the symbol 


I = JJ. . . J f{xiy aJa, • • aft)daJidx2 . • • dXn. 


The evaluation of an n-tuple integral may be reduced to the evaluation of 
n successive simple integrals. In order to show this in general, we need only 
show that if it is true for an (n — l)-tuple integral, it will also be true for an 
n-tuple integral. For this purpose let us consider any point (Xi, Xa?-*-? ®n) 
of D. Discarding the variable Xn for the moment, the point (xi , Xa , • • • , x» _ i) evi- 
dently describes a domain D' in space of (n — 1) dimensions. We shall suppose 
that to any point (xi, xa, •••, inside of D' there correspond just two 

points on the frontier of D, whose coordinates are (xi, Xa, • • •, Xn-i; xJJ>) and 
(xi, Xa , • • • , Xn-r, where the coordinates x^^^ and x^*^^ are continuous func- 
tions of the n - 1 variables xi , xa , • • • , Xn^i inside the domain IX. If this con- 
dition were not satisfied, we should divide the domain JD into domains so small 
that the condition would be met by each of the partial domains. Let us now 
consider the column of prismoids of the domain B which correspond to the 
same point (xi , Xa , • • • , ain-i). It is easy to show, as we did in the similar case 
treated in § 124, that the part of S which arises from this column of prismoids is 


Axi Axa • • • AXn-i 



• , Xn) dXn + C 


]■ 


where [ej may be made smaller than any positive number whatever by choos- 
ing the quantities Ax» sufficiently small. If we now set 

(33) 4»(xi, Xa, • • •, Xn-x) = / ^ /(«i» »2, * * *, ®n)dx„, 

it is clear that the integral J will be equal to the limit of the sum 
24>(Xi, Xa, • • • , Xfi— i) Axi Axa • • • AXn— i, 
that is, to the (n - l)-tuple integral 

(34) /*“/ ^(®l’®2,-**,anll)<iXi---dXn-l, 


in the domain B'. The law having been supposed to hold for an (n - l)-tuple 
integral, it is evident, by mathematical induction, that it holds in general. 

We might have proceeded differently. Consider the totality of points 
(Xi , Xa , • • • , Xn) for which the coSrdinate x» has a fixed value. Then the 
point (xi, Xa, • • •, Xn-i) describes a domain 5 in space of (n — 1) dimensions, 
and it is easy to show that the n-tuple integral I is also equal to the expression 

(36) I = j^^^^e{Xn)dZn, 


where 0{Xn) is the — l)-tuple integral ///• • •// dxi • • • dxn-i extended through- 
out the domain S. Whatever be the method of carrying out the process, the limits 
for the various integrations depend upon the nature of the domain D, and 
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vary in general for different orders of integration. An exception exists in case 
D is a prismoid defined by inequalities of the form 

a;;<Xx<Xi, •••, x^i<Xi<Xi, 

The multiple integral is then of the form 

and the order in which the integrations are performed may be permuted in any 
way whatever without altering the limits which correspond to each of the 
variables. 

The formula for change of variables also may be extended to n-tuple integrals. 
Let 

(36) Xi = <f)i {Xi , JC-L • * * J 3Jn) J i = 1, 2, • • • , 71 , 

be formulae of transformation which establish a one-to-one correspondence between 
the points (xi, ., • • • , x'n) of a domain D' and the points (xi, xg, • • • » of a 
domain D. Then we shall have 


(37) 


, X2, • • •, Xti)dXi- ■ dXn 


-// i,' 


F{<f>i , • • • , 0rt) 






M dxl---dx;. 

x'n) 


The proof is similar to that given in analogous cases above. A sketch of the 
argument is all that we shall attempt here. 

1) If (37) holds for each of two transformations, it also holds for the trans- 
formation obtained by carrying out the two in succession. 

2) Any change of variables may be obtained by combining two transforma- 
tions of the following types : 


(38) Xi — Xf , Xo — Xa , * ’ • » ®n--l — X/i — lj Xn — (Xj , X 2 , • • • , Xn) , 


(39) Xi = fi(xi, xy, Xn-l = V'«-l(xi, xy, x« = xy 


3) The formula (37) holds for a transformation of the type (38), since the 
given 7i-tuple integral may be written in the form (34). It also holds for any 
transformation of the form (39), by the second form (36) in which the multiple 
integral may be written. These conclusions are based on the assumption that 
(37) holds for an (n ~ l)-tuple integral. The usual reasoning by mathematical 
induction establishes the formula in general. 

As an example let us try to evaluate the definite integral 


I = f f“ f • • • x*”(l — xi — X 2 — x„)^dxi d!x 2 • • • dXft, 


where ori, « 2 , • *, an, j8 are certain positive constants, and the integral is to be 
extended throughout the domain D defined by the inequalities 

0<X2, •••, 0<X„, Xi + X 2 H |-x„<l. 

The transformation 

Xi + X2 + * • • + Xn = ^1, »a+ • + Xn = h&, **•, *n = Ilf* • * ' I# 
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carries D into a new domain D' defined by the inequalities 

and it is easy to show as in § 148 that the value of the functional determinant is 
D(xi, xa, ■ 


'•> ^n) _ yn-2 

— «2 




•D(^l , ^2 , • • * , W 
I'lie new integrand is therefore of the form 

and the given integral may be expressed, as before, in terms of F functions : 

J = r (at + 1 ) r (^2 + 1 ) - • T{an + 1 ) ro + 1 ) 
r(a:i + as H + or„ + + n + 1) 


(40) 


IL INTEGRATION OF TOTAL DIFFERENTIALS 


151. General method. Let P(x, y) and dix^ y) be two functions of 
the two independent variables x and y. Then the expression 

Pdx ^ Qdy 

is not in general the total differential of a single function of the two 
variables x and y. For we have seen that the equation 


(41) 


du = Pdx Qdy 


is equivalent to the two distinct equations 


Differentiating the first of these equations with respect to y and the 
second with respect to x, it appears that u(Xf y) must satisfy each 
of the equations 

_ dP(x, y) d^u _ dd(x, y) 
dx dy dy ’ dy dx dx . 

A necessary condition that a function w(a;, y) should exist which 
satisfies these requirements is that the equation 


(43) 


£P ^ 

dy dx 


should be identically satisfied. 

This condition is also sufficient. For there exist an infinite 
number of functions u(xj y) for which the first of equations (42) 
is satisfied. All these functions are given by the formula 


=J^ P(x,y)di 


'■x + Y, 
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where is an arbitrary constant and T is an arbitrary function of y. 
In order that this function u(x, y) should satisfy the equation (41), 
it is necessary and sufdcient that its partial derivative with respect 
to X should be equal to Cl{x, y), that is, that the equation 

r^P ^ , dY . 

X 

should be satisfied. But by the assumed relation (43) we have 


J ^ ^dx = J ~ 

whence the preceding relation reduces to 


- = <2(x„,y). 


The right-hand side of this equation is independent of x. Hence 
there are an infinite number of functions of y which satisfy the 
equation, and they are all given by the formula 


r= r Q(a5o, y)dy-^rC, 

^Vo 

where y^ is an arbitrary value of y, and C is an arbitrary constant. 
It follows that there are an infinite number of functions u(Xj y) 
which satisfy the equation (41). They are all given by the formula 


(44) 



/ 


Q(a:o, y)dy 


+ c, 


and differ from each other only by the additive constant C. 
Consider, for example, the pair of functions 


x-^-my y — ma; 


which satisfy the condition (43). Setting aso = 0 and t/o = % 
formula for u gives 



X + wy 
a;* -by® 



y 




whence, performing the indicated integrations, we find 

1 r * 

= - [log(a;* 4- 2 /*)]* + j^arc tan ~ J -f log y 
or, simplifying. 


1 X 

■i4 = - log(a;^ + y®) 4- m arc tan - 4- C . 


-f C, 
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The preceding method may be extended to any number of inde- 
pendent variables. We shall give the reasoning for three variables. 
Let P, Q, and R be three functions of x, y, and z. Then the total 
differential equation 

(45) du = Pdx Qdy Rdz 

is equivalent to the three distinct equations 


(46) 



du 

dy 





Calculating the three derivatives d^u/dxdyj d^u/dydz^ d^ujdzdx in 
two different ways, we find the three following equations as neces- 
sary conditions for the existence of the function u : 


(47) 


dy dx ^ dz By ^ dx dz 


Conversely, let us suppose these equations satisfied. Then, by the 
first, there exist an infinite number of functions u{x, y, z) whose 
partial derivatives with respect to x and y are equal to P and Q, 
respectively, and they are all given by the formula 


•t4=r P(x, y, z)dx-i- r Q(Xo,y,z)dy + Z, 

Jxq 

where Z denotes an arbitrary function of z. In order that the deriva- 
tive du/dz should be equal to P, it is necessary and sufficient that 
the equation 

should be satisfied. Making use of the relations (47), which were 
assumed to hold, this condition reduces to the equation 
\ dz 

R(Xj y, z) - R(xqj y, z) + R{Xq^ y, z) — R(xq, 2 / 0 , «) + -^ = ^(i»> Vi «) ; 

— P(a;o, ®)* 

It follows that an infinite number of functions u(x, y^ z) exist 
which satisfy the equation (45). They are all given by the formula 


(48) tc= f P(Xy y, z)dx -i- 

Jxq 


f 


u 

Q(x<„y,»)dy + 


i: 


R(xo,yojz)dz + C, 


where Xq, y^^ Zq are three arbitrary numerical values, and C is an 
arbitrary constant. 
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152. The integral -f- Qdy. The same subject may be 

treated from a different ‘‘point of view, which gives deeper insight 
into the question and leads to new results. Let P{x, y) and Q{Xy y) 
be two functions which, together with their first derivatives, are 
continuous in a region A bounded by a single closed contour C. 
It may happen that the region A embraces the whole plane, in 
which case the contour C would be supposed to have receded to 
infinity. The line integral 

r Pdx + Q>dy 


taken along any path D which lies in A will depend in general upon 
the path of integration. Let us first try to find the conditions under 
which this integral depends only upon the coordinates of the extremi- 
ties (5Co, 2/o) (^1 j Vi) ^ ^ points 

of region A, and let L and L' be any two paths which connect these 
two points without intersecting each other between the extremities. 
Taken together they form a closed contour. In order that the values 
of the line integral taken along these two paths L and V should be 
equal, it is evidently necessary and sufficient that the integral taken 
around the closed contour formed by the two curves, proceeding 
always in the same sense, should be zero. Hence the question at 
issue is exactly equivalent to the following : What are the conditions 
under which the line integral 

f Pdx -j- Qdy 


taken around any closed contour whatever which lies in the region A 
should vanish ? 

The answer to this question is an immediate result of Greenes 
theorem : 

(49) jjdx + Qdy=jjl^^-^-^yxdy, 


where C is any closed contour which lies in A, and where the double 
integral is to be extended over the whole interior of C. It is clear 
that if the functions P and Q satisfy the equation 


(43') 


dy dx ’ 


the line integral on the left will always vanish. This condition is 
also necessary. Por, if dP/dy — dQ/dx were not identically zero 
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in the region A, since it is a continuous function, it would surely be 
possible to find a region a so small that its sign would be constant 
inside of a. But in that case the line integral taken around the 
boundary of a would not be zero, by (49). 

If the condition (43') is identically satisfied, the values of the 
integral taken along two paths L and V between the same two 
points M and N are equal provided the two paths do not intersect 
between M and N. It is easy to see that the same thing is true 
even when the two paths intersect any number of times between M 
and N. For in that case it would be necessary only to compare 
the values of the integral taken along the paths L and V with its 
value taken along a third path L", which intersects neither of the 
preceding except at M and N, 

Let us now suppose that one of the extremities of the path of 
integration is a fixed point (x^, while the other extremity is a 
variable point (x, y) oi A. Then the integral 

Pdx-\-Qdy 

taken along an arbitrary path depends only upon the coordinates 
(x, y) of the variable extremity. The partial derivatives of this 
function are precisely P(x, y) and Q(x, y). For example, we have 

+ y) 

P{x, y)dx, 

(a, y) 

for we may suppose that the path of integration goes from (xq, y^ 
to (x, 2/), and then from (x, y) to (x + Ax, y) along a line parallel to 
the X axis, along which dy = 0. Applying the law of the mean, we 
may write 

F^x 4- Aas, y) - ^ + gAa, y), 

Ax 

Taking the limit when Ax approaches zero, this gives = P. 
Similarly, Fy = Q. The line integral F(x, y), therefore, satisfies the 
total differential equation (41), and the general integral of this 
equation is given by adding to F(x, y) an arbitrary constant. 

This new formula is more general than the formula (44) in that 
the path of integration is still arbitrary. It is easy to deduce (44) 
from the new form. To avoid ambiguity, let (xo, yo) and (xi, yi) be 
the cobrdinates of the two extremities, and let the path of integra- 
tion be the two straight lines x = x©, y = yv Along the former, 
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x = Xo, dx =0, and y varies from yo to iji. Along the second, 
y = Vi) dy = 0, and x raries from Xq to xj. Hence the integral (50) 
is equal to 


' Q(xo,y)dy-i- f P{x,y^)dx, 

2/ft 


which differs from (44) 011 I 7 in notation. 

But it might be more adyantageous to consider another path of 
integration. Let x = f(f), y = he the equations of a curve 
joining (aio, yd) {^u 2 /i)> a-nd let t be supposed to vary con- 
tinuously from ^0 to ti as the point (x, y) describes the curve 
between its two extremities. Then we shall have 

r Fdx + Qtdy = T [P(a5, y)f{t) -f Q(a;, y) 

tfo) »/<o 

where there remains hut a single quadrature. If the path he 
a straight line, for example, we should set a; == 

3 / = 4 - 35 ( 3/1 — 2 / 0 ) j 2 ind we should let t vary from 0 to 1 . 

Conversely, if a particular integral ^(x, y) of the equation (41) 
he known, the line integral is given by the formula 

' Pdx + Qdy=: $(aj, y) - ^(xq, yd ) , 

Cxo^Vo) 

which is analogous to the equation ( 6 ) of Chapter lY. 


155. Periods. More general cases may be investigated. In the 


first place, Greenes theorem applies to regions bounded by several 
contours. Let ns consider for definiteness a region A bounded by 
an exterior contour C and two contours C and 



p 

Fia.35 


C^' which lie inside the first (Fig. 35). Let P 
and Q be two functions which; together with 
their first derivatives, are continuous in this 
region. (The regions inside the contours 
and should not be considered as parts of 
the region A, and no hypothesis whatever is 


made regarding P and Q inside these regions.) 
Let the contours C' and be joined to the contour C by trans- 
versals Orb and cd. We thus obtain a closed contour abmcdndcphaqx, 
or T, which may be described at one stroke. Applying Greenes 
theorem to the region bounded by this contour, the line integrals 
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which arise from the transversals ah and cd cancel out, since each 
of them is described twice in opposite directions. It follows that 

jpdx + Qdy dxdy, 

where the line integral is to be taken along the whole boundary of 
the region A, i.e. along the three contours C, C', and C", in the senses 
indicated by the arrows, respectively, these being such that the 
region A always lies on the left. 

If the functions P and Q satisfy the relation dQfdx = dPjdy in 
the region A, the double integral vanishes, and we may write the 
resulting relation in the form 

(51) I Pdx 4- Qdy - f Pdx -f- Qdy + | Pdx + Qdy, 

J(C) JiC) J(,C'0 

where each of the line integrals is to be taken in the sense desig- 
nated above. 

Let us now return to the region A bounded by a single contour 
Cj and let P and Q be two functions which satisfy the equation 
dP/dy = dQ/dxj and which, together with their first derivatives, are 
continuous except at a finite number 
of points of A, at which at least one of 
the functions P or Q is discontinuous. 

“We shall suppose for definiteness that 
there are three points of discontinuity 
aj bj c in A. Let us surround each of 
these points by a small circle, and then 
join each of these circles to the contour 
C by a cross cut (Fig. 36). Then the 
integral JPdxA’Qdy taken from a fixed 
point (xoj yo) to a variable point (a;, y) Fig. 36 

along a curve which does not cross any 

of these cuts has a definite value at every point. For the contour C, 
the circles and the cuts form a single contour which may be described 
at one stroke, just as in the case discussed above. We shall call 
such a path direct^ and shall denote the val ue of th e line integral 
taken along it from Mo{xq, 2/0) “to y) by F(x, y)- 

We shall call the path composed of the straight line from Mo to 
a point a\ whose distance from a is infinitesimal, the circumference 
of the circle of radius aa' about a, and the straight line a'Mo, n looi> 
circuit The line integral / Pdx -f Qdy taken along a loop-circuit 
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reduces to the line integral taken along the circumference of the 
circle. This latter integral is not zero, in general, if one of the 
functions P or Q is infinite at the point a, but it is independent of 
the radius of the circle. It is a certain constant ± A, the double 
sign corresponding to the two senses in which the circumference 
may be described. Similarly, we shall denote by ± B and ± C the 
values of the integral taken along loop-circuits drawn about the two 
singular points h and c, respectively. 

Any path whatever joining Mq and M may now be reduced to a 
combination of loop-circuits followed by a direct path from Mq to M, 
Eor example, the path M^mde/M may be reduced to a combination 
of the paths M^rndM^y M^deMQy Moe/M^y and Mq/M. The path 
M^mdM^ may then be reduced to a loop-circuit about the singular 
point a, and similarly for the other two. Finally, the path 
is equivalent to a direct path. It follows that, whatever be the path 
of integration, the value of the line integral will be of the form 


(52) F{Xy y) = F{Xy y) -f mA -f- -j- ^C, 

where m, riy and jp may be any positive or negative integers. The 
quantities A, B, C are called the periods of the line integral. That 
integral is evidently a function of the variables x and y which 
admits of an infinite number of different determinations, and the 
origin of this indetermination is apparent. 

Bemarlc. The function F(Xy y) is a definitely defined function 
in the whole region A when the cuts aor, hpy cy have been traced. 
But it should be noticed that the difference F{m) - F(^ between 
the values of the function at two points m and m’ which lie on 
^PP^site sides of a cut does not necessarily vanish. For we have 


which may be written 


Butj^ is zero; hence 


A. rv f\ r, 

J f*”* 

I = / +A+ / . 

Jr.' 


F{m) - F(m') = A. 


n» 


It follows that the difference F(m) - F(m') is constant and equal 
to A all along aa. The analogous proposition holds for each of 
the cuts. 
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Example, Tke line integral 

C ^dy — ydx 

j(M) + 

has a single critical point, the origin. In order to find the corre- 
sponding period, let ns integrate along the circle a;® -f- 
Along this circle we have 

a; = p cos < 0 , 2/ == p sin <i>, xdy — ydx = p^duij 

whence the period is equal to = 27r. It is easy to verify 

this, for the integrand is the total differential of arctany/a;. 

164:. Common roots of two equations. LetJST and Y be two functions of the 
variables x and y which, together with their first partial derivatives, are con- 
tinuous in a region A bounded by a single closed contour (7. Then the expres- 
sion (XdF - FdX)/(X2 + Y^) satisfies the condition of integrability, for it is 
the derivative of arc tan Y/X, Hence the line integral 

C XdY - YdX 

^ ^ J,C) 

taken along the contour C in the positive sense vanishes provided the coeffi- 
cients of dx and dy in the integrand remain continuous inside C, i.e. if the two 
curves X = 0, Y=0 have no common point inside that contour. But if these 
two curves have a certain number of common points a, 5, c, • • • inside C, the value 
of the integral will be equal to the sum of the values of the same integral taken 
along the circumferences of small circles described about the points a, 6, c, • • • as 
centers. Let (a, /S) be the coordinates of one of the common points. We shall 
suppose that the functional determinant D(X, r)/D(x, y) is not zero, i.e. that 
the two curves X = 0 and F = 0 are not tangent at the point. Then it is pos- 
sible to draw about the point (a, /3) as center a circle c whose radius is so small 
that the point (X, Y) describes a small plane region about the point (0, 0) 
which is bounded by a contour y and which corresponds point for point to the 
circle c (§§ 26 and 127). 

As the point (a, y) describes the circumference of the circle c in the positive 
sense, the point (X, Y) describes the contour y in the positive or in the negative 
sense, according as the sign of the functional determinant inside the circle c is 
positive or negative. But the definite integral along the circumference of c is 
equal to the change in arc tan Y/X in one revolution, that is, ± 27C, Similar 
reasoning for all of the roots shows that 

where P denotes the number of points common to the two curves at which 
i)(X, Y) /D(a, y) is positive, and N the number of common points at which the 
determinant is negative. 
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Tlie definite integral on the left is also equal to the variation in arc tan Y/X 
in going around c, that is, to the index of the function TJX as the point (a;, y) 
describes the contour C. It the functions X and F are polynomials, and if the 
contour C is composed of a ijnite number of arcs of unicursal curves, we are led 
to calculate the index of one or more rational functions, which involves only 
elementary operations (§ 77). Moreover, whatever be the functions X and F, 
we can always evaluate the definite integral (54) approximately, with an error 
less than 7f, which is all that is necessary, since the right-hand side is always a 
multiple of 2n. 

The formula (54) does not give the exact number of points conamon to the 
two curves unless the functional determinant has a constant sign inside of C. 
Picard’s recent work has completed the results of this investigation.* 

155. Generalization of the preceding. The results of the preceding paragraphs 
may he extended without essential alteration to line integrals in. space. Let P, 
Q, and R be three functions which, together with their first partial derivatives, 
are continuous in a region (E) of space bounded by a single closed surface 8. 
Let us seek first to determine the conditions under which the line integral 

Z7= / Rdx-\-Qdy Ii6,z 

%• * 0 > 

depends only upon the extremities (xo, yo, zo) and («, y, z) of the path of inte- 
gration. This amounts to inquiring under what conditions the same integral 
vanishes when taken along any closed path r. But hy Stokes’ theorem (§ 136) 
the above line integral is equal to the surface integral 

extended over a surface S which is bounded by the contour P. In order that 
this surface integral should be zero, it is evidently necessary and suffilcient that 
the equations 

(66) ~ = £.!?, ^ d R __^dP 

aa; ’ 

should be satisfied. If these conditions are satisfied, IT is a function of the vari- 
ables a, y, andz whose total differential isPda;4 <2dy ^ROz, and which is single 
valued in the region (E). In order to find the value of U at any point, the path 
of integration may be chosen arbitrarily. 

If the functions P, Q,andP satisfy the equations (56), but at least one of 
them becomes mfinite at all the points of one or more curves in (Jg), results 
analogous to those of § 163 may be derived. 

If, fox example, one of the functions P, Q, R becomes infinite at all the points 
of a closed curve y, the integral U will admit a period equal to the value of the 
hue mtegral taken along a closed contour which pierces once and only once a 
surface e hounded hy 7. 

We ma,j also consider questions relating to surface integrals vrhich are exactly 
uial^ns to the questions proposed ahove for line integrals. Let A, B, and C 
be three fonetions which, together with their first partial derivatires, are 


• Traiti d’ Analyte, Vol. 11. 
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continuous in a region (JE7) of space bounded by a single closed surface Let S 
be a surface inside of {E) bounded by a contour T of any form whatever. Then 
the surface integral 

(67) I = 4- jBdzflte + C(2xdy 

depends in general upon the surface 21 as well as upon the contour r. In order 
that the integral should depend only upon r, it is evidently necessary and suffi- 
cient that its value when taken over any closed surface in (E) should vanish. 
Green’s theorem (§ 149) gives at once the conditions under which this is true. 
For we know that the given double integral extended over any closed surface is 
equal to the triple integral 

///(s+lr+s)**'- 


extended throughout the region bounded by the surface. In order that this latter 
integral should vanish for any region inside (E), it is evidently necessary that the 
functions A, J5, and C should satisfy the equation 


( 68 ) 


dx dy dz 


This condition is also sufficient. 

Stokes’ theorem affords an easy verification of this fact. For if A, B, and C 
are three functions which satisfy the equation (68), it is always possible to deter- 
mine in an infinite number of ways three other functions P, Q, and B such that 


(69) 


dy dz^ ' dz dx ’ dz dy 


In the first place, if these equations admit solutions, they admit an infinite 
number, for they remain unchanged if P, Q, and B be replaced by 


P 




P + 


0X 
dz ’ 


respectively, where X is an arbitrary function of x, y, and z. Again, setting 
P = 0, the first two of equations (69) give 

P= f’‘B(x,v,z)dg + <l>(x,y), Q = - rl4(x,y,z)dz + ^(x,y), 

t/*0 *0 

where 0(x, y) and V'(x, y) are arbitrary functions of x and y. Substituting these 
values in the last of equations (69), we find 


-B 


U + ^Jl)dz + ^-i-^^=C{x,V,z), 


dz dy J 


dz dy 


or, making use of (68), 


dx dy 


One of the functions ot ^ may still be chosen at random. 

The functions P, Q, and B having been determined, the surface integral, by 
Stokes’ theorem, is equal to the line integral Qdy + Bdz, which 

evidently depends only upon the contour r. 
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EXERCISES 


1- Tind the value of the triple integral 

Jff [5 (» ““ 2 /)^ + Baz — 4a^]dxdydz 

extended throughout the region of space defined hy the inequalities 
x2 + 1/2 ~ az < 0, ^ 2/2 4- 2:2 _ 2a2<0. 

[Licence, Montpellier, 1896.] 

2. Eind the area of the surface 

a^x^ + b^y^ 


and the volume of the solid hounded by the same surface. 

8. Investigate the properties of the function 

F{X, Y^Z)= r dx f dy f /(«, y, z)dz 
considered as a function of -2C, Y, and Z. Generalize the results of § 125. 


4. Find the volume of the portion of the solid bounded hy the surface 
{^^^y^-\-z^)^^ZaHyz 
■which lies in the first octant. 


6. Reduce to a simple integral the multiple integral 

J*J** ’ *2* * * • + 22 + h Xn) dXi dX2> ’ • dXn 

extended throughout the donaain D defined by the inequalities 

0<xi, 0<a:,, o<Xn, Xi +- + • • • -f < a. 

[Proceed as in § 148.] 

6. Reduce to a simple integral the multiple integral 

IS ■ ■ ■f'C©’' + ■ ■ ■ + (I)"] 

extended throughout the domain D dedned by the inequalities 

•S,. osa, .<v, + 

7*. Derive the formula 


***»•• •'**»= 


n 

ir2 
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where the multiple integral is extended throughout the domain B defined by the 
inequality 


8*. Derive the formula 

^ ^dd J “^F{a cos 0-1- 6 sin B cos ^ c sin 0 sin (f>) sin ddtp J* ^ F{uE) du , 

where a, 6, and c are three arbitrary constants, and where R = V -f 6^ + d^. 

[Poisson.] 

[First observe that the given double integral is equal to a certain surface inte- 
gral taken over the surface of the sphere _j_ 2/2 -{- ^2 — 1 ^ Then take the plane 
(IX + -t- c« = 0 as the plane of xy in a new system of coordinates.] 


9*. Let p = F(B^ <t>) be the equation in polar coordinates of a closed surface. 
Show that the volume of the solid bounded by the surface is equal to the double 
integral 

(a) 

extended over the whole surface, where d<r represents the element of area, and 7 
the angle which the radius vector makes with the exterior normal. 


10*. Let us consider an ellipsoid whose equation is 

-1 

^2 ^2 _ 52 ■*” ^2 _ c2 ’ 

and let us define the positions of any point on its surface by the elliptic coordi- 
nates V and p, that is, by the roots which the above equation would have if p. 
were regarded as unknown (cf. § 147). The application of the formulae (29) to 
the volume of this ellipsoid leads to the equation 


M 


V(6* - - 6*) ** 


Likewise, the toimula (a) gives 

ft) dv 


M 


V(62_p2)(o2^p2)(,^-.62)(c2_,.) 2 


11. Determine the functions P(x, y) and Q(x, y) which, together with their 
partial derivatives, are continuous, and for which the line integral 

fP(x + a,y + P)dx + Q(x + a, y ^ §)dy 

taken along any closed contour whatever is independent of the constants a and 
^ and depends only upon the contour itself. 
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12*. Consider the point transformation defined by the equations 

f * =/(!»', y', z'), 

J y = 4,{x', y', zT), 

U = 1/, zO- 

As the point (jc', y\ z') describes a surface S\ the point (jb, y, z) describes a sur- 
face S. Let or, jS, y be the direction angles of the normal to 8 ; a% y' the 

direction angles of the corresponding normal to the surface 8 ' ; and der and dy 

the corresponding surface elements of the two surfaces. Prove the formula 


S7d<r = ± d<r' j^^J-^cosa' -f cosjS' + .^Si^cost'I ■ 

lD(y',z') D{z',x') I>(x',y') 


13*. Derive the formula (16) on page 804 directly. 

[The volume V may be expressed by the surface integral 


V= r zGosyda. 

and we may then make use of the identity 


•P(/» 


_a_ 



m <p) ] , d ( 
D{z',x')} ex' I 




<f>) } 

D(»', yof 


which is easily verified.] 


CHAPTER VIII 


INFINITE SERIES 

I. SERIES OF REAL CONSTANT TERMS 
GENERAL PROPERTIES TESTS FOR CONVERGENCE 

156. DefiEitions and g^eneral principles. Sequences. The elementary 
properties of series are discussed in all texts on College Algebra 
and on Elementary Calculus. We shall review rapidly the principal 
points of these elementary discussions. 

First of all, let us consider an infinite sequence of quantities 

( 1 ) ^ 0 ? ^ 1 , ***> 

in which each quantity has a definite place, the order of precedence 
being fixed. Such a sequence is said to be convergent if s^ approaches 
a limit as the index n becomes infinite. Every sequence which is 
not convergent is said to be divergent. This may happen in either 
of two ways: may finally become and remain larger than any 

preassigned quantity, or may approach no limit even though it 
does not become infinite. 

In order that a sequence should he convergent^ it is necessary and 
sufidcient that, corresponding to any preassigned positive numher c, a 
positive integer n should exist such that the difference ^ 

less than c in absolute value for any positive integer p. 

In the first place, the condition is necessary. For if s^ approaches 
a limit s as n becomes infinite, a number n always exists for which 
each of the differences 5 — 5 — s„+i, • • ^ • • • is less than 

e/2 in absolute value. It follows that the absolute value of ““ '®n 
will be less than 2 e/2 = e for any value of p. 

In order to prove the converse, we shall introduce a very impor- 
tant idea due to Cauchy. Suppose that the absolute value of each 
of the terms of the sequence (1) is less than a positive number N. 
Then all the numbers between - JV” and -f- N may be separated into 
two classes as follows. We shall say that a number belongs to the 
class A if there exist an infinite number of terms of the sequence (1) 

327 
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which are greater than the given number. A number belong® to 
the class B if there are only a finite number of terms of the 
sequence (1) which are greater than the given number. It is 
evident that every number between — JSf and 4- N belongs to one 
of the two classes, and that every number of the class A is less 
than any number of the class B. Let S be the upper limit of the 
numbers of the class A, which is obviously the same as the lower 
limit of the numbers of the class B, Cauchy called this number the 
greatest limit (la phis grande des limit es) of the terms of the 
sequence (1).* This number B should be carefully distinguished 
from the upper limit of the terms of the sequence (1) (§ 68). For 
instance, for the sequence 

-.11 1 

^ * * * j * • • 

A 6 n 


the upper limit of the terms of the sequence is 1, while the greatest 
limit is 0. 


The name given by Cauchy is readily justified. There always 
exist an infinite number of terms of the sequence (1) which lie 
between S — t and S -|- e, however small e be chosen. Let us then 
consider a decreasing sequence of positive numbers ti, 
e„, where the general term approaches zero. To each num- 
ber ej of the sequence let us assign a number a-, of the sequence (1) 
which lies between S-^ and S -b cj. We shall thus obtain a 
suite of numbers oc^, ■■■, a„, ■■■ belonging to the sequence (1) 
which approach 5 as their limit. On the other hand, it is clear 
from the very definition of S that no partial sequence of the kind just 
mentioned can be picked out of the sequence (1) which approaches 
a limit greater than 5. Whenever the sequence is convergent its 
limit is evidently the number S itself. 

Let us now suppose that the difference of two terms of 

the sequence (1) can be made smaller than any positive number e 
for any value of p by^a proper choice of n. Then all the terms of 
the sequence past lie between s„ - e and + c. Let 5 be the 
greatest limit of the terms of the sequence. By the reasoning just 
given it is possible to pick a partial sequence out of the sequence (1) 
which approaches S as its limit. Since each term of the partial 
sequence, after a certain one, lies between .s, - < and -f *, it is 


Work,, 2d series, Vol. X. p. 49). 
^e definition may be extended to any assemblage of numbers which has upper 
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clear that the absolute value oi S — is at most equal to c. Now 
let be any term of the sequence (1) whose index m is greater 
than n. Then we may write 

- S = (s^^ 5„) + (Sn - 

and the value of the right-hand side is surely less than 2c. Since c 
is an arbitrarily preassigned positive number, it follows that the 
general term approaches S as its limit as the index m increases 
indefinitely. 

Note. If S is the greatest limit of the terms of the sequence (1), 
every number greater than S belongs to the class JB, and every num- 
ber less than S belongs to the class A. The number S itself may 
belong to either class. 

157. Passage from sequences to series. Given any infinite sequence 

'^0) ^2) ***> '**> 
the series formed from the terms of this sequence, 

(2) + + bWnH ? 

is said to be convergent if the sequence of the successive sums 
Sq = W'Q , Si == Uq -}- Ui , * * * > ^0 "h , 

is convergent. Let be the limit of the latter sequence, i.e. the 
limit which the sum S^ approaches as n increases indefinitely: 

v=tn 

S = lim S„ = lim 

nxssoo **“*v^0 

Then S is called the sum of the ^preceding series, and this relation is 
indicated by writing the symbolic equation 

+ 00 

N = ^0 + + • • • + H 

A series which is not convergent is said to be divergent. 

It is evident that the problem of determining whether the series 
is convergent or divergent is equivalent to the problem of determin- 
ing whether the sequence of the successive sums S^, Si, S 2 , *** is 
convergent or divergent. Conversely, the sequence 

Sq, Si, S2, * * ‘j 

will be convergent or divergent according as the series 

So + (^1 “■ ^0) + (®a ^1) + ^ “ ^«“i) * 
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is convergent or divergent. For the sum of the first n + 1 terms 
of this series is precisely equal to the general term of the given 
sequence. We shall apply this remark frequently. 

The series (2) converges or diverges with the series 

(3) Wj, + H h u^+q H } 

obtained by omitting the first p terms of (2). For, if Sn(n^p) 
denote the sum of the first 4- 1 terms of the series (2), and 
the sum of the n — p + 1 first terms of the series (3), i.e. 

4“ ^^p+i 4 h 

the difference 4> q is independent of n. 

Hence the sum approaches a limit if approaches a limit, 
and conversely. It follows that in determining whether the series 
converges or diverges we may neglect as many of the terms at the 
beginning of a series as we wish. 

Let S be the sum of a convergent series, the sum of the first 
w. 4- 1 terms, and the sum of the series obtained by omitting the 
first n + 1 terms, 

Rn = ^n+l + 4" • * * 4“ 4“ * * *• 

It is evident that we shall always have 

It is not possible, in general, to find the sum N of a convergent 
series. If we take the sum S of the first 4" 1 terms as an approxi- 
mate value of S, the error made is equal to R^. Since approaches 
5 as becomes infinite, the error R^ approaches zero, and hence the 
number of terms may always be taken so large — at least theoret- 
ically— that the error made in replacing S by is less than any 
preassigned number. In order to have an idea of the degree of 
approximation obtained, it is sufficient to know an upper limit 
of It is evident that the only series which lend themselves 
readily to numerical calculation in practice are those for which 
the remainder R^ approaches zero rather rapidly. 

A number of properties result directly from the definition of con- 
vergence. We shall content ourselves with stating a few of them. 

l) If each of the terms of a given series be^ multiplied by a constant 
k different from zero, the new semes obtained will converge or diverge 
with the given semes; if the given semes converges to a sum S, the sum 
of the second series is kS. 
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2) If there he given tioo convergent series 

+ '*^1 Hh ^2 + * * ‘ 4 “ “ t " “ * ? 

t’o + Vi 4- va H h v„ H , 

whose sums are S and S\ respectively^ the new series obtained by 
adding the given series term by term) namely^ 

(uq + Vo) + -1- Vi) H h (w„ 4* ^n) H ; 

converges, and its sum ts 5 4* *5^^* analogous theorem holds for 

the term-by-term addition of p convergent series. 

3) The convergence or divergence of a series is not affected if the 
values of a finite number of the terms he changed. For such a change 
would merely increase or decrease all of the sums >S„ after a certain 
one by a constant amount. 

4) The test for convergence of any infinite sec[uence, applied to 
series, gives Cauchy’s general test for convergence : * 

In order that a series be convergent it is necessary and sufficient 
that, corresponding to any preassigned positive number c, an integer 
n should exist, such that the sum of any number of terms what- 
ever, starting with is less than c in absolute value. For 

^ Sfi — ^n+1 + ^n + 2 4“ h 

In particular, the general term u^^i = must approach 

zero as n becomes infinite. 

Cauchy’s test is absolutely general, but it is often di£B.cult to 
apply it in practice. It is essentially a development of the very 
notion of a limit. We shall proceed to recall the practical rules most 
frequently used for testing series for convergence and divergence. 
None of these rules can be applied in all cases, but together they 
suffice for the treatment of the majority of cases which actually arise. 

158. Series of positive terms. We shall commence by investigating 
a very important class of series, — those whose terms are aU posi- 
. tive. In such a series the sum increases with n. Hence in 
order that the series converge it is sufficient that the sum should 
remain less than some fixed number for all values of n. The most 
general test for the convergence of such a series is based upon wm- 
parisons of the given series with others previously studied. The 
following propositions are fundamental for this process . 


* Mxerdm de Mathimatiques, 1827. (Collected Works, Vol. VII, 2d series, p. 267.) 
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1) If each of the terms of a rjiven series of positive terms is less 
than or at most equal to the corresponding term of a known convergent 
series of posit ive terms, the given series is convergent. For the sum 

of the first n terms of the given series is evidently less than the 
sum 5' of the second series. Hence approaches a limit S which 
is less than S\ 

2) If each of the terms of a given series of positive terms is greater 
than or equal to the corresponding term of a knoum divergent series 
of positive terms^ the given series diverges. For the suiix of the first 
n terms of the given series is not less than the sum of the first 
n terms of the second series, and hence it increases indefinitely 
with n. 

We may compare two series also by means of the following 
lemma. Let 

(JI) Wo -h + Wj -f 1- -f, . . . , 

(F) + 

he tivo series of positive terms. If the series (U) converges, and if, 
after a certain term, we always have < u^+i/u,,, the series ( V) 

also converges. If the series (U) diverges, and if, after a certain 
term, we always have the series (F) also diverges. 

In order to prove the first statement, let us suppose that 
'^n+i/%=n,^+i/Un whenever n^p. Since the convergence of a 
series is not affected by multiplying each term by the same con- 
stant, and since the ratio of two consecutive terms also remains 
unchanged, we may suppose that and it is evident that we 

should have etc. Hence the series (F) 

must converge. The proof of the second statement is similar. 

Given a series of positive terms which is known to converge or 
to diverge, we may make use of either set of propositions in order 
to determine in a given case whether a second series of positive 
terms converges or diverges. For we may compare the terms of 
the two series themselves, or we may compare the ratios of two 
consecutive terms. 

159. Cauchy’s test and d’Alembert’s test The simplest series ■which 
can be used for purposes of comparison is a geometrical progression 
whose ratio is r. It converges if r < 1, and diverges if r > 1. The 
comparison of a given series of positive terms with a geometrical 
progression leads to the following test, which is due to Cauchy : 
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If the nth root of the general term of a series of positive 
terms after a certain term is constantly less than a fixed number less 
than tmityj the series converges. If after a certain term is con- 
stantly greater than unity ^ the series diverges. 

For in the first case '^u^<k<l, whence Hence each 

of the terms of the series after a certain one is less than the corre- 
sponding term of a certain geometrical progression whose ratio is 
less than unity. In the second case, on the other hand, 'Vu,^>l, 
whence Hence in this case the general term does not 

approach zero. 

This test is applicable whenever approaches a limit. In 
fact, the following proposition may be stated : 

If "V approaches a limit I as n becomes infinite^ the series will 
converge if I is less than unity, and it will diverge if I is greater than 
unity* 

A doubt remains if 1 = 1, except when remains greater than 
unity as it approaches unity, in which case the series surely diverges. 

Comparing the ratio of two consecutive terms of a given series 
of positive terms with the ratio of two consecutive terms of a 
geometrical progression, we obtain d’Alembert^s test: 

If in a given series of positive terms the ratio of any term to the 
preceding after a certain term remains less than a fixed number 
less than unity, the series converges. If that ratio after a certain 
term remains greater than unity, the series diverges. 

From this theorem we may deduce the following corollary : 

If the ratio approaches a limit I as n becomes infinite, the 

series converges if Kl, and diverges if I >1. 

The only doubtful case is that in which 1 = 1', even then, if 
remains greater than unity as it approaches unity, the series is divergent. 

General commentary. Cauchy’s test is more general than d’Alembert’s. For 
suppose that the terms of a given series, after a certain one, are each less than 
the corresponding terms of a decreasing geometrical progression, i.e. that the 
general term Is less than Ar” for all values of n greater than a fixed integer p, 
where A is a certain constant and r is less than unity. Hence < rA V«, and 

the second member of this inequality approaches unity as n becomes infinite. 
Hence, denoting by fc a fixed number between r and 1, we shall have after a cer- 
tain term < h. Hence Cauchy’s test is applicable in any such case. But it 
may happen that the ratio Wn + i/Wn assumes values greater than unity, however 
far out in the series we may go. For example, consider the series 

1 + r lain or I + l 8 m 2 nf I + • • • H- r«| sinna I + • • -T 
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where r<laiidwliereai8 an arbitrary constant. Inthiscase v^=r'v^|smna:|<r, 
whereas the ratio 

+ i ^ | sm(«. + l)<a: | 

Un 1 sin na | 

may assume, in general, an infinite number of values greater than unity as n 
increases indefinitely. 

Nevertheless, it is advantageous to retain d’Alembert’s test, for it is more 
convenient in many cases. For instance, for the series 


1 +^ + ^+-^. 
1 1 . 2 ^ 1 . 2. 3 




1 . 2 - 


the ratio of any term to the preceding is x/{n +1), which approaches zero as n 
becomes infinite ; whereas some consideration is necessary to determine inde- 
pendently what happens to = x/ ^1 . 2 • • • n as n becomes infinite. 

After we have shown by the application of one of the preceding tests that each 
of the terms of a given series is less than the corresponding term of a decreasing 
geometrical progression A, Ar, Ar*, . . Ar”, • • • , it is easy to find an upper 
limit of the error made when the sum of the first m terms is taken in place of 
the sum of the series. For this error is certainly less than the sum of the 
geometrical progression 

Ar™ + Ar^'+i 4* Ar”*+2 + • . . z= . 

1 — r 

When each of the two expressions 'v^ and Un^i/Un approaches a limit, the 
two limits are necessarily the same. For, let us consider the auxiliary series 

W Uo + 1^1® + U2®2 + • • . + UnX» + • • • , 

where x is positive. In this series the ratio of any term to the preceding 
approaches the limit lx, where I is the limit of the ratio Un+x/Un, Hence the 
series (4) ^^verges when x < l/l, an d dive rges when x > l/l. Denoting the 
limit of Vuj, by V, the expression also approaches a limit Vx, and 

the series (4) converges if ® < 1/r, and diverges if ® > l/V. In order that the 
two ^ts should not give contradictory results, it is evidently necessary that I 
and V should be equal. If, for instance, I were greater than the series (4) would 
be convergent, by Cauchy’s test, for any number x between l/l and l/V, whereas 
the same series, for the same value of ®, would be divergent by d’Alembert’s test. 

Still nmre generally, if Un+i/Un approaches a limit I, approaches the same 
limit. For suppose that, after a certain term, each of the ratios 

Un+p 

^ + ’ Un+p^l 

Ues between J - e and Z + «, where . is a positive rnunber which may be taken 
as small as we please by taking n sufficiently large. Then we shall have 


or 





-i~ p 


♦Cauchy, Cours Analyse. 
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As the 11111111361 p increases indefinitely, while n remains fixed, the two terms on 
the extreme right and left of tliis double inequality approach I + e and i — e, 
respectively. Hence for all values of m greater than a suitably chosen number 
we shall have 

Z - 2e < < Z + 2c, 

and, since c is an arbitrarily assigned number, it follows that approaches 
the number Z as its limit. 

It should be noted that the converse is not true. Consider, for example, the 
sequence 

1, a, aZ>, a^h, •••, a»6»-i, a«6», •••, 

where a and b are two different numbers. The ratio of any term to the preced- 
ing is alternately a and 6, whereas the expression approaches the limit 
as n becomes infinite. 

The preceding proposition may be employed to determine the limits of cer- 
tain expressions which occur in undetermined forms. Thus it is evident that 
the expression v' 1 . 2 • • • n increases indefinitely with n, since the ratio n \/{n —1)1 
increases indefinitely with n. In a similar manner it may be shown that each of 
the expressions Vn and Vlogn approaches the limit unity as n becomes infinite. 

160. Application of the greatest limit. Cauchy formulated the preceding test 
in a more general manner. Let On be the general term of a series of positive 
terms. Consider the sequence 

11 1 

(6) cii, a^, a», •••, <, 

If the terms of this sequence have no upper limit, the general term On will not 
approach zero, and the given series will be divergent. If all the terms of the 
sequence (6) are less than a fixed number, let w be the greatest limit of the terms 
of the sequence. 

The aeries SUn is convergent if to is less than unity, and divergent if u is greater 
than unity. 

In order to prove the first part of the theorem, let 1 — a be a number between 
w and 1. Then, by the definition of the greatest limit, there exist but a finite 
number of terms of the sequence (6) which are greater than 1 - a. It foUows 
that a positive integer p may be found such that ^ < 1 - a for all values of n 
greater than p. Hence the series converges. On the other hand, if " > !> 
let 1 -f a be a number between 1 and Then there are an infinite number of 
terms of the sequence (6) which are greater than 1 -f a, and hence them are an 
infinite number of values of n for whicli On is greater than unity. It follow tnat 
the series XOn is divergent in this case. The case in which « = 1 remains m doubt. 

161. Cauchy* B theorem. In case approach 

unity without remaining constantly greater than unity, imit er 
d* Alembert’s test nor Cauchy’s test enables us to decide whether 
the series is convergent or divergent. We must then take as a 
comparison series some series which has the same c arac eris c 
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but -wMch is known to be convergent or divergent. The following 
proposition, which Cauchy discovered in studying definite integrals, 
often enables us to decide whether a given seriesr is convergent or 
divergent when the preceding rules fail. 

Let <l>(x) be a function which is positive for values of x greater 
than a certain number a, and which constantly decreases as x 
increases past x = a, approaching zero as x increases indefinitely. 
Then the x axis is an asymptote to the curve y = and the 
definite integral 

<j>(x) dx 

may or may not approach a finite limit as I increases indefinitely. 
The series 

(6) + 1 ) + h -f- • • • 

converges if the preceding integral approaches a limits and diverges if 
it does not. 



For, let us consider the set of rectangles whose bases are each 
unity and whose altitudes are <l>(a + 1 ), . . <l>(a + n)j respec- 
tively. Since each of these rectangles extends beyond the curve 
y = <t>(x), the sum of their areas is evidently greater than the area 
between the x axis, the curve y = <l>(x), and the two ordinates a; = a, 
x = a n, that is, 

<^(a) + <^(a +1) -{ J* <l>(x)dx. 

On the other hand, if we consider the rectangles constructed 
inside the curve, with a common base eq^ual to unity and with the 
altitudes + 1 ), ^{a + 2 ), . • if>(a + w), respectively, the sum of 
the areas of these rectangles is evidently less than the area under 
the curve, and we may write 

4i(a) + <l>(a 4-1) H 1 - 4- w) < «^(a) 4 . J <f>(x)dx. 

Hence, if the iniegial JJ<l,(x)dx approaches a limit X as ^ increases 

indefinitely, the sum <l>(a) H ^ 4 . n) always remains less than 

It follows that the sum in question approaches a limit; 

convergent. . On the other hand, if the inte- 
gral£*‘^’*<^(a;) dx increases beyond all limit as n increases indefinitely, 
the same is true of the sum 


<l>(a) 4- 4- 1) -I f- 4 - n), 
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as is seen from the first of the above inequalities. Hence in this 
case the series (6) diverges. 

Let us consider, for example, the function (l>(x) = 1 /x^, where /x 
is positive and a = 1. This function satisfies all the requirements 
of the theorem, and the integral /x^'\ dx approaches a limit as 
I increases indefinitely if and only if fi is greater than unity. It 
follows that the series 

r + + ^ + + + - 

converges if /x is greater than unity, and diverges if )Lt ^ 1. 

Again, consider the function <#>(i») = l/[ic(logir)^]j where logic 
denotes the natural logarithm, /x is a positive number, and a = 2. 
Then, if /x =?£= 1, we shall have 

The second member approaches a limit if /x > 1, and increases 
indefinitely with n if /x < 1. In the particular case when /x = 1 it 
is easy to show in a similar manner that the integral increases 
beyond all limit. Hence the series 

^ I ^ - j {_ 1 

2(log 2)^ ^ 3(log 3)^ ^ ^ n(log nf 

converges if ft > 1, and diverges if /x ^ 1. 

More generally the series whose general term is 

1_ 

n log n log^ n log® ^ • log^“^ 7i(log^ ny 

converges if /x > 1, and diverges if /x < 1. In this expression log® tz, 
denotes log log n, log® n denotes log log log n, etc. It is understood, 
of course, that the integer n is given only values so large that 
logn, log®n, log®n, •••, log^w, are positive. The missing terms m 
the series considered are then to be supplied by zeros. The 
theorem may be proved easily in a manner similar to the demon- 
strations given above. If, for instance, /x 1, the function 

1 

X log X log® X " (log^ x)^ 

is the deriyative of (log- 

approaches a finite limit if and only if /«. > 1. 



338 


INFINITE SERIES 


[VIII, § 162 


Cauchy’s theorem admits of applications of another sort. Let us suppose 
that the function <p{x) satisfies the conditions imposed above, and let us con- 
sider the sum 

4>(n) + ^(n + 1) + • • • + 4- p) , 

where n andp are two integers which are to be allowed to become infinite. If the 
series whose general term is <f>{n) is convergent, the preceding sum approaches 
zero as a limit, since it is the difference between the two sums and 5^, 

each of which approaches the sum of the series. But if this series is divergent, 
no conclusion can be drawn. Returning to the geometrical interpretation given 
above, we find the double inequality 

X n+p 

<l>(x) dx < (l>{n) + 0(u 4 1) 4 • • • + + p) < 0(n>4 J 4>(x)dac. 


Since <f>{n) approaches zero as n becomes infinite, it is evident that the limit of 
the sum in question is the same as that of the definite integral 
and this depends upon the manner in which n and p become infinite. 

For example, the limit of the sum 

l4_^4...4_^ 

n n 4 1 n 4 p 

is the same as that of the definite integral [l/»] ^ (1 + P/w)* It 

clear that this integral approaches a limit if and only if the ratio p/n approaches a 
limit. If a is the limit of this ratio, the preceding sum approaches log (1 4 (x) 
as its limit, as we have already seen in § 49. 

Finally, the limit of the sum 


1 

Vn 


4 



+ ... 


4 


1 

Vn 4p 


is the same as that of the definite integral 



n+p 


= 2(Vn 4 p — Vw). 
y/x 


In order that this expression should approach a limit, it is necessary that the 
ratio jp/y/n should approach a limit a. Then the preceding expression may be 
written in the form 


: = 2 - 


P 

Vn 


14 




and it is evident that the limit of this expression is a. 


162. Logarithmic criteria. Taking the series 

1+I4....+1 . ... 

as a comparison series, Cauchy deduced a new test for convergence 
which is entirely analogous to that which involves -v^. 
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If after a certain term the expression log(l/i^„)/log7i is always 
greater than a fixed nurnler which is greater than unity ^ the series 
converges. If after a certain term \og(lJu^/\ogn is always less 
than unity^ the series diverges. 

If \og(l/Un)/logn approaches a limit I as n increases indefinitely, 
the series converges if I and diverges if Kl, The ccLse in 
which ^ = 1 remains in doubt. 


In order to prove the first part of the theorem, we will remark 
that the inequality 

log ^ > k\ogn 
is equivalent to the inequality 


■ > # 


or 




since A; > 1, the series surely converges. 
Likewise, if 

log— < log n, 


we shall have u^ > 1/n, whence the series surely diverges. 

This test enables us to determine whether a given series con- 
verges or diverges whenever the terms of the series, after a certain 
one, are each less, respectively, than the corresponding terms of 
the series 


^ I ^ 

I'" 2^ 





where A is a constant factor and ft > 1. For, if 

/ A 

’ 

rT 


we shall have log 4* ft log ^ < log A or 

. log^ 

■I ^ /t — ^ > 

logn log» 

and the right-hand side approaches the limit /* m n increases 
indefinitely. If K denotes a number between vmty and ^ we 
shall have, after a certain term, 

1 
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Similarly, taking tie series 
1 ^ 


I 


?i(log ny 


I log oiy 


as comparison series, obtain an infinite suite of tests for con- 
vergence whicli may be obtained mechanically from the preceding 
by replacing the expression log(l/%)/log w. by log[l/(^w„)]/log^7i, 
then by 

log T 

log n 


log^n 


and so forth, in the statement of the preceding tests.* These tests 
apply in more and more general cases. Indeed, it is easy to show 
that if the convergence or divergence of a series can be established 
by means of any one of them, the same will be true of any of those 
which follow. It may happen that no matter how far we proceed 
with these trial tests, no one of them will enable us to determine 
whether the series converges or diverges. Du Bois-Eeymond t and 
Pringsheim t have in fact actually given examples of both convergent 
and divergent series for which none of these logarithmic tests deter- 
mines whether the series converge or diverge. This result is of great 
theoretical importance, but convergent series of this type evidently 
converge very slowly, and it scarcely appears possible that they 
should ever have any practical application whatever in problems 
which involve numerical calculation. § 


163. Paabe’s or Duhamel’s test. Retaining the same comparison 
series, hut comparing the ratios of two consecutive terms instead 
of comparing the terms themselves, we are led to new tests which 
are, to be sure, less general than the preceding, but which are 
often easier to apply in practice. Por example, consider the series 
of positive terms 

(7) -Wp 4- -Ml -j- -^2 4“ ' * • + -f- • • •, 


♦ See Beitrand, TraU4 de Calcul diff^rentiel et integral, Yol. I, p. 238; Journal 
de Liouville, 1st series, Vol. TII, p. 36. 

t Ueber Convergenz von ReiJien . . . {Crelle^s Journal, Vol. LXXYI, p. 86, 1878). 
tAUgemeine Theorie der Divergenz . . . {MathemaiUcho Annalen, Vol. XXXV. 
1890). 

§In an example of a certain convergent series due to du Bois-Reymond it would 
te necessary, according to the author, to take a numher of terms equal to the volume 
of the earth expressed in cubic millimeters in order to obtain merely half the sum of 

the series. 
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in which, the ratio approaches unity, remaining constantly 

less than unity. Then we may write 

1 

•Wa 1+ «a 

where approaches zero as n becomes infinite. The comparison of 
this ratio with ^ 71/(71 +1)]^ leads to the following rule, discovered 
first by Baabe * and then by DuhameLf 

If after a certain term the 'product noc^ is always greater than a 
fixed number which is greater than unity ^ the series converges. If 
after a certain term the same product is always less than unity, the 
series diverges. 

The second part of the theorem follows immediately. For, since 
na^ < 1 after a certain term, it follows that 

and the ratio is greater than the ratio of two consecutive 

terms of the harmonic series. Hence the series diverges. 

In order to prove the first part, let us suppose that after a certain 
term we always have na^'^ Jc'>l. Let /x be a number which lies 
between 1 and /c, 1< /x < 7c. Then the series surely converges if 
after a certain term the ratio ^n+i/^n is less than the ratio 
[_7i/(n +1)]'^ of two consecutive terms of the series whose general 
term is n'''^. The necessary condition that this should be true 
is that 



or, developing (1 +l/w)^ by Taylor’s theorem limited to the term 
in l/n\ 

1+~H — ^<1+ 

where \ always remains less than a fixed number as n becomes 
infinite. Simplifying this inequality, we may write it in the form 

~ < na^. 


^ Zeitachrift fur Mathematih und Phyaik, Yol. X, 1832. 
t Journal de LiouviUe, Yol. lY, 1838. 
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The left-hand side of this inequality approaches ft as its limit as n 
becomes infinite. Hence, after a sufficiently large value of n, the 
left-hand side will be less than na^, which proves the inequality (8). 
It follows that the series is convergent. 

If the product na^ approaches a limit ^ as becomes infinite, we 
may apply the preceding rule. The series is convergent if />!, 
and divergent if Z < 1. A doubt exists if Z = 1, except when na^ 
approaches unity remaining constantly less than unity : in that case 
the series diverges. 


If the product nan approaches unity as its limit, we may compare the ratio 
■Wft+i/Wa with the ratio of two consecutive terms of the series 


2 (log 2)#* ^ n(logn)^ ’ 

which converges if Ai>l, and diverges if The ratio of two consecutive 

terms of the given series may be written in the form 


Un 



+ 



n 


where pn approaches zero as n becomes infinite. If after a certain term the 
product /5„ log n is always greater than a fixed number which is greater than unity ^ 
the series converges. If after a certain term the same product is always less than 
unity, the series diverges. 

In order to prove the first part of the theorem, let us suppose that ^ log n > fc > 1 . 
Let ft be a number between 1 and k. Then the series will surely converge if after 
a certain term we have 


(9) 


ti'n+i ^ n r logn 
Un Tl + 1 LlOg(Tl + l)j ’ 


which may be written in the form 




n 


> 1 + 


n/ L logn J 


or, applying Taylor’s theorem to the right-hand side. 





where Xn always remains less than a fixed number as n becomes infinite. 
Simplifying this inequality, it becomes 


finlogn > ft(n-}-l)log 



+ 


X.(n+l)[log(l-f 1)]* 
logn 
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The product {n + 1) log (1 + 1/n) approaches unity as n becomes infinite, for it 
may be written, by Taylor’s theorem, in the form 

w + ^^ = 1 + ^(1 + e), 

where e approaches zero. The right-hand side of the above inequality therefore 
approaches ^ as its limit, and the truth of the inequality is established for suffi- 
ciently large values of n, since the left-hand side is greater than k, which is itself 
greater than /x. 

The second part of the theorem may be proved by comparing the ratio 
Un+iM with the ratio of two consecutive terms of the series whose general 
term is l/(nlogn). For the inequality 


Un+i ^ n logn 
Un n + l log (w + 1) ’ 

which is to be proved, may be written in the form 


i+- + ^< 
n n 


\ n,/ L log 71 J 


log 71 

^„log7l < (71 + l)log^l -f- 


The right-hand side approaches unity through values which are greater than 
unity, as is seen from the equation (10). The truth of the inequality is there- 
fore established for sufficiently large values of ti, for the left-hand side cannot 
exceed unity. 

From the above proposition it may be shown, as a corollary, that if the prod- 
uct /3„ log 71 approaches a limit I as n becomes infinite, the series converges if 2 > 1, 
and diverges if Z <1. The case in which I = 1 remains in doubt, unless /3n logn 
is always less than unity. In that case the series surely diverges. 

If log 71 approaches unity through values which are greater than unity, we 
may write, in like manner, 


Un + l 1 

Un i^l_^ l + 

71 71 logn 

where 7 „ approaches zero as n becomes infinite. It would then be possible to 
prove theorems exactly analogous to the above by cpnsidering the product 
7 „log 2 7i, and so forth. 


Corollary. If in a series of positive terms the ratio of any term to the pre- 
ceding can be written in the form 


Un-f-l _ r ^ Bn 

Un n 71 ^ + M * 

where /a is a positive number, r a constant, and Hn a quantity whose absolute 
value remains less than a fixed number as ti increases indefinitely, the series con- 
veryes if r is greater than unity ^ and diverge in all other cases. 
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For if we set 


we shall have 


Un + l _ 1 

Un l+^n’ 


nan 


r — 





and hence lira nan = r. It follows that the series converges if r > 1, and diverges 
if r < 1. The only case which.remains in doubt is that in which r = 1. In order 
to decide this case, let us set 


1‘rom this we find 


Un + l „ 1 

n n 


/3„logn = 


logn 

n 


n 4- 1 ^ 



n 


n + 


and the right-hand side approaches zero as n becomes infinite, no matter how 
small the number fj. may be. Hence the series diverges. 

Suppose, for example, that Un+i/w„ is a rational function of n which ap- 
proaches unity as n increases indefinitely: 

Un-hi __ nP + + agnp’*® -f • • • 

Un nP 4 -h + • • • 

Then, performing the division indicated and stopping with the term in 1/n*, we 
may write 

Wn+i _ , 0,1 -hi , 0(n) 

= 1 H 1 

Un n 

where 0(n) is a rational function of n which approaches a limit as n becomes 
infinite. By the preceding theorem, the necessary and sufficient condition thM 
the series should converge is that 

bi> ax +1. 

This theorem is due to Gauss, who proved it directly.* It was one of the first 
general tests for convergence. 


164. Absolute convergence. We shall now proceed to study series 
whose terms may be either positive or negative. If after a certain 
term all the terms have the same sign, the discussion reduces to 
the previous case. Hence we may restrict ourselves to series 
which contain an infinite number of positive terms and an infinite 


* {Collected WorA:.?, Vol. HI, p. 138.) DUquisUiones generates drca seHem infinltam 
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number of negative terms. We shall prove first of all the fol- 
lowing fundamental theorem : 

Any series whatever is convergent if the series formed of the abso- 
Viite values of the terms of the given series converges. 

Let 

(11) ^0 "t" % 4“ • • • -f- -f- • • • 

be a series of positive and negative terms, and let 

(12) 4" ?7i -f“ • • • -j~ -j- . . . 

be the series of the absolute values of the terms of the given series, 
where U^ = \u^\. If the series (12) converges, the series (11) like- 
wise converges. This is a consequence of the general theorem of 
§ 157. For we have 

I 4“ Wft+i + • • * + ^»+jp 1 4~ ^7^+1 -h * • • 4- 

and the right-hand side may be made less than any preassigned num- 
ber by choosing n sufficiently large, for any subsequent choice of p. 
Hence the same is true for the left-hand side, and the series (11) 
surely converges. 

The theorem may also be proved as foDows : Let us write 

and then consider the auxiliary series whose general term is 

(13) (wq -f. C/o) 4" (ui d- C^i) 4 h (w„ -f ?7„) -f • • 

Let S^, and denote the sums of the first n terms of the series 

(11), (12), and (13), respectively. Then we shall have 

The series (12) converges by hypothesis. Hence the series (13) 
also converges, since none of its terms is negative and its general 
term cannot exceed 2C^. It follows that each of the sums S!^ and 
and hence also the sum 5„, approaches a limit as n increases 
indefinitely. Hence the given series (11) converges. It is evident 
that the given series may be thought of as arising from the subtrac- 
tion of two convergent series of positive terms. 

Any series is said to be cuhsolutBly convergent if the series of the 
absolute values of its terms converges. In such a series the order of 
the terms may he changed in any way whatever without altering the 
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sum of the series. Let us first consider a convergent series of posi- 
tive terms, 

(14) ^0 + + h + * * *> 

whose sum is S, and let 

(15) 5o + H h H 

be a series whose terms are the same as those of the first series 
arranged in a different order, Le. each term of the series (14) is to 
be found somewhere in the series (15), and each term of the series 
(15) occurs in the series (14). 

Let SI, be the sum of the first m terms of the series (15). Since 
all these terms occur in the series (14), it is evident that n may be 
chosen so large that the first m terms of the series (15) are to be 
found among the first n terms of the series (14). Hence we shall have 

which shows that the series (15) converges and that its sum does 
not exceed S. In a similar manner it is clear that S ^ S\ Hence 
S' = S. The same argument shows that if one of the above series 
(14) and (15) diverges, the other does also. 

The terms of a convergent series of positive terms may also he 
grouped together in any manner^ that is, we may form a series each 
of whose terms is equal to the sum of a certain member of terms of 
the given series without altering the sum of the series.* • Let us first 
suppose that consecutive terms are grouped together, and let 

(16) 4- da • • • + + • • • 

be the new series obtained, where, for example, 

do = ^0 + H “h Op, -f • — h 

da = <Xg4.i -i- • • * 4* 

Then the sum Si, of the first m terms of the series (16) is equal to 
the sum Sj^ of the first N terms of the given series, where N m. 
As m becomes infinite, N also becomes infinite, and hence also 
approaches the limit S. 

Combining the two preceding operations, it becomes clear that any 
convergent series of positive terms may he replaced by another seines 
each of whose terms is the sum of a certain number of terms of the 
given series taken in any order whatever, without altering the sum of 


* It is often said that parentheses may he inserted in a convergent series of positive 
terms in any manner whatever without altering the sum of the «eri6tf. —T rans. 
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m series. It is only neoassary that each tern of the given series 
should occur in one and in only one of the groups which form the 
terms of the second series. 

Any absolutely convergent series may be regarded as the differ- 
ence of two convergent series of positive terms j hence the preceding 
operations are permissible in any such series. It is evident that an 
absolutely convergent series may be treated from the point of view 
of numerical calculation as if it were a sum of a finite number of 
terms. 


165. ConditionaUy convergent series. A series whose terms do not all 
have the same sign may be convergent without being absolutely con- 
vergent. This fact is brought out clearly by the following theorem 
on alternating series, which we shall merely state, assuming that it 
is already familiar to the student.* 

A series whose terms are alternately ]oositive and negative converges 
if the^ absolute value of each term is less than that of the preceding, 
and if , in addition, the absolute value of the terms of the series 
diminishes indefinitely as the number of terms increases indefinitely, 
Tor example, the series 




1 

2 


4- 1 — i 

3 4 





converges. We saw in §49 that its sum is log 2. The series 
of the absolute values of the terms of this series is precisely the 
harmonic series, which diverges. A series which converges but 
which does not converge absolutely is called a conditionally conver- 
gent semes. The investigations of Cauchy, Lejeune-Dirichlet, and 
Kiemann have shown clearly the necessity of distinguishing between 
absolutely convergent series and conditionally convergent series. 
For instance, in a conditionally convergent series it is not always 
allowable to change the order of the terms nor to group the terms 
together in parentheses in an arbitrary manner. These operations 
may alter the sum of such a series, or may change a convergent 
series into a divergent series, or vice versa. For example, let us 
again consider the convergent series 




2n^l 2n + 2 


+ • 


* It is pointed out in § 166 that this theorem is a special case of the theorem proved 
there. — Trans. 
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wliose sum is evidently equal to the limit of the expression 

as m becomes infinite. Let us write the terms of this series in another 
order, putting two negative terms after each positive term, as follows : 

_1 1 + 

^ 2 4’^3 6 8"^ ^ 2n + l 4cn^ 2 4?i + 4: 

It is easy to show from a consideration of the sums 

that the new series converges. Its sum is the limit of the 
expression 

y/ 1 1 1 \ 

ft= 0 4?i + 2 4?i -f 4/ 

as m becomes infinite. From the identity 

_1 1 1 _! / 1 1 \ 

2^ 4- 1 4?! 4- 2 4^1 4" 4 2 \ 2n 4- 1 2n 2/ 

it is evident that the sum of the second series is half the sum of 
the given series. 

In general, given a series which is convergent but not absolutely convergent, 
it is possible to arrange the terms in such a way that the new series converges 
toward any preassigned number A whatever. Let 8p denote the sum of the 
first p positive terms of the aeries, and the sum of the absolute values of the 
first g negative terms, taken in such a way that the p positive terms and the q 
negative terms constitute the first p 4* O' terms of the series. Then the sum of 
the first p 4- g terms is evidently 8p — 8^. As the two numbers p and q increase 
indefinitely, each of the sums 8p and 8q must increase indefinitely, for otherwise 
the series would diverge, or else converge absolutely. On the other hand, since 
the series is supposed to converge, the general term must approach zero. 

We may now form a new series whose sum is A in the following manner : 
Let us take positive terms from the given series in the order in which they occur 
in it until their sum exceeds A. Let us then add to these, in the order in which 
they occur in the given series, negative terms until the total sum is less than A. 
Again, beginning with the positive terms where we left off, let us add positive 
terms until the total sum is greater than A. We should then return to the 
negative terms, and so on. It is clear that the sum of the first n terms of the 
new series thus obtained is alternately greater than and then less than A, and 
that it differs from A by a quantity which approaches zero as its limit. 

166. Abel’s test. The following test, due to Abel, enables us to establish the 
convergence of certain series for which the preceding tests fail. The proof is 
based upon the lemma stated and proved in § 76. 

Let 


Wo 4- + h- w„ -f • • ‘ 
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be a series which converges or which is indeterminate (that is, for which the sum 
of the first n terms is always less than a fixed number A in absolute value). 
Again, let 

eo, ei, e„, ••• 

be a monotonically decreasing sequence of positive numbers which approach 
zero as n becomes infinite. Then the series 

(17) eoUo -f* nui H- 1- €nUn + • • • 

converges under the hypotheses made above. 

Tor by the hypotheses made above it follows that 

\Un + l H +lin+j)| < 2A 

for any value of n and p. Hence, by the lemma just referred to, we may write 


I'Un-l-lSn+l H" * ' ' 4" 'Un+jpCnH-j) J 

Sine • approaches zero as n becomes infinite, n may be chosen so large that 
the absolute value of the sum 


€n + lUn + l -h • ‘ + fin + jp'Wft+jp 

will be less than any preassigned positive number for all values of p. The 
series (17) therefore converges by the general theorem of § 157. 

When the series uo + -H • • • + Un 4- • * • reduces to the series 


1- l + l-l + l^l..., 

whose terms are alternately + 1 and — 1, the theorem of this article reduces to 
the theorem stated in § 165 with regard to alternating series. 

As an example under the general theorem consider the series 

sin 0 + sin 2 5 4- sin 3 ^ 4- • • * 4- sin -f • • • , 


which is convergent or indeterminate. For if sin ^ = 0, every term of the series 
is zero, while if sin 0 0, the sum of the first n terms, by a formula of Trigo- 

nometry, is equal to the expression 



which is less than [ 1/sin (e/2) | in absolute value. It follows that the series 

sin 9 sin2^ , , sinud , 

1 1- • • • 4 h • • • 

12 n 

converges for all values of $. It may be shown in a similar manner that the 
series 


cosd , cos 2^ , 


^ cos ne 


converges for all values of 0 except 0 = 2A:;r. 
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Corollary. Restricting ourselves to convergent series, we may state a more 
general theorem. Let 

Mo + ^1 + • * • + + • * • 

be a convergent series, and let 

*0 1 *1 > ■ * • » » * * * 

be any monotonically increasing or decreasing sequence of positive numbers 
which approach a limit k different from zero as n increases indefinitely. Thm 
the series 

(18) eoWo + Cl Ml H H €nUn H 

also converges. 

For definiteness let us suppose that the e’s always increase. Then we may 
write 

€o = k — ao, €i = A; — ai, •••, cn = fc-a:«, •••, 

where the numbers cfoi ofi, • • ar„, • • . form a sequence of decreasing positive 
numbers which approach zero as n becomes infinite. It follows that the two 
series 

kuo 4 “ 'kui +.•.'+ kun + • • • , 

OToMo + oriMi + h OlnUn H 

both converge, and therefore the series (18) also converges. 


II. SERIES OF COMPLEX TERMS MULTIPLE SERIES 

167. Definitions. In this section we shall deal with certain gen- 
eralizations of the idea of an infinite series. 

Let 

(19) + 'Ml 4- Ma h 4 

be a series whose terms are imaginary quantities : 

Mq = tto + ^ 0 ^) Ml = aj 4” ^1^*, • ♦ 4" • • • . 

Such a series is said to be convergent if the two series formed of 
the real parts of the successive terms and of the coefficients of the 
imaginary parts, respectively, both converge : 

(20) Oo + “i + oa H h H — S\ 

(21) a, + 5i + ^ 

Let S' and S" be the sums of the series (20) and (21), respectively. 
Then the quantity 5 = S' + is" is called the sum of the series (19). 
It is evident that S is, as before, the limit of the sum S„ of the first 
n terms of the given series as n becomes infinite. It is evident 
that a series of complex tei-ms is essentially only a combination of 
two series of real terms. 
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When the series of absolute values of the terms of the series (19) 

(22) 4* ^0 + V 4 ^1 -f • • • + y/col 4" 4- * • * 

converges^ each of the ser ies (20) and (21) evi dently converges abso- 
lutely^ for |a„lg V^» 4 hi and \bj^ \/aJ + bl. 

In this case the series (19) is said to be absolutely convergent. The 
sum of such a series is not altered by a change in the order of the 
terms, nor by groujping the terms together in any way. 

Conversely, if each of the series (20) an d (21) c onverges absolutely, 
the series (22) converges absolutely, for \Ja\-\~bl ~ j 1 4- [ ^„ | • 

Corresponding to every test for the convergence of a series of 
positive terms there exists a test for the absolute convergence of 
any series whatever, real or imaginary. Thus, if the absolute value 
of the ratio of two consecutive terms of a series |^» + i/'i^n|> (^fter a cer- 
tain term, is less than a fixed number less than unity, the series con- 
verges absolutely. For, let Ui—\u^\. Then, since \u^^jun\<k<l 
after a certain term, we shaill have also 


£n±l 

Un 


<k<l, 


which shows that the series of absolute values 


converges. If \Un^ifu^\ approaches a limit I as n becomes infinite, 
the semes converges if 1<,1, and diverges if l'>\. The first half is 
self-evident. In the second case the general term u,^ does not 
approach zero, and consequently the series (20) and (21) cannot 
both be convergent. The case I = 1 remains in doubt. 

More generally, if w be the greatest limit of n becomes infinite, the 

series (19) converges if and diverges w>l. For in the latter case the 
modulus of the general term does not approach zero (see § 161). The case in 
whichf w = 1 remains in doubt — the series may be absolutely convergent, simply 
convergent, or divergent. 


168. Multiplication of series. Let 

(23) Uq + Ui + ti2-\ 4 * -j 

(24) + Vi + t'2 -| 4 4- ■ • • 

be any two series whatever. Let us multiply terms of the first 
series by terms of the second in all possible ways, and then group 



INFINITE SERIES 


352 


[VIII, § 168 


together all the products UiVj for which the suin i ~\-j of the sub- 
scripts is the same ; we obtain in this way a new series 

(25) ^ 4- 4 H 

^ ^ 4(wo^«4wit^«_i + --- + wn^o)4***. 

^ each of the series (23) and (24) is absolutely convergent^ the 
series (25) converges^ and its sum is the product of the sums of the 
two given series. This theorem, which is due to Cauchy, was gener- 
alized by Mertens,* who showed that it still holds if only one of the 
series (23) and (24) is absolutely convergent and the other is merely 
convergent. 

Let us suppose for definiteness that the series (23) converges 
absolutely, and let be the general term of the series (25): 

= UqV^ -f u^v^_^ 4- ... 4 . u^Vq. 

The proposition will be proved if we can show that each of the 
differences 


Wo 4 H h ~ (% + 1^1 4 h «^«) (vo 4 -i h Vn) , 

Wo 4 ^1 H h ^2„+i — (^0 4 H h w„+i)('yo 4 H f- 

approaches zero as n becomes infinite. Since the proof is the same 
in each case, we shall consider the first difference only. Arranging 
it according to the w^s, it becomes 

S = “oK+1 + • ■ • + Vs„) + + • • ■ + Vj„_i) 4- • ■ • + + i 

+ Mn+I (®0 + • • • + ®„-l) + «„+2 K + • ■ • + V,-,) + • • ■ + 

Since the series (23) converges absolutely, the sum U(, + U-i,-\ \-U, 

IS less than a fixed positive number A for all values of n. Like- 
wise, since the series (24) converges, the absolute value of the sum 
»o + ui -H • • • -I- is less than a fixed positive number B. Moreover, 
coreesponding to any preassigned positive number e a number m 
exists such that 




C 

a-\-b’ 


for any value of p whatever, provided that n>m. Having so chosen 
« that all these mequalities are satisfied, an upper limit of the quan- 
tity 1 8| IS given by replacing i.,, by U„ £/„ I/,,..., 


* OreWs Journal, Vol, LXXIX, 
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respectively, Vn+i + t^n +2 "1 t>y €/(-4 + E), and finally each 

of the expressions Vq 4- H h Vq~\ h ^n- 2 ) • • •, hy E. 

This gives 


\B\<U, 




: H h U’ft-i 


4- 4-E 


J. 4-E 
+ U^nB, 


^ €A €B 

A+b'^A-^b' 

whence, finally, | S | < c. Hence the difference 8 actually does approach 
zero as n becomes infinite. 


169. Double series. Consider a rectangular network which is lim- 
ited upward and to the left, but which extends indefinitely down- 
ward and to the right. The network will contain an infinite number 
of vertical columns, which we shall number from left to right from 
0 to -h 00 . It will also contain an infinite number of horizontal 
rows, which we shall number from the top downward from 0 to -i- oo . 
Let us now suppose that to each of the rectangles of the network a 
certain quantity is assigned and written in the corresponding rec- 
tangle. Let Uif. be the quantity which lies in the zth row and in the 
A;th column. Then we shall have an array of the form 


(26) 


®00 


<*02 • * * 

^On 

... 

®10 

an 

^12 * • * 



®20 

^21 

^22 * • ’ 

^2n 


amo 


^m2 • • • 

<^mn 



We shall first suppose that each of the elements of this array is real 
and positive. 

Now let an infinite sequence of curves Ci, Ca, • • *, (7„, • - • be drawn 
across this array as follows : 1) Any one of them forms with the two 
straight lines which bound the array a closed curve which entirely 
surrounds the preceding one ; 2) The distance from any fixed point 
to any point of the curve which is otherwise entirely arbitrary, 
becomes infinite with n. Let Si be the sum of the elements of the 
array which lie entirely inside the closed curve composed of Ci and 
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the two straight lines which bound the array. If approaches a 
limit S&s It becomes infinite, we shall say that the double series 

-f-«o +« 

(27) 

tssO lfc«0 

converges^ and that its sum is S, In order to justify this definition, 
it is necessary to show that the limit S is independent of the form 
of the curves C. Let C{, •••be another set of curves 

which recede indefinitely, and let be the sum of the elements 
inside the closed curve formed by C- and the two boundaries. If m 
be assigned any fixed value, n can always be so chosen that the 
curve lies entirely outside of C'^. Hence and therefore 

$ Sy for any value of w. Since increases steadily with m, it 
must approach a limit S ' as m becomes infinite. In the same 
way it follows that S < S'. Hence S' = S. 

For example, the curve Cj may be chosen as the two lines which 
form with the boundaries of the array a square whose side increases 
indefinitely with t, or as a straight line equally inclined to the two 
boundaries. The corresponding sums are, respectively, the following : 

^oo 4 (^10 4 %i 4 aoi)H h (a„o 4* «ai H b 4 «« -i, » H h ^Oft) ; 

®oo 4 (a^io 4 ct'Q i) 4 (^^20 4 1 4 <^ 02 ) ^ b ((*no 4- 1 H h ^or) • 

If either of these sums approaches a limit as n becomes infinite, the 
other will also, and the two limits are equal. 

The array may also be added by rows or by columns. For, sup- 
pose that the double series (27) converges, and let its sum be S. It 
is evident that the sum of any finite number of elements of the series 
cannot exceed S. It follows that each of the series formed of the 
elements in a single row 

(28) «to 4 4 • * • -b H , i = 0, 1, 2, • • •, 

converges, for the sum of the first ri -bl terms ^io 4 4 h 

cannot exceed S and increases steadily with n. let 0 -, be the sum of 
the series formed of the elements in the ith row. Then the new series 

(29) -j- 0 - 1 4 . f. (T^ 4 

surely converges. For, let us consider the sum of the terms of the 
array for which Jc^r. This sum cannot exceed *5, and 
increases steadily with r for any fixed value of hence it 
approaches a limit as r becomes infinite, and that limit is equal to 

(30) cTo 4- 0-1 H 4- o-p 
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for any fixed value of p. It follows that o-q + <ri + h cannot 

exceed S and increases steadily with p. Consequently the series (29) 
converges, and its sum % is less than or equal to S, Conversely, if 
each of the series (28) converges, and the series (29) converges to a 
sum % it is evident that the sum of any finite number of elements 
of the array (26) cannot exceed % Hence S<% and consequently 

The argument just given for the series formed from the elements 
in individual rows evidently holds equally well for the series formed 
from the elements in individual columns. The sum of a convergent 
double series whose elements are all positive may he evaluated by 
rows^ by columns, or by means of curves of any foirni which recede 
indefinitely. In particular, if the series converges when added by rows, 
it will surely converge when added by columns, and the sum will be the 
same. A number of theorems proved for simple series of positive 
terms may be extended to double series of positive elements. Eor 
example: if each of the elements of a double series of positive elements 
is less, respectively, than the corresponding elements of a known con- 
vergent double series, the first series is also convergent ; and so forth. 

A double series of positive terms which is not convergent is said 
to be divergent. The sum of the elements of the corresponding 
array which lie inside any closed curve increases beyond all limit 
as the curve recedes indefinitely in every direction. 

Let us now consider an array whose elements are not all positive. 
It is evident that it is unnecessary to consider the cases in which 
all the elements are negative, or in which only a finite number of 
elements are either positive or negative, since each of these cases 
reduces immediately to the preceding case. We shall therefore sup- 
pose that there are an infinite number of positive elements and an 
infinite number of negative elements in the array. Let a^,, be the 
general term of this array T. If the array of positive elements, 
each of which is the absolute value ] of the corresponding element 
in T, converges, the array T is said to be absolutely convergent. Such 
an array has all of the essential properties of a convergent array of 
positive elements. 

In order to prove this, let us consider two auxiliary arrays T 
and defined as follows. The array T is formed from the array T 
by replacing each negative element by a zero, retaining the positive 
elements as they stand. Likewise, the array T" is obtained from 
the array T by replacing each positive element by a zero and chang- 
ing the sign of each negative element. Each of the arrays T and T" 
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converges Tvlienever the array Ti converges, for each element of T', 
for example, is less than the corresponding element of Ti. The sum 
of the terms of the series T which lie inside any closed curve is 
equal to the difference between the sum of the terms of T which 
lie inside the same curve and the sum of the terms of which 
lie inside it. Since the two latter sums each approach limits as 
the curve recedes indefinitely in all directions, the first sum also 
approaches a limit, and that limit is independent of the form of 
the boundary curve. This limit is called the sum of the array T, 
The argument given above for arrays of positive elements shows 
that the same sum will be obtained by evaluating the array T by 
rows or by columns. It is now clear that an array whose elements 
are indiscriminately positive and negative, if it converges absolutely, 
may be treated as if it were a convergent array of positive terms. 
But it is essential that the series Ti of positive terms be shown to 
be convergent. 

If the array Ti diverges, at least one of the arrays T and T" diverges. If 
only one of them, T' for example, diverges, the other being convergent, the 
sum of the elements of the array T which lie inside a closed curve O becomes 
infinite as the curve recedes indefinitely in all directions, irrespective of the 
form of the curve. If both arrays T and T" diverge, the above reasoning 
shows only one thing, — that the sum of the elements of the array T inside 
a closed curve C is equal to the difference between two sums, each of which 
increases indefinitely as the curve C recedes indefinitely in all directions. It 
may happen that the sum of the elements of T inside C approach different 
limits according to the form of the curves C and the manner in which they 
recede, that is to say, according to the relative rate at which the number of 
positive terms and the number of negative terms in the sum are made to increase. 
The sum may even become infinite or approach no limit whatever for certain 
methods of recession. As a particular case, the sum obtained on evaluating by 
rows may be entirely different from that obtained on evaluating by column^ if 
the array is not absolutely convergent. 

The following example is due to Arndt, Let us consider the array 



Grimert’s Jrchiv, Vol, XI, p. 319. 
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which contains an infinite number of positive and an infinite number of negative 
elements. Each of the series formed from the elements in a single row or from 
those in a single column converges. The sum of the series formed from the 
terms in the nth row is evidently 


1 

2 



1 

2«+i 


Hence, evaluating the array (31) by rows, the result obtained is equal to the 
sum of the convergent series 

^ ^ 2nH-l ’ 


which is 1/2. On the other hand, the series formed from- the elements in the 
[p — l)th column, that is, 




converges, and its sum is 


P _ P _ -- 1 _ 1 __ £ 

P P+ 1 ”~P(P +1) ~ P +1 p 


Hence, evaluating the array (31) by columns, the result obtained is equal to the 
sum of the convergent series 




which is — 1/2. 

This example shows clearly that a double series should not be used in a 
calculation unless it is absolutely convergent. 


We shall also meet with double series whose elements are complex 
quantities. If the elements of the array (26) are complex, two other 
arrays 2"' and T" may be formed where each element of T’ is the 
real part of the corresponding element of T and each element of T' 
is the coefficient of i in the corresponding element of T. If the 
array Ti of absolute values of the elements of T, each of whose 
elements is the absolute value of the corresponding element of T, 
converges, each of the arrays V and T’^ converges absolutely, and 
the given array T is said to be absolutely convergent. The sum of 
the elements of the array which lie inside a variable closed curve 
approaches a limit as the curve recedes indefinitely in all directions. 
This limit is independent of the form of the variable curve, and it 
is called the sum of the given array. The sum of any absolutely 
convergent array may also be evaluated by rows or by columns. 
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170. An absolutely convergent double series may be replaced by a simple 
series formed from the same elements. It will be sufficient to show that the 
rectangles of the network (26) can be numbered in such a way that each rec- 
tangle has a definite number, without exception, different from that of any other 
rectangle. In other words, we need merely show that the sequence of natural 
numbers 

(32) 0, 1, 2, n, 

and the assemblage of all pairs of positive integers (i, fc), where i > 0, 0, can 

be paired off in such a way that one and only one number of the sequence (32) 
will correspond to any given pair (i, &), and conversely, no number n corresponds 
to more than one of the pairs (i, A:). Let us write the pairs (i, k) in order as 
follows ; 

( 0 , 0 ), ( 1 , 0 ), ( 0 , 1 ), ( 2 , 0 ), ( 1 , 1 ), ( 0 , 2 ), ..., 

where, in general, all those pairs for which i + k = n are written down after 
those for which i-\-k<n have all been written down, the order in which those 
of any one set are written being the same as that of the values of i for the various 
pairs beginning with (n, 0) and going to (0, n). It is evident that any pair (i, k) 
will be preceded by only & finite number of other pairs. Hence each pair will 
have a distinct number when the sequence just written down is counted off 
according to the natural numbers. 

Suppose that the elements of the absolutely convergent double series SSOi* are 
written down in the order just determined. Then we shall have an ordinary series 

(33) Ooo + aio + Uoi + ^20 + <*11 + U 02 -!-••• + o^o + i 4* • • * 

whose terms coincide with the elements of the given double series. This simple 
series evidently converges absolutely, and its sum is equal to the sum of the given 
double series. It is clear that the method we have employed is not the only pos- 
sible method of transforming the given double series into a simple series, since 
the order of the terms of the series (33) can be altered at pleasure. Conversely, 
any absolutely convergent simple series can be transformed into a double series 
in an infimte variety of ways, and that process constitutes a powerful instrument 
in the proof of certain identities.* 

It is evident that the concept of double series is not essentially different from 
that of simple series. In studying absolutely convergent series we found that 
the order of the terms could be altered at will, and that &nyfinUe number of 
terms could be replaced by their sum without altering the sum of the series. 
An attempt to generalize this property leads very naturally to the introduction 
of double series. 

171. Multiple series. The notion of double series may be generalized. 
In the first place we may consider a series of elements with two 
subscripts m and n, each of which may Tary from — 00 to -f- 00 . 
The elements of such a series may be arranged in the rectangles of 
a rectangular network which extends indefinitely in all directions ; 


•Tannery, Introduction a la th^orie desfonctions d'une variable, p. 67. 
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it is evident that it may be divided into four double series of the 
type we have just studied. 

A more important generalization is the following. Let us consider 
a series of elements of the type where the subscripts 

Wij ^i> 2i^y values from 0 to -f oo, or from — oo 

to + 00, but may be restricted by certain inequalities. Although no 
such convenient geometrical form as that used above is available 
when the number of subscripts exceeds three, a slight consideration 
shows that the theorems proved for double series admit of immediate 
generalization to multiple series of any order p. Let us first sup- 
pose that all the elements are real and positive. Let Si 

be the sum of a certain number of elements of the given series, 
the sum of and a certain number of terms previously neglected, 
S'# the sum of and further terms, and so on, the successive sums 
$ 1 , Si, ••*, S^, ••• being formed in such a way that any particular 
element of the given series occurs in all the sums past a certain one. 
If S^ approaches a limit S z>s n becomes infinite, the given series 
is said to be conv&rgmt, and S is called its sum. As in the case of 
double series, this limit is independent of the way in which the 
successive sums are formed. 

If the elements of the given multiple series have different signs 
or are complex quantities, the series will still surely converge if the 
series of absolute values of the terms of the given series converges. 

172. Generalization of Cauchy’s theorem. The following theorem, 
which is a generalization of Cauchy^s theorem (§ 161), enables us to 
determine in many oases whether a given multiple series is conver- 
gent or divergent. Let f(x, y) be a function of the two variables x 
and y which is positive for all points (x, y) outside a certain closed 
curve r, and which steadily diminishes in value as the point {x, y) 
recedes from the origin.’**' Let us consider the value of the double 
integral f f f(x, y) dx dy extended over the ring-shaped region between 
r and a variable curve C outside P, which we shall allow to recede 
indefinitely in all directions ; and let us compare it with the double 
series %f(m, n), where the subscripts m and n may assume any posi- 
tive or negative integral values for which the point (m, n) lies out- 
side the fixed curve T. Then the double series converges if the double 
integral approaches a limit, and conversely. 


* All that is necessary for the present proof is that/(a;i, yi)>/(«2i whenever 

a;i>a:2 ond yi>y 2 outside T. It is easy to adapt the proof to still more general 
hypotheses. — Teans, 
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Tlielinesa; = 0, a; = ±l,a; = ±2, •••andy = 0, 3 / = ±1, y= ±2, 
divide the region between V and C into squares or portions of squares. 
Selecting from, the double series the term which corresponds to that 
corner of each of these squares which is farthest from the origin, it 
is evident that the sum n) of these terms will be less than the 

value of the double integral f extended over the region 

between V and C. If the double integral approaches a limit as C 
recedes indefinitely in all directions, it follows that the sum of any 
number of terms of the series whatever is always less than a fixed 
number ; hence the series converges. Similarly, if the double series 
converges, the value of the double integral taken over any finite 
region is always less than a fixed number; hence the integral 
approaches a limit. The theorem may be extended to multiple 
series of any order jp, with suitable hypotheses ; in that case the 
integral of comparison is a multiple integral of order p. 

As an example consider the double series whose general term is 
l/(m^ + where the subscripts m and n may assume all integral 
values from — oo to + cx) except the values m = n = 0. This series 
converges for /x > 1, and diverges for 1. For the double integral 

extended over the region of the plane outside any circle whose 
center is the origin has a definite value if /x > 1 and becomes 
infinite if /x<l (§133). 

More generally the multiple series whose general term is 

1 

+ m| H + miy’ 

where the set of values = m 2 = • • • = = 0 is excluded, con- 

verges if 2/x >jp.* 


III. SERIES OF VARIABLE TERMS UNIFORM CONVERGENCE 

173. Definition of uniform convergence. A series of the form 
(35) Uo(x) + (a:) + • • • + u„(x) H , 

whose terms are continuous functions of a variable x in an inter- 
val (a, b), and which converges for every value of x belonging to 
that interval, does not necessarily represent a continuous function. 


♦More general theorems are to be found in Jordan’s Cours Analyse, Vol. I, p. 163. 
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as we might be tempted to believe. In order to prove the fact we 
need only consider the series studied in § 4 : 

* +iTT« + (iT^« + --- + (rT^« + ---’ 

which satisfies the above conditions, but whose sum is discontinuous 
for x = 0. Since a large number of the functions which occur in 
mathematics are defined by series, it has been found necessary to 
study the properties of functions given in the form of a series. The 
first question which arises is precisely that of determining whether 
or not the sum of a given series is a continuous function of the 
variable. Although no general solution of this problem is known, 
its study has led to the development of the very important notion 
of uniform convergence. 

A series of the type (35), each of whose terms is a function of x 
which is defined in an interval (a, 5), is said to be uniformly corv- 
vergent in that interval if it converges for every value of x between 
a and and if, corresponding to any arbitrarily preassigned positive 
number c, a positive integer N, independent of a, can be found such 
that the absolute value of the remainder of the given series 

K - M.+l (») + “n+2 (*)+•••+ H 


is less than c for every value oi n'^N and for every value of x 
which lies in the interval (a, h). 

The latter condition is essential in this definition. Tor any pre- 
assigned value of X for which the series converges it is apparent 
from the very definition of convergence that, corresponding to any 
positive number c, a number N can be found which will satisfy 
the condition in question. But, in order that the series should con- 
verge uniformly, it is necessary further that the same number N 
should satisfy this condition, no matter what value of x be selected 
in the interval (a, h). The following examples show that such is not 
always the case. Thus in the series considered just above we have 




(1 + xY 


when a; ^ 0 . 


The series in question is not uniformly convergent in the inter- 
val (0, 1). Tor, in order that it should be, it would be necessary 
(though not sufficient) that a number N exist, such that 
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for all values of a; in the interval (0, 1), or, what amounts to the 
same thing, that 

Whatever be the values of N and c, there always exist, however, 
positive values of x which do not satisfy this inequality, since the 
right-hand side is greater than unity. 

Again, consider the series defined by the equations 

S,(x)=7ixe-’^, S^(x)=0, u„(x) = S, - S„_i, «=1,2, ■••• 

The sum of the first n terms of this series is evidently (x), which 
approaches zero as n increases indefinitely. The series is therefore 
convergent, and the remainder (x) is equal to •— w£ce'"”®“. In order 
that the series should be uniformly convergent in the interval (0, 1), 
it would be necessary and sufficient that, corresponding to any arbi- 
trarily preassigned positive number c, a positive integer N exist such 
that for all values of ^ > iV 

nxe~^ < c, 0 < a; < 1 . 

But, if « be replaced by 1/n, the left-hand side of this inequality is 
equal to which is greater than 1/e whenever n>l. Since e 
may be chosen less than 1/e, it follows that the given series is hot 
uniformly convergent. 

The importance of uniformly convergent series rests upon the 
following property: 

The sum of a series whose terms are continuous functions of a 
variahle x in an interval (a, ft) and which converges uniformly in that 
interval^ is itself a continuous function ofx in the same interval. 

Let 5Co be a value of x between a and 5, and let ccq + 4 be a value 
in the neighborhood of which also lies between a and b. Let n 
be chosen so large that the remainder 

i?n (») = (x) + u^^2 (*) + • • • 

is less than c/3 in absolute value for all values of x in the interval 
(a, b)j where c is an arbitrarily preassigned positive number. Let f(x) 
be the sum of the given convergent series. Then we may write 

where denotes the sum of the first n^l terms, 

^(x) = Uq(x) + -f- u^(x). 
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Subtracting tbe two equalities 

f(X^ = + ^n(®o) ) 

/(xq 4- A) = <I>(xq 4- A) 4- J^n(*o + 

we find 

/(Xq 4- —fi^o) = [<#>(^0 4" A) — <#>(a;o)] + 4* A) — i2n(«o) » 

The number n was so chosen that we have 

l-R»(“o)|<|’ |■®»(*o+ 

On the other hand, since each of the terms of the series is a continu- 
ous function of x, <l>(x) is itself a continuous function of x. Hence 
a positive number rj may be found such that 

l<#»(aJo + A)-<^»(a;o)l<| 

whenever | A | is less than rj. It follows that we shall have, d J^oftioT%j 
\f{xo 4- A) -f(xo)\ < 3 I 

whenever |A| is less than rj. This shows that is continuous 
for X = Xq. 

Note. It would seem at first very diificult to determine whether 
or not a given series is uniformly convergent in a given interval. 
The following theorem enables us to show in many cases that a 
given series converges uniformly. 

Let 

(36) Wo H + (^) H 

he a series each of whose terms is a continuous function of x in an 
interval (a, &), and let 

(37) Aro4-Mi + **- + ^n + *‘- 

he a convergent series whose terms are positive constants, TheUj 
if \uf\<M^ for all values of x in the interval (a, h) and for all 
values of w, the first series (36) converges uniformly in the interval 
considered. 


For it is evident that we shall have 

1%-H + ^11 + 2 H I ^ + l + -^n+2 H 
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for all values of x between a and d. If be chosen so large that 
the remainder jU„ of the second series is less than c for all values 
of n greater than iV, we shall also have 

whenever n is greater than iV, for all values of x in the interval (a, h). 
For example, the series 

Mo + Ml sin cc + M2 sin 2 x -\ h M„ sin nx 

where Mo , Mi , Mi , • • • have the same meaning as above, converges 
uniformly in any interval whatever. 

174. Integration and differentiation of series. 

Any series of continuous functions which converges uniformly in an 
interval (a, h) may he integrated term hy term, provided the limits of 
integration are finite and lie in the interval (a, h). 

Let ojo and Xi be any two values of x which lie between a and h, 
and let N be a positive integer such that | | < c for all values 

of X in the interval {a, h) whenever n>N. Let f(x) be the sum of 
the series 

f(x) = u^(x) + til (a) -1- ... + u,,(x) H , 

and let us set 




= rf(x)dx- f\dx- f\dx f\dx= f\dx. 


The absolute value of D,^ is less than c | cci — aio j whenever 71 ^ JV, 
Hence jD„ approaches zero as n increases indefinitely, and we have 
the equation 


f f(x)dx= f Uo(x)dx-i- f 
•^^0 Jx ^ 


U\_ (x'^ dx . -f- 



Considering as fixed and as variable, we obtain a series 



which converges uniformly in the interval (a, b) and represents a 
continuous function whose derivative is /(£c). 
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Conversely j any convergent series may he differentiated term hy term 
if the resulting series converges uniformly.^ 

For, let 

f{x) = u^(x) + -MiCa;) H + H 


be a series which converges in the interval (a, h). Let ns suppose 
that the series whose terms are the derivatives of the terms of the 
given series, respectively, converges uniformly in the same interval, 
and let denote the sum of the new series 




Integrating this series term by term between two limits x© and x, 
each of which lies between a and h, we find 


r ^(x) dx = [wo (x) — Uo (xo)] 4- [wi (x) — ui (Xo)] 4 

or 

j ^ <l>(x)dx =/(x) 

This shows that <^(x) is the derivative of /(x). 


Examples. 1) The integral 

cannot be expressed by means of a finite number of elementary 
functions. Let us write it as follows : 


^+f ^dx-logx+f ^ dx. 

The last integral may be developed in a series which holds for all 
values of x. For we have 


^ — x-t-= 1. 2 ^ 1.2. 3 


4 -... 4 - 


X” 


1.2- -n 


and this series converges uniformly in the interval from — to 4- 
no matter how large R be taken, since the absolute value of any 


» It is assumed in the proof also that each term of the new series is a continuous 
function. The theorem is true, however, in general. — Trans. 
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term of the series is less than the corresponding term of the con- 
vergent series 

It follows that the series obtained by term-by-term integration 


jP(£c) =1 4- - -I- i 4 u 1 — 


converges for any value of x and represents a function whose deriva- 
tive is 

2) The perimeter of an ellipse whose major axis is 2a and whose eccentricity 
is e is equal, by § 112, to the definite integral 


IT 

S = 4a Vl — e^sin®^ . 
Jo 


The product e^sin® ^ lies between 0 and e^(< 1). Hence the radical is equal- to the 
sum of the series given by the binomial theorem 


Vi — e*sin2 0 = 1 ~ - 


2.4 


c*sin^0 — ■ 


2.4.6...2n 

The series on the right converges uniformly, for the absolute value of each of 
its terms is less than the corresponding term of the convergent series obtained 
by setting sin 0 = 1. Hence the series may be integrated term by term ; and 
since, by § 116, 


we shall have 


= l-8.6 ---( 2n-l) * 
Jo 


2.4.6...2n 2 


I 

r ® Vi - es 8in2 0 = - ( 1 _ 1 e2 _ _1 g4 _ _i. g6 

^ ^ 2\ 4^ 64 266 

rl. 3. 6-. .(271-8)12.^ .. . ) 

"L~ .4.6...2n j* 

H the eccentricity e is small, a very good approximation to the exact value of the 
inte^al is obtained by computing a few terms. 

Similarly, we may develop the integral 

J^^^Vi— 6*sin*0d0 

in a series for any value of the upper limit 0. 

Finally, the development of Legendre’s complete integral of the first 
leads to the formula 
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The definition of uniform convergence may be extended to series 
whose terms are functions of several independent variables. Eor 
example, let 

y) 4- (aj, 2/) + • • • + y) H 

be a series whose terms are functions of two independent variables x 
and y, and let us suppose that this series converges whenever the 
point (a;, y) lies in a region R bounded by a closed contour C. 
The series is said to be uniformly convergent in the region R if, 
corresponding to every positive number c, an integer N can be found 
such that the absolute value of the remainder R^ is less than c 
whenever n is ec^^ual to or greater than iV, for every point (a;, y) 
inside the contour C. It can be shown as above that the sum of 
such a series is a continuous function of the two variables x and 
y in this region, provided the terms of the series are all continu- 
ous in R, 

The theorem on term-by-term integration also may be generalized. 
If each of the terms of the series is continuous in R and if f(x^ y) 
denotes the sum of the series, we shall have 


'>h{x,y)dxdy+ jjiH{x,y)dxdy + -- 
+ j fi„(x,y)dxdy\---‘. 


where each of the double integrals is extended over the whole inte- 
rior of any contour inside of the region R. 

Again, let us consider a double series whose elements are functions 
of one or more variables and which converges absolutely for all sets 
of values of those variables inside of a certain domain D. Let the 
elements of the series be arranged in the ordinary rectangular array, 
and let R^ denote the sum of the double series outside any closed 
curve C drawn in the plane of the array. Then the given double 
series is said to converge uniformly in the domain D if correspond- 
ing to any preassigned number «, a closed curve X, not dependent 
on the values of the variables, can be drawn such that |i2c| < « for 
any curve C whatever lying outside of K and for any set of values 
of the variables inside the domain D. 

It is evident that the preceding definitions and theorems may be 
extended without difficulty to a multiple series of any order whose 
elements are functions of any number of variables. 
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Note. If a series does not converge uniformly, it is not always allowable to 
integrate it term by term. For example, let us set 

S„(a:) = juce-"*", So(®) = 0, tt,(x) = S„ - 5„_i. 7i = l, 

The series whose general term is (i) converges, and its sum is zero, since Sa (®) 
approaches zero as n becomes infinite. Hence we may write 

fix) = 0 = Ml (z) + « 2 (a;) + . . . + + . . ., 

whence dz = 0. On the other hand, if we integrate the series term by 
term between the limits zero and unity, we obtain a new series for which the 
sum of the first n terms is 

which approaches 1/2 as its limit as n becomes infinite. 

175. Application to difierentiation under the integral sign. The proof 
of the formula for differentiation under the integral sign given in 
§ 97 is based essentially upon the supposition that the limits Xq 
and X are finite. If X is infinite, the formula dbes not always hold. 
Let us consider, for example, the integral 

+00 . 

smnroj - ^ . 

' dxj a> 0. 

0 ^ 

This integral does not depend on or, for if we make the substitu- 
tion y = era; it becomes 



If we tried to apply the ordinary formula for differentiation to F(c^j 
we should find 

' cos ax dx 
0 

This is surely incorrect, for the left-hand side is zero, while the 
right-hand side has no definite value. 

Sufficient conditions may be found for the application of the 
ordinary formula for differentiation, even when one of the limits 
is infinite, by connecting the subject with the study of series. Let 
us first consider the integral 



which we shall suppose to have a determinate value (§ 90). Let 
• • • be an infinite increasing sequence of numbers, all 
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greater tliaa where becomes infinite with n. If we set 



the series 


converges and its sum is dx, for the sum S'„ of the first n terms 

is eq^ual to j^f{x) dx. 

It should be noticed that the converse is not always true. 
If, for example, we set 

y(a;) = cosa, ao = ^j «i = '7r, •••, a^ — mr^ •••, 

we shall have 

(»+!)«• 

' COS a? (?a5 = 0 . 

nir 

Hence the series converges, whereas the integral fjcosxdx ap- 
proaches no limit whatever as I becomes infinite. 

ITow let /(a:, a) be a function of the two variables x and a which 
is continuous whenever x is eq,ual to or greater than and a lies 
in an interval (^^oj If integral J^f(x,a)dx approaches a 
limit as I becomes infinite, for any value“ of a, that limit is a 
function of a. 



which may be replaced, as we have just shown, by the sum of a 
convergent series whose terms are continuous functions of or : 

F(a) = U,(cc) -f- (a) +-•••+• 

*1 C* 

f{Xy a)<?x, ^ I fi^} ^)dXj 

This function F(pc) is continuous whenever the series converges uni- 
formly. By analogy we shall say that the integral f^(x , «) dx 
converges uniformly in the interval (ao, ^i) if, corresponding to any 
preassigned positive quantity e, a number JSf independent of a can 
be found such that | a) dajj <C c whenever I'^N, for any value 

of a which lies in the interval (ao? «i)-* If integral converges 

* See W. F. Osgood, Annuls of Mathemutics^ 2d series, Vol. Ill (1902), p. 129. 
Trans, 




370 


^FINITE SERIES 


[Vni,§175 


uniformly, tlie series will also, 
we shall have 



For if be taken greater than i\r, 


f(Xj a) dx 


<6; 


hence the function F(a) is continuous in this case throughout the 
interval (cro> < 2 ri). 

Let us now suppose that the derivative dffda is a continuous 
function of x and a when x^ao and oro S a ^ , that the integral 


i: 


'df 

da 


dx 


has a finite value for every value of a in the interval (jxq, oti), and 
that the integral converges uniformly in that interval. The integral 
in question may be replaced by the sum of the series 


£dx^ V,(a) + F,(a) + + F„(a) + 

where 



The new series converges uniformly, and its terms are equal to the 
corresponding terms of the preceding series. Hence, by the theorem 
proved above for the differentiation of series, we may write 



In other words, the formula for differentiation under the integral sign 
still holds, ^provided that the integral on the right converges uniformly. 
The formula for integration under the integral sign (§ 123) also 
may be extended to the case in which one of the limits becomes 
infinite. Let fix, a) be a continuous function of the two variables 
X and a, for a ai. If the integral ‘“/'(a;, d) dx is uni- 

formly convergent in the interval (a^, a^), we shall have 


(A) J J f(x,a)dx. 


To prove this, let us first select a number Z > aoj then we shall 
have 
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As I increases indefinitely the right-hand side of this equation 
approaches the double integral 



+ « 

/(«, a)dx, 


for tlie difference between these two double integrals is equal to 



/(a, a)dx. 


Suppose N chosen so large that the absolute value of the integral 
is less than c whenever I is greater than N, for any 
value of oc in the interval ai). Then the absolute value of the 
difference in question will be less than c|a:i — ao|) and therefore it 
will approach zero as I increases indefinitely. Hence the left-hand 
side of the equation (B) also approaches a limit as I becomes infi- 
nite, and this limit is represented by the symbol 


dx I f{x, a) da. 

O- J it n 


This gives the formula (A) which was to be proved.* 


176. Examples. 1) Let us return to the integral of § 91 : 
F{a)^ 

Jo ® 

where a is positive. The integral 


- c-^^sinxclx, 
Jo 


* The formula for differentiation may he deduced easily from the formula (A). For, 
suppose that the two functions /(x, a) &ndfa{x, a) are continuous for 
® ^ «o ; that the two integrals F(a) = fj" "/(x, or) dx and $ (or) = (*> dx have 

finite values ; and that the latter converges uniformly in the interval (oto, oti). From 
the formula (A), if or lies in the interval (oro, ori), we have 

J f* a ^<t 

du I f^{x,u)dx=f dx / fu{x,u)du, 

'fo *^<*0 “O 

where for distinctness or has been replaced by u under the integral sign. But this 
formula may he written in the form 

f'‘^u)du= f^yix, a)dx- ao)dx = F(a) - F(ac) , 

J«^ Ju^ Ja^ 

whencOi taking the derivative of each side with respect to or, wo find 

jr(a) = $(a). 
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obtained by differentiating under the integral sign with respect to nr, converges 
uniformly for all values of a greater than an arbitrary positive number k. For 
we have 

U +oo ] + 00 1 , 

sin X dx\ <J^ e-"® dx = — 6“"^% 

and hence the absolute value of the integral on the left will be less than e for all 
values of a greater than A:, if Z > N, where N is chosen so large that ke^’^ > l/e. 
It follows that 

F'(a) = ’- f 6~"^®sinxdx. 

*/o 


The indefinite integral was calculated in § 119 and gives 

(cos X + g sin x) ~| _ —1 

Jo 1 + a** 


r 


whence we find 


•'(a) = [! 


F{a) = 0 — arc tan a , 


and the constant C may be determined by noting that the definite integral F{a) 
approaches zero as a becomes infinite. Hence C = ;r/2, and we finally find the 
formula 

1 + 00 

(38) 


r 


^^sinx, ^ 1 

g- ax ^ — arc tan — . 

X a 


This formula is established only for positive values of a, but we saw in § 91 that 
the left-hand side is the sum of an alternating series whose remainder Mn is always 
less than 1/n. Hence the series converges uniformly, and the integral is a con- 
tinuous function of or, even for <x = 0. As u: approaches zero we shall have in 
the limit 

1 + 00 


(39) 

2) If in the formula 


J ^ + OO . 

0 » 2 


X 


2 


of § 134 we set X = y Va, where a is positive, we find 

(40) r e- dy = . 

Jo 2 


and it is easy to show that all the integrals derived from this one by successive 
differentiations with respect to the parameter a converge uniformly, provided 
that a is always greater than a certain positive constant k. From the preceding 
formula we may deduce the values of a whole series of integrals : 


( 41 ) 


f e-«y^dy = a-iy 

Jo 22 

j fi +00 -I q 

y* e-^^dy = 

0 28 


i X ’’ 


1.3. 6*. .( 


2«4-i 


- 1 ) /- 

— Vita 2 . 
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By combining these an infinite number of other integrals may be evaluated. 
We have, for example, 


e- cri/s cos 2/32/ dy = C l/ — pw _ . 

Jo L 1-2 ^ ^1.2--.2n 

= e-«^dy ~ f cfy H 

Jo 1-2 

Jo 1 . 2 - •• 2)1 

All the integrals on the right have been evaluated above, and we find 


f e“ cos 2j8y dy = ^ \ • 

Jo 2 \ a 


(2/3)2 .y^ , 

172 ~2 


W’’" V« 1.3.S-..(2«-1) 8^1 

^ ' 1.2.3.--2n 2 2» ' 

or, simplifying, 

X /^iT 

e- QOs^By dy = e” «■. 

2 \o: 


EXERCISES 


1. Derive the formula 
1 d^ 


1 . 2 • . -n d*" = 1+ Silogx + (log*)* + • • ■ + ^ ^ aog®)”. 

where Sp denotes the sum of the products of the first n natural numbers taken p 

at a time. rur n 

[Murphy. J 

[Start with the formula 


x-+« = a:'.ri+ trlog=t+ + + + 

L 1.2 1.2- --n J 

and differentiate n times with respect to x.] 

2. Calculate the value of the definite integral 


i: 


1-6“** 


X2 


dx 


by means of the formula for differentiation under the integral sign. 
8. Derive the formula 






[First show that dl/da = - 21.] 
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4. Derive the formula 


Va 


by making use of the preceding exercise. 


6. From the relation 


derive the formula 


1 -1 /»+«> 

A = i I 
2 Jo 

Vi=l 

2j e*-l‘ 



CHAPTER IX 


POWER SERIES TRIGONOMETRIC SERIES 

In this chapter we shall study two particularly important classes 
of series — power series and trigonometric series. Although we shall 
speak of real variables only, the arguments used in the study of 
power series are applicable without change to the case where the 
variables are complex quantities, by simply substituting the expres- 
sion modulus or absolute value (of a complex variable) for the expres- 
sion absolute value (of a real variable).* 


I. POWER SERIES OF A SINGLE VARIABLE 


177. Interval of convergence. Let us first consider a series of the form 


(1) Aq AiX A 2 . -j- V” + • • * , 

where the coefficients Ao, Ai, Ag, •• • are all positive, and where 
the independent variable X is assigned only positive values. It is 
evident that each of the terms increases with X. Hence, if the 
series converges for any particular value of X, say Ai, it converges 
a fortiori for any value of A less than Aj. Conversely, if the series 
diverges for the value Ag, it surely diverges for any value of A 
greater than Ag. We shall distinguish the following cases. 

1) The series (1) may converge for any value of A whatever. 
Such is the case, for example, for the series 


^1.2^ 


• + 


1.2. 




2) The series (1) may diverge for any value of A except A = 0 
The following series, for example, has this property : 

1 + A+1.2A2 H |-1.2.3---nA'‘ H . 


3) Finally, let us suppose that the series converges for certain 
values of A and diverges for other values. Let Xi be a value of A 
for which it converges, and let Aa be a value for which it diverges. 


*See Vol. 11, §§ 266-275. — Trans. 
876 
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Erom the remark made above, it follows that Xi is less than The 
series converges if X<iXij and it diverges if X'^X^, The onl} 
uncertainty is about the values of X between Xi and X 2 . But all 
the values of X for which the series converges are less than X^, and 
hence they have an upper limit, which we shall call R. Since all the 
values of X for which the series diverges are greater than any value 
of X for which it converges, the number R is also the lower limit of 
the values of X for which the series diverges. Hence the series (1) 
diverges for all values of X greater than R, and converges for all values 
of X less than R, It may either converge or diverge when X = R. 

Eor example, the series 

converges if Z < 1, and diverges if Z > 1. In this case = 1. 

This third case may be said to include the other two by suppos- 
ing that R may be zero or may become infinite. 

Let us now consider z. power series^ i.e. a series of the form 

(2) tto + ^ b H > 

where the coefficients and the variable x may have any real values 
whatever. From now on we shall set = | 1 , Z = | a? | . Then the 

series (1) is the series of absolute values of the terms of the series (2). 
Let R be the number defined above for the series (1). Then the 
series (2) evidently converges absolutely for any value of x between 
— R and -j- J?, by the very definition of the number R, It remains 
to be shown that the series (2) diverges for any value of x whose 
absolute value exceeds R. This follows immediately from a funda- 
mental theorem due to Abel : * 

If the series (2) converges for any particidar value a?o, it converges 
absolutely for any values of x whose absolute value is less than | ajo | . 

In order to prove this theorem, let us suppose that the series (2) 
converges for x = ajo, and let if be a positive number greater than 
the absolute value of any term of the series for that value of x. 
Then we shall have, for any value of w, 

A,\x,Y<M, 

and we may write 


* Recherche mr la eerie IH- 


m m(m_^ 

1 ^ 1.2 ^ 


1.2 
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It follows that the series (1) converges whenever <|a!o|, which 
proves the theorem. 

In other words, if the series (2) converges for a: = aio, the series (1) 
of absolute values converges whenever X is less than |a:o|. Hence 
[ 1 cannot exceed R, for R was supposed to be the upper limit of 

the values of X for which the series (1) converges. 

To sum up, given a power series (2) whose coefficients may have 
either sign, there exists a positive number R which has the follow- 
ing properties : TJie series (2) converges ahsolutely for any value of x 
between — R and + R, and diverges for any value of x whose absolute 
value exceeds R. The interval (- R, + R) is called the interval of 
converyeme. This interval extends from — oo to -|- oo in thd case in 
which R 'is conceived to have become infinite, and reduces to the 
origin if R = 0. The latter case will be neglected in what follows. 

The preceding demonstration gives us no information about what 
happens when s = R or a: = — R. The series (2) may be absolutely 
convergent, simply convergent, or divergent. For example, R = 1 
for each of the three series 


l-f-a: 


’*■ ' 12 ' 2 ^ ' 


n 

rr 


for the ratio of any term to the preceding approaches x as its limit 
in each case. The first series diverges for x — ±1. The second 
series diverges for a? = 1, and converges for x = — 1. The third con- 
verges absolutely for x = ±1. 

N'ote. The statement of AbePs theorem may be made more general, 
for it is sufficient for the argument that the absolute value of any 
term of the series 

^0 + a^Xo -j h H 

be less than a fixed number. Whenever this condition is satisfied, 
the series (2) converges absolutely for any value of x whose absolute 
value is less than | Xo | . 

The number M is connected in a very simple way with the number u defined 
in § 160, which is the greatest limit of the sequence 

Ai, -VAn, 

For if we consider the analogous sequence 
AiX, 
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it is evident that the greatest limit of the terms of the new sequence is idX. The 
sequence (1) therefore converges if X < l/w, and diverges if X> l/«; hence 
E =!/«.* 

178. Continuity of a power series. Let f(^ be the sum of a power 
series which converges in the interval from — 22 to + i?; 

(3) f(x) = ^0 + H b H ? 

and let 22' be a positive number less than 22. We shall first show 
that the series (3) converges uniformly in the interval from 22' 
to +22'. Eor, if the absolute value of a; is less than 22', the 
remainder 22„ 

K = + • • • + ■ 

of the series (3) is less in absolute value than the remainder 

of the corresponding series (1). But the series (1) converges for 
X = 22', since 22' <22. Consequently a number N may be found 
such that the latter remainder will be less than any preassigned 
positive number e whenever n>N. Hence 1 22„ | < c whenever 
provided that | a; | < 22'. 

It follows that the sum /(x) of the given series is a continuous 
function of x for all values of x between — 22 and + 22. Bor, let 
be any number whose absolute value is less than 22. It is evident 
that a number 22' may be found which is less than 22 and greater 
than |xo|. Then the series converges uniformly in the interval 
(—22', + 22'), as we have just seen, and hence the sum f(x) of the 
series is continuous for the value ccq, since *0 belongs to the interval 
in question. 

This proof does not apply to the end points + 22 and — 22 of the 
interval of convergence. The function f(x) remains continuous, 
however, provided that the series converges for those values. 
Indeed, Abel showed that if the series (3) converges for a? = 22, its 
sum for X = Ris the limit which the sum f(x') of the series a^pproaches 
as X approaches 22 through values less than 22.t 

Let S be the sum of the convergent series 

^ = «() + 0.1 22 + 22^ + • • • + 22“ -I- . , . ^ 


♦This theorem was proved hy Cauchy in his Cours d 'Analyse- It was rediscovered 
by Hadamard in his thesis. 

t As stated above, these theorems can be immediately generalized to the case of 
series of imaginary terms. In this case, however, care is necessary in formulating 
the generalization. See Vol. II, § 2CG. — Trans. 
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aad let « be a positive integer such that any one of the sums 

o„+iR”+‘, + 

+ + + ... 

is less than a preassigned positive number «. If -we set x = R6, and 
then let Q increase from 0 to 1, re will increase from 0 to R, and we 
shall have 

fO^) =f(0R) + + • • • + %$-R^ + . . 

If n be chosen as above, we may write 

( S --f(x) = a^R(l-e) + a,R\l- 6^) + 

W ] + -f ... + a,^^R-+p 

[ - + a^^^e^+pR^+p ^ 

and the absolute value of the sum of the series in the second line can- 
not exceed c. On the other hand, the numbers Qn+p 

form a decreasing sequence. Hence, by AbePs lemma proved in § 75, 
we shall have 

H \- < €. 

It follows that the absolute value of the sum of the series in the 
third line cannot exceed €. Finally, the first line of the right-hand 
side of the equation (4) is a polynomial of degree ^ in ^ which 
vanishes when 0=1. Therefore another positive number rj may be 
found such that the absolute value of this polynomial is less than c 
whenever 0 lies between l — rj and unity. Hence for all such values 
of 0 we shall have 

|^-/(a;)|<3c. 

But c is an arbitrarily preassigned positive number. Hence f(x) 
approaches S as its limit as x approaches R. 

In a similar manner it may be shown that if the series (3) con- 
verges for X = — R, the sum of the series for x = — R is equal to 
the limit which /(a;) approaches as x approaches — R through values 
greater than — R. Indeed, if we replace a; by — cc, this case reduces 
to the preceding. 

An application. This theorem enables us to complete the results of § 168 
regarding the multiplication of series. Let 

(6) ^ = Wo -f- Wl + W2 H + itn + • • • , 

(6) 5" = uo + Vi + V2 H h T>» + • • • 

be two convergent series, neither of which converges absolutely. The series 

(7) UqVq + (UoVi + UiVq) -h • • ‘ -h (UoVn H h UnVo) + • - • 
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may converge or diverge. If it converges, its sum S is equal to the product of 
the sums of the two given series, i.e. S = SS', Eor, let us consider the three 
power series 

f(x) = uo + UiX + . . . + UnX« + • • •, 

^(aj) = Uo + DlX + . • • + UnX« + • • 

■^(x) = UqVo -f (wo^i + UiVo)x + . . . 4- (UotJn 4* • * • -f- WnUo) + • ' •* 

Each of these series converges, by hypothesis, when x = 1. Hence each of them 
converges absolutely for any value of x between — 1 and 4 1- Eor any such 
value of X Cauchy’s theorem regarding the multiplication of series applies and 
gives us the equation 

(8) /(x)^(x)=s V/(x). 

By Abel’s theorem, as x approaches unity the three functions /(x), 4>{z)^ f(z) 
approach jS, S\ and S, respectively. Since the two sides of the equation (B) 
meanwhile remain equal, we shall have, in the limit, S = SS'. 

The theorem remains true for series whose terms are imaginary, and the proof 
follows precisely the same lines. 


179. Successive derivatives of a power series. If a power series 


f{x^ — 4 “ 4 “ 4 “ • • • 4 “ 4 “ • * * 

which converges in the interval (~ iS, E) be differentiated term 
by term, the resulting power series 

(9) di -4- 2^205 + h 4 

converges in the same interval. In order to prove this, it will be 
sufficient to show that the series of absolute values of the terms of 
the new series, 

+ 2 A 2 X + • • • 4- 4 5 


where and X = |aj|, converges for X<M and diverges for 

X>R. 

Por the first part let ns suppose that X<R, and let be a num* 
ber between X and jR, X<R'<R. Then the auxiliary series 


f7+ 


2_ X 3 /XV 

R’ R''^ R'\R'j 




r\r7 



converges, for the ratio of any term to the preceding approaches 
X/R\ which is less than unity. Multiplying the successive terms 
of this series, respectively, by the factors 


AiR^y AaE'*, 
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each of whicli is less than a certain fixed number, since we 

obtain a new series 

+ 2A^X + • • * + nA^X--^ -b . . . 
which also evidently converges. 

The proof of the second part is similar to the above. If the series 
J-i 4" 2^2-^! 4" • • * + 'n'AJ^X\ ^ 4“ • * 
where is greater than 22, were convergent, the series 

A^Xi 4- 2 A 2 XI 4 + nA,,Xl 4 - • • • 

would converge also, and consequently the series would con- 

verge, since each of its terms is less than the corresponding term of 
the preceding series. Then 22 would not be the upper limit of the 
values of X for which the series (1) converges. 

The sum/i(a*) of the series (9) is therefore a continuous function 
of the variable x inside the same interval. Since this series con- 
verges uniformly in any interval (—22', 4-22'), where 22' < 22,/i(aj) 
is the derivative of f(x) throughout such an interval, by § 174. 
Since 22' may be chosen as near 22 as we please, we may assert that 
the function f(x) possesses a derivative for any value of x between 
— 22 and 4- 22, and that that derivative is represented by the series 
obtained by differentiating the given series term by term : * 

(10) f(x) ai A- -i h na^x^-'^ -I . 

Repeating the above reasoning for the series (10), we see that f(x) 

has a second derivative, 

f\x) = 2a2 4- fiasic H \-n{n--l) A , 

and so forth. The function f(x) possesses an unlimited sequence of 
derivatives for any value of x inside the interval (— 22, -f 22), and 
these derivatives are represented by the series obtained by differen- 
tiating the given series successively term by term : 

(11) = 1 . 2 • • • 4- 2. 3 • w(n 4 - H • 

If we set a; = 0 in these formulae, we find 

/"(O) 

«o=/(0), <^i=/'(0), % = •••. 

or, in general, 


* Although the corresponding theorem is true for series of imaginary terms, the 
proof follows somewhat different lines. See Vol. II, f 26C. Trans. 
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The development of f(x) thus obtained is identical with the develop- 
ment given by Maclaurin’s formula : 

fix) =/(0) + j/'(0) + ^ /"(O) + . . . + + . . .. 

The coefficients ao, •••, ••• are equal, except for certain 

numerical factors, to the values of the function f(x) and its succes- 
sive derivatives for x = 0. It follows that no function can have two 
distinct developments in power series. 

Similarly, if a power series be integrated term by term, a new 
power series is obtained which has an arbitrary constant term and 
which converges in the same interval as the given series, the given 
series being the derivative of the new series. If we integrate again, 
we obtain a third series whose first two terms are arbitrary ; and so 
forth. 


Examples. 1) The geometrical progression 

1 — + — h (— l)”a5" H , 

whose ratio is — a;, converges for every value of x between — 1 and 
-f 1, and its sum is 1/(1+ x). Integrating it term by term between 
the limits 0 and x, where |(r| < 1, we obtain again the development 
of log (1 + x) found in § 49 : 


log(l+a:) = j 





+ 1 


+ •••. 


This formula holds also for £c = l, for the series on the right con- 
verges when a; = 1. 


2) Eor any value of x between —1 and +1 we may write 


1 

1+aj^ 




^ _ ^6 _|_ _| ^ 


Integrating this series term by term between the limits 0 and Xf 
where |£c| < 1, we find 


, Jj X t / ^ \ 

aictan* (~1)” 


<yi2n 1 

— h.... 

Sw, +1 ^ 


Since the new series converges for a; = 1, it follows that 


4 3 5 


7 + 
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3) Let F(3c) be the sum of the convergent series 


— 1 ) 




i=’(x)=l+j® + ' ^2 i.-J-.-p 

where m is any number whatever and |a;| < 1. Then we shall have 


rw - x- 1- .■ ■]- 

Let us multiply each side by (1 + a;) and then collect the terms in 
like powers of x. Using the identity 

(m— jo+1) (m — 1) » - (m —p) m( m —1) - ■ (m ~ +1) 

1.2. -.(p-l) + 1.2. ..p - 1.2.. .p 

which is easily verified, we find the formula 

(1 + x) F\x) = m 1 -f j 5c H - ^ x^ -\ 

m,(m, -1)... (m, - p +1) 1 

1.2. ..p ^ J 

or 

(1 + x) F\x) = mF(x), 

From this result we find, successively, 


F'(x) __ m 
F{x) ~ 1+x 

log [■?'(»)] = wi log (1 + k) 4- log C , 
or 

F(a;) = C(l+2cr. 

To determine the constant C we need merely notice that F(0) =1. 
Hence C = 1. This gives the development of (1 + a:)"* found in § 50 : 


^ ^ m . , m{m — 1) • • • (in ^ + 1) 

(l+a3)- = l+ jx+ 1 2...JP 


+ 


4) Eeplaoing ® by — x** and m by -1/2 in tbe last formula above, 
we find 






1.3 

2.4 


x^ 4- . 


1.3.5.>-(2n^l) 
2 . 4 . 6 . . . 27i 


This formula holds for any value of x between —1 and 4-1- Inte- 
grating both sides between the limits 0 and £c, where | a; | <C 1, we 
obtain the following development for the arcsine: 

a; 1 aj^ 1 . 3 aj® 1 . 3 . 5 - • (2?^ — 1) ^ 

arcsina: — j 4-22“*"2.45’^ ^ 2.4.6**-27i 2w,4-l 
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18G. Extension of Taylor’s series. Let/(cc) be the sum of a power 
series which conv'erges in the interval (— -f R), cc^, a point inside 
that interval, and another point of the same interval such 

that I 4- 1 < ^- The series whose sum is /(xq + A), 

^0 ~f" {^0 "f" H“ ^ 2(^0 4- -j- . . . -f- a^(xQ 4” ^)” 4“ ’ * > 

may he replaced by the double series obtained by developing each 
of the powers of (aio 4- and writing the terms in the same power 
of h upon the same line : 

^0 4-^1030 4- < 12^0 4 h H 

-{■ a-ih ‘ n -f • • • 

4- H 1- H 

4- 

This double series converges absolutely. Tor if each of its terms 
he replaced by its absolute value, a new double series of positive 
terms is obtained : 

Ao + Aila;o|4- 4-*--4- ^n^ol” 4-”- 

-{■ Ai\h\’\-2A^\Xf^\\h\-\ h n A„| ajor’^l^l 4 

4- A^\hf. ■+ {, 

4- 

If we add the elements in any one column, we obtain a series 

^0 4- ^iCI^ol 4- 1^1] 4" b A^[|a;o| + |A| ]” 4- • . . 

which converges, since we have supposed that | 1 4- 1 A | < i2. Hence 

the array (12) may be summed by rows or by columns. Taking 
the sums of the columns, we obtain f{x, -f h). Taking the sums 
of the rows, the resulting series is arranged according to powers of 
A, and the coefficients of A, AV • • are f(xX f%Xo)/2 respec- 
tively. Hence we may write v ^ v 0 // r 

(1^) /(Xo + h) =f(Xa) 4- |/'(ao) +...+ J ^ yw (X,) + • ■ •, 

if we assume that |A| <R-- \xq\. 

This formula surely holds inside the interval from a:,) — -f |£Kro| 
to «Q -f but it may happen that the series on the right 

converges in a larger interval. As an example consider the function 
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(1 + x)”", where m is not a positive integer. The development 
according to powers of x holds for all values of x between — 1 and 
-f 1. Let 5Co ^ value of x which lies in that interval. Then we 
may write 

(1+ »)”• = (1 + *0 + * - a:,)” = (1 + aJo)” (1 + «)”, 

where 

gj ‘ ^ ■ 

1-hXo 

We may now develop (1 4- »)”* according to powers of z, and this 
new development will hold whenever |«|< 1, i.e. for all values of x 
between —1 and 1+2xq. If Xq is positive, the new interval will be 
larger than the former interval (~ 1, + 1). Hence the new formula 
enables us to calculate the values of the function for values of the 
variable which lie outside the original interval. Purther investiga- 
tion of this remark leads to an extremely important notion, — that 
of analytic extension. We shall consider this subject in the second 
volume. 

Note. It is evident that the theorems proved for series arranged 
according to positive powers of a variable x may be extended immedi- 
ately to series arranged according to positive powers of a: — o, or, 
more generally still, to series arranged according to positive powers 
of any continuous function whatever. We need only consider 
them as composite functions, 4>{x) being the auxiliary function. 
Thus a series arranged according to positive powers of 1/x con- 
verges for all values of x which exceed a certain positive constant in 
absolute value, and it represents a continu ous fun ction of a: for all 
such values of the variable. The function Va:“ — a, for example, may 
be written in the form ± x(l — a/x^'f. The expression (1 — n/a;*) 
may be developed according to powers of 1/®’ for all values of x 
which exceed ^ in absolute value. This gives the formula 

, la 1 a’ 1.2.3---(2jP-3) 

= 2.4.6--2p ’ 

which constitutes a valid development of whenever x > Va. 

When x< — Va, the same series converges and represents tlie fuiio 
tion - ViF^. This formula may be used advantageously to obtain 
a development for the square root of an integer whenever the first 
perfect square which exceeds that integer is known. 



386 


SPECIAL SERIES 


[IX, § 181 


181. Dominant functions. The theorems proved above establish a 
close analogy between, polynomials and power series. Let (— r, -f r) 
be the least of the intervals of convergence of several given power 
series /i (ic), /a (£c), •••,/„(!»). When \x\<r, each of these series 
converges absolutely, and they may be added or multiplied together 
by the ordinary rules for polynomials. In general, any integral poly- 
nomial in fi(x), may be developed in a convergent 

power series in the same interval. 

Eor purposes of generalization we shall now define certain expres- 
sions which will be useful in what follows. Let f(x) be a power 
series 

f(x) == ao + a^x -f- -\ h H , 

and let <^(x) be another power series with positive coefiicients 

^(aj) = 4“ (XiX -f- ol2X^ -|. . . . 

which converges in a suitable interval. Then the function ^{x) is 
said to dominate * the function f(x) if each of the coefficients is 
greater than the absolute value of the corresponding coefficient of 
/(*): 

[ao|<aQ, |ai|<ai, •••, •••. 

Poincar^ has proposed the notation 

f{x) < ^(x) 

to express the relation which exists between the two functions f{x) 
and <i»(x). 

The utility of these dominant functions is based upon the fol- 
lowing fact, which is an immediate consequence of the definition. 
Let P(a^oj • ••? a») be a polynomial in the fii*st n +1 coefficients 
of f(x) whose coefficients are all real and positive. If the quanti- 
ties tto, «!, ••*, a„ be replaced by the corresponding coefficients of 
it is clear that we shall have 

lP(«o; a„)|<P(aro, orj, •.*, a„). 

Por instance, if the function j>(x) dominates the function /(a;), 
the series which represents [<^(a;)]^ will dominate [/(sc)]^ and so 
on. In general, [<^(a?)]” will dominate [/(aj)]^ Similarly, if €f> and 
are dominant functions for f and fx , respectively, the product 
will dominate the product jfi; and so forth. 


♦This expression will be used as a translation of the phrase ** est majorante 
pour la fonction /(x).” Likewise, “dominant functions ” will be used for “ fonctions 
majorantes." Trans. 
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Given a power series/(a:) which converges in an interval (— R,+R), 
the problem of determining a dominant function is of course indeter- 
minate. But it is convenient in what follows to make the domi- 
nant function as simple as possible. Let r be any number less than 
R and arbitrarily near R. Since the given series converges for x — r, 
the absolute value of its terms will have an upper limit, which we 
shall call M. Then we may write, for any value of n, 


or 


<^. 

== 


Hence the series 


.X , Mx'" , M 

M+M- + ■■• + — + 

r 


whose general term is dominates the given function /(a;). 

This is the dominant function most frequently used. If the series 
f{x) contains no constant term, the function 


M 




1 


X 


r 


may be taken as a dominant function. 

It is evident that r may be assigned any value less than and 
that M decreases, in general, with r. But M can never be less than 
Aq. If Aq is not zero, a number p less than H can always be found 
such that the function A^f(l - x/p) dominates the function f(x), 
Bor, let the series 

7 ! x^ x^ 

M + M - A- + ? 

'IT T 


where ilf > ioj ^ dominant function. If p be a number less 
than tAJM and n ^ 1, we shall have 

1««P”1 = I X (f) < $) ’ 

whence |a„p"l < Ag- On the other hand, |cto| = ^o- Hence the series 

X 

Aq + Aq--\‘ Aq-^-] ^ -^0 

dominates the function f(x). We shall make use of this fact pres- 
ently. More generally still, any number whatever which is greater 
than or equal to .do may be used in place of M. 
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It may be shown in a similar manner that if = 0, the function 



is a dominant function, where fx is any positive number whatever. 

Note, The knowledge of a geometrical progression which dominates the func- 
tion /(«) also enables us to estimate the error made in replacing the function 
f(x) by the sum of the first n -f- 1 terms of the series. If the series M/{1 - x/r) 
dominates /(x), it is evident that the remainder 

a„4.ix«+i-f a,»+2X»+2 4. ... 

of the given series is less in absolute value than the corresponding remainder 

m(^ + ^ + ...) 

of the dominant series. It follows that the error in question will be less than 



r 


182. Substitution of one series in another. Let 

(15) *=/(i^) = ao + aiy + --- + <i.y’-H-... 

be a series arranged according to powers of a variable y wMch. con- 
verges whenever |y| < Again let 

(16) 3' = <A(a:) = Jo + 5ia: + ---4-5„af 

be another series, which converges in the interval (— r, -f- r). If 
y*) in the series (15) be replaced by their developments in 
senes arranged according to powers of x from (16), a double series 

'fh-\r<Hh + ^ -f •••-!- ajii 

(17) - +ffli5i!e +2a, -t- • •• -f na.5r'*i» + ■ 

+ 0,5,3!*+ a,(6! + 25,5,)a!* + 

is obtain^. We shall now investigate the conditions under which 
this double series converges absolutely. In the first place, it is 
necessary that the series written in the first row, 

*0 -h -1- 4- 
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should converge absolutely, i.e. that | i should be less than R* This 
condition is also sufficient. For if it is satisfied, the function 
will be dominated by an expression of the form - aj/p), where 
m is any positive number greater than |io| and where p < r. We 
may therefore suppose that m is less than R. Let R' be another 
positive number which lies between m and R. Then the function 
/(y) is dominated by an expression of the form 


M 





If y be replaced by m/(l — xfp) in this last series, and the powers 
of y be developed according to increasing powers of x by the binomial 
theorem, a new double series 


. + 

is obtained, each of whose coefficients is positive and greater than 
the absolute value of the corresponding coefficients in the array (17), 
since each of the coefficients in (17) is formed from the coefficients 
ao, ^ 2 , • • •, 5o, ^2 j • • • by means of additions and multiplications 

only. The double series (17) therefore converges absolutely pro- 
vided the double series (18) converges absolutely. If x be replaced 
by its absolute value in the series (18), a necessary condition for abso- 
lute convergence is that each of the series formed of the terms in any 
one column should converge, i.e. that | ic | < p. If this condition he 
satisfied, the sum of the terms in the (n + l)th column is equal to 



Then a further necessary condition is that we should have 

or 

( 19 ) |a;|<p(l-|)- 

* The case in which the series (16) converges for y- R (see § 1T7) will be neglected 
in what follows. — Trans, 
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Since this latter condition includes the former, |a;| < p, it follows 
that it is a necessary and sufficient condition for the absolute con- 
vergence of the double series (18). The double series (17) will 
therefore converge absolutely for values of x which satisfy the 
inequality (19). It is to be noticed that the series <^(05) converges 
for all these values of cc, and that the corresponding value of y is 
less than 22' in absolute value. For the inequalities 


i<A(*)|< 



P W 


necessitate the inequality | <l»(x) \ < 22'. Taking the sum of the series 
(17) by columns, we find 


“h ®i<^>(i») -h <^2[<#»(^)]^ H + ^nC<^(^)]” + ■ * •> 

that is, /[<^(a;)]. On the other hand, adding by rows, we obtain a 
series arranged according to powers of x. Hence we may write 

(20) /[<#>(«)] = Co -b H h c,,£c" H , 

where the coefficients Cq, Ci, C2, • • • are given by the formulae 


( Co = «o + H b aJl H , 

Cl z=zaihi + 2a2bibQ -i 1- na^b^'-^bi -j , 

C 2 aih2 -f- ce-2 (bi 4- 2bQb^ + • • - ^ 

* 

which are easily verified. 

The formula (20) has been established only for values of x which 
satisfy the inequality (19), but the latter merely gives an under 
limit of the size of the interval in which the formula holds. It may 
be valid in a much larger interval. This raises a question whose 
solution requires a knowledge of functions of a complex variable. 
We shall return to it later. 


Special cases. 1) Since the number 22' which occurs in (19) may 
be taken as near 22 as we please, the formula (20) holds whenever a: 
satisfies the inequality |a;| < p(i-ni/R). Hence, if the series (15) 
converges for any value of y whatever, 22 may be thought of as infinite, 
P may be taken as near r as we please, and the formula (20) applies 
whenever |a;| < r, that is, in the same interval in which the series 
(16) converges. In particular, if the series (16) converges for all 
values of ai, and (15) converges for all values of y, the formula (20) 
IS valid for all values oi x. 
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2) When the constant term of the series (16) is zero, the func- 
tion c^(a;) is dominated by an expression of the form 

m 



where p <. r and where m is any positive number whatever. An 
argument similar to that used in the general case shows that the 
formula (20) holds in this case whenever x satisfies the inequality 


( 22 ) 


\x\<p 




where jR' is as near to R as we please. The corresponding interval 
of validity is larger than that given by the inequality (19). 

This special case often arises in practice. The inequality 

|Z>o| < is evidently satisfied, and the coefficients depend upon 

only* 

Co = (Iqj Cl = ctibi, C2 = = aibn 


Examples. 1) Cauchy gave a method for obtaining the binomial theorem from 
the development of log (1 H- x). Setting 

1 /i . \ /x X* \ 

y = /tlog(l + «) + 

we may write 

(l-f- xy = eMiog(i+®) = ey -j , 

1 1.2 

whence, substituting the first expansion in the second, 


(1 + 


x)A* = 1 4- 


'x x^ 

_ _ _ + _ 



x2 a;B 





If the right-hand side be arranged according to powers of it is evident that 
the coefficient of x^ will be a polynomial of degree n in /4, which we shall call 
Pn{p)‘ This polynomial must vanish when /x = 0, 1, 2, • • •, n — 1, and must 
reduce to unity when /x = n. These facts completely determine P„ in the form 


(23) 


Pn 


- ••{fj. — n + l) 
1 . 2 • • -n 


2) Setting 2 ! = (1 + zy/^, where x lies between — 1 and -f 1, we may write 

V v® 

2 = eJ/ = l+- + — -b--., 


y = » >log (1+ x) : 

X 


4 .(- 

2 3 ^ 


X" 

.l)n. 4- . 

^ 714-1 


where 
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The first expansion is valid for all values of y, and the second is valid whenever 
I X 1 < 1. Hence the formula obtained by substituting the second expansion in 
the first holds for any value of x between — 1 and + 1. The first two terms of 
this formula are 

W + = + + + + ■) + •■•=«- |x + .... 

It follows that (1 + approaches e through values less than e as x approaches 
zero through positive values. 


183. Division of power series. Let ns first consider the reciprocal 
1 -h X + 4- . . . 

of a power series which begins with unity and which converges in 
the interval (— r, -f ^)* Setting 

y , 

we may write 

y' + •• •. 

whence, substituting the first development in the second, we obtain 
an expansion for/(x) in power series, 


(25) f{x) =1 — 5ix + (^1 - + . . ., 

which holds inside a certain interval. In a similar manner a devel- 
opment may be obtained for the reciprocal of any power series 
whose constant term is different from zero. 

Let us now try to develop the quotient of two convergent power 
series 

^(x) _ + + 

^(x) % ^ h^x ^ h^x^ ^ 


If is not zero, this quotient may be written in the form 



= (Xq + aix + a^x^ H ) 


X 


1 

^0 + hx -f- h^x^ H 


Then by the case just treated the left-hand side of this equation is the 
product of two convergent power series. Hence it may be written 
in the form of a power series which converges near the origin : 


(26) 


otp H- X + (^2 4 

5o + hiX-\- h^x^ 4 - • •• 


Cq 4- CiX 4- CgX® 4- • . 


Clearings of fractions and equating the coefficients of like powers 
of X, we find the formulae 
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(27) 4“ 4* ■ • • 4" ^n<Joj ^ = 0, 1, 2j • • - , 

!roni wliicli the coefficients Cq, Ci, •••, may be calculated succes- 
jively. It will be noticed that these coefficients are the same as 
}hose we should obtain by performing the division indicated by the 
irdinary rule for the division of polynomials arranged according to 
increasing powers of x. 

If Bq = 0, the result is different. Let ns suppose for generality 
that \j/(x) where ^ is a positive integer and ^i(x) is a 

power series whose constant term is not zero. Then we may write 

\p(x') X^ xj/i (x) 

and by the above we shall have also 

= Co + Cia: -1 + + c*a:'= + -{ . 

It follows that the given quotient is expressible in the form 


(28) 


\l/(x) X^ X 


+ + Ck^i 


X , 


where the right-hand side is the sum of a rational fraction which 
becomes infinite for ic = 0 and a power series which converges near 
the origin. 


I^ote. In order to calculate the successive powers of a power series, it is con- 
venient to proceed as follows. Assuming the identity 

(ao 4 aix -1 h UnX'^ -| )»« = co 4 Cix -| 1- c„a;" + ♦ * ., 

let us take the logarithmic derivative of each side and then clear of fractions. 
This leads to the new identity 

(m(ai 4- -f • • • 4- -I )(co 4 cix 4 h CnX» 4 ) 

' ^ ( =(ao4-aiX4 4~ 4 )(ci4 2c2X4- hncnX^-'^-i ). 

The coefficients of the various powers of x are easily calculated. Equat- 
ing coefficients of like powers, we find a sequence of formulae from which 
Co 1 Cl , • • • , c„ , • • • may be found successively if Co be known. It is evident that 
Co = 


184. Development of l/Vl — 2xz 4 -^. Let us develop l/Vl - 2xz 4 - 
according to powers of z. Setting y = 2 xz — z\ we shall have, when |y|< 1, . 


Vl - 2xz 4“ 




( 30 ) 
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Collecting the terms which are divisible by the same power of we obtain an 
expansion of the form 

(31) f_ =. = Po + Piz + • ■ • + f.g" + ■ • 

V 1 - 2xz + 

where 

Po = l, Pl = ®, = 

2 

and where, in general, P„ is a polynomial of the nth degree in x. These poly- 
nomials may be determined successively by means of a recurrent formula. Dif- 
ferentiating the equation (31) with respect to z^ we find 

~ ^ = Pi + 2P22: + . . . -f. nFnZ^-'^ + . . . , 

(1 - 2x2 + 

or, by the equation (31), 

(X ~ 2)(Po + Pi2 4- • • • + Pn^S" + •••) = (1 ~ 2X2 + 22)(Pi + 2P22 H ) . 

Equating the coefficients of 2 «, we obtain the desired recurrent formula 
(n+l)P„+i = (2n+l)xPn- nP„^i. 

This equation is identical with the relation between three consecutive Legendre 
polynomials (§ 88), and moreover Po = Xo , Pi = Xi , P 2 = X 2 . Hence Pn = X„ 
for all values of 71 , and the formula (31) may be written 

(32) • _ — = 1 4* Xi 2 4- X 222 4 . ... 4 . X||Z^ 4 . . . 

Vl ~ 2X2 4 

where X„ is the Legendre polynomial of the nth order 

X„ = ^ •— r(a;2 - 1)»1 . 

2.4.6...2n dx"*-^ ^ 

We shall find later the interval in which this formula holds. 


11. POWER SERIES IH SEVERAL VARIABLES 

185. General principles. TRe properties of power series of a single 
variable may be extended easily to power series in several independ- 
ent variables. Let us first consider a double series where 

the integers m and n vary from zero to + 00 and where the coefii- 
cients may have either sign. If no element of this series exceeds 
d certain positive constant in absolute value for a set of values 
X = Xqj y = j/Qy the series converges absolutely for all values ofx and 
y which satisfy the inequalities | £C | < | cCq | , | ?/ 1 < | | • 

For, suppose that the inequality 

|«2/o|<JI^ or 



IX, § i8r)] 


DOUBLE FOWEK SERIES 


395 


is satisfied for all sets of values of m and n. Tlien the absolute value 
of the general element of the double series is less than the 

corresponding element of the double series XM\x/xQ\^\y/yQ\\ But 
the latter series converges whenever |£c|<|a;o|, \y\<\y^\, and its 
sum is 

M 

as we see by taking the sums of the elements by columns and then 
adding these sums. 

Let r and p be two positive numbers for which the double series 
converges, and let R denote the rectangle formed by the 
four straight lines x = r, x = — r, y = p, y = — p- I'or every point 
inside this rectangle or upon one of its sides no element of the 
double series 

(33) F(x, y)=-%a^n^^y^ 

exceeds the corresponding element of the series abso- 

lute value. Hence the series (33) converges absolutely and uni- 
formly inside of R, and it therefore defines a continuous function 
of the two variables x and y inside that region. 

It may be shown, as for series in a single variable, that the 
double series obtained by any number of term-by-term differen- 
tiations converges absolutely and uniformly inside the rectangle 
bounded by the lines = r — c, a; = — r + c, y = f) — c', 2/= — p + 
whert^ c and are any positive numbers less than t and p, respec- 
tively* These series represent the various partial derivatives of 
y). Eor example, the sum of the series is equal 

to oFjdx. For if the elements of the two series be arranged accord- 
ing to increasing powers of x, each element of the second series is 
equal to the derivative of the corresponding element of the first. 
Likewise, the partial derivative d-^^-FjZx^hf is equal to the sum 
of a double series whose constant factor is . 2 • • • . 1 . 2 • • ■ 7 /.. 

Hence the coefficients are equal to the values of the correspond- 
ing derivatives of the function F(x^ y) at the point a: = ?/ = 0, except 
for certain numerical factors, and the formula (33) may be written 
in the form 
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It follows, incideBtally, that no function of two variables can have 
two distinct developments in power series. 

If the elements of the double series be collected according to 
their degrees in x and y, a simple series is obtained : 

(35) F(xj 2^) = + <^2 + • — H + ■ * ' ^ 

where is a homogeneous polynomial of the 7^th degree in x and 
y which may be written, symbolically, 


<^n = 


1 

1 . 2 .. 


n 



+ 2 / 


^y) 


The preceding development therefore coincides with that given by 
Taylor^s series (§ 51). 

Let (ajo, 2 / 0 ) be a point inside the rectangle i?, and + h, y^ + k) 
be a neighboring point such that | cco | + 1 A | < ^*, 1 2/o | + 1 ^ I < /»• Then 
for any point inside the rectangle formed by the lines 

a; = a:o±[j--|a:„l], y = ± [P - l^ol], 

the function F(x, y) may be deTeloped in a power series arranged 
according to positive powers of aj — ccq and y — y^^' 


1 . 2 .. 

For if each element of the double series 


(36) F(x, + A, 2/0 + h) = 2. h^T^. 

^^ 1.2 . • -m. 1 . 2 . • *71 


be replaced by its development in powers of h and k, the new multi- 
ple series will converge absolutely under the hypotheses. Arrang- 
ing the elements of this new series according to powers of h and k, 
we obtain the formula (36). 

The reader will be able to show without dilEculty that all the 
preceding arguments and theorems hold without essential altera- 
tion for power series in any number of variables whatever. 

186. Dominant functions. G-iven a power series /(a;, y^ z, -) in n 
variables, we shall say that another series in n variables <^(a;, y^z^" *) 
dominates the first series if each coefficient of <^(a;, . .) is positive 

and greater than the absolute value of the corresponding coefficient 
of /(a;, y, The argument in § 185 depends essentially upon 
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the use of a dominant function. Eor if the series con- 

verges for X := r, y =: p, the function 


<#>(*. y) ’ 


M 





where M is greater than any coefficient in the series 
dominates the series function 


xl/(x, y) = 



is another dominant function. For the coefficient of in \l/(x, y) 
is equal to the coefficient of the corresponding term in the expan- 
sion of M{x/r -i- y/py-^^, and therefore it is at least equal to the 
coefficient of in <l>{x, y). 

Similarly, a triple series 




which converges absolutely for x = r,y = r', z = r", where r, r', 
are three positive numbers, is dominated by an expression of the 
form 

M 


y? «) = 




and also by any one of the expressions 


M 


M 




lff(x, y, *) contains no constant term, any one of the preceding expres- 
sions diminished by M may be selected as a dominant function. 

The theorem regarding the substitution of one power series in 
another (§ 182) may be extended to power series in several variables. 


If each of the variables in a eonverymt power series in p variMes 
Vi, Va, • • y» replaced by a convergent power series in q varmbles 
a:., X., . • X, which hgs no constant term, the result of the substitu- 
tion w.ay be written in the form of a power semes arranged according 
to powers of x., x„ • ■ provided that the absolute value of each 
of these variables is less than a certain constant. 
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Since the proof of the theorem is essentially the same for any 
number of variables, we shall restrict ourselves for definiteness to 
the following particular case. Let 


(ST) 

be a power series which converges whenever | y | S r and | | and let 
( y = a: + + • - • + 5„a:“ 4- • • • , 

( » = Ci® + -I h c„a" d 


be two series without constant terms both of which converge if the 
absolute value of x does not exceed p. If y and » in the series (37) 
be replaced by their developments from (38), the term in y“ 2 “ becomes 
a new power series in x, and the double series (37) becomes a triple 
series, each of whose coefficients may be calculated from the coeffi- 
cients and c„ by means of additions and multiplications 

remains to be shown that this tiuple series converges abso- 
lutely when the absolute value of x does not exceed a certain con- 
stant, from which it would then follow that the series could be 
arranged according to increasing powers of a:. In the first place, 
the function y(y, s) is dominated by the function 



and both of the series (38) are dominated by an expression of the form 



where M and N are two positive numbers. If y and » in the double 
series (39) be replaced by the function (40) and each of the products 
y™®" be developed in powers of x, each of the coefficients of the result- 
ing triple series will be positive and greater than the absolute value 
of the corresponding coefficient in the triple series found above. It 
will therefore be sufficient to show that this new triple series con- 
verges for sufficiently small positive values of x. Now the sum of 
e terms which arise from the expansion of any term y"*" of the 
series (39) is j v 


M 


jyTn + n 


^\m + n 

P/ 
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■which is the general term of the series obtained by multiplying the 
two series 



term by term, except for the constant factor M. Both of the latter 
series converge if x satisfies both of the inequalities 

r r' 

X < p — J X < p -7”; — r:- 

“ r N “ T N 

It follows that all the series considered will converge absolutely, 
and therefore that the original triple series may be arranged accord- 
ing to positive powers of x, whenever the absolute value of x is less 
than the smaller of the two rxumbers pr/{r 4- N) and pr'J(r' 4- N). 

Note, The theorem remains valid when the series (38) contain 
constant terms and Cq, provided that |^ol < ^ l^oj 
the expansion (37) may be replaced by a series arranged according 
to powers of y — 5o ^ind s; — Cq, by § 185, which reduces the discus- 
sion to the case just treated. 

III. IMPLICIT FUNCTIONS 
ANALYTIC CURVES AND SURFACES 

187. Implicit functions of a single variable. The existence of implicit 
functions has already been established (Chapter IT, ^ 20 et ff.) under 
certain conditions regarding continuity. When the left-hand sides 
of the given equations are power series, more thorough investigation 
is possible, as we shall proceed to show. 

Let F(Xy y') ^ 0 be an equation whose left-hand side can he developed 
in a convergent power series arranged according to increasing powers 
of x-Xo a 7 id y -yo, constant term is zero and the coeffi- 

cient of y-y, is different from zero. Then the equation has one and 
only one root which approaches y^ as x approaches Xq, and that root 
can he developed in a power series arranged accordvng to powers of 

For simplicity let us suppose that = = 0, vMoh to 

moTing the origin of cohrdinates. Transposing the term of the trst 
degree in y, we may write the given equation m the form 

(41) y y) = “it* + “ 20 ** + ’* ’ 
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where the terms not written down are of degrees greater than the 
second. We shall first show that this equation can be sat- 
isfied by replacing y by a series of the form 

(42) y == qa; + f- H 

if the rules for operation on convergent series be applied to the series 
on the right. For, making the substitution and comparing the coeffi- 
cients of a;, we find the equations 

^1 = %o> = ^20 4- “h * • * ; 

and, in general, can be expressed in terms of the preceding c’s 
and the coefficients where i-{-k<n,hj means of additions and 
multiplications only. Thus we may write 

= F„(aiQ, a-20^ <3^0n) J 

where P„ is a polynomial each of whose coefficients is a positive 
^ integer. The validity of the operations performed will be estab- 
lished if we can show that the series (42) determined in this way 
converges for all sufficiently small values of a;. We shall do this by 
means of a device which is frequently used. Its conception is due 
to Cauchy, and it is based essentially upon the idea of dominant 
functions. Let 

be a function which dominates the function /((a;, y), where Jqo = ^oi = 
and where is positive and at least equal to Let us then 

consider the auxiliary equation 

(41') y=<l>(x, Y)=%b^^x-^Y- 

and try to find a solution of this equation of the form 

(42') Y = Cl a; + -| h C„a;” H . 

The values of the coefficients • • • can be determined as above, 

and are 

^1 = ^lOJ ^2 = ^20 + ^iiCi + ^02^1? • * •; 

and in general 

It is evident from a comparison of the formul® (43) and (43') 
that |c„| < C„, since each of the coefficients of the polynomial P„ is 
positive and Hence the series (42) surely converges 
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■whenever the series (42') converges. Now we may select for the 
dominant function <f>(r, Y) the function 


4.(x, ¥) ■■ 


M 




Y 

P 


wliere If, r, and p are three positiye numbers. Then the auxiliary 
eciuatieii (41') becomes, after clearing of fractions, 




-^Y . Mp^ 




p + M^ p^M 

r 


= 0. 


This equation has a root which vanishes for a; = 0, namely : 


F — 




1~ 


4>/(p + M) 


■A. ^ 


' 2(p'”+ M) 2(p-f Af) 

The quantity under the radical may be written in the form 

‘'“’■(ttsT' 


whore 


Hence the root Y may be written 

2{p + M)L \ «/ V »•/ J 

It follows that this root Y may be developed in a series which con- 
verges in the interval (— <x, +■ a), and this development must coin- 
cide with that which we should obtain by direct substitution, that 
is, with (42'). Accordingly the series (42) converges, a fortiori, in 
the interval (- tr, 4- <0- merely a lower limit of 

the true interval of convergence of the series (42), which may be 
very much larger. 

It is evident from the manner in which the ooefucients c„ were 
determined that the sum of the series (42) satisfies the equation (41). 
Let us write the equation F{x, y) in the form y -f(x, y) = 0, and 
let y = P(x) he the root just found. Then if P(x) -f « be substi- 
tuted for y in F(,x, y), and the result be arranged according to 
powers of * and #, each term must be divisible by since the whole 
expression vanishes when » = 0 for any value of x. We shall have 
then Fix, F{x) -f- »] = ^Q(x, «) , where Q{x, z) is a power series in ai 
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and s. Finally, if » be replaced by y - P{x) in Q(x, z), we obtain 
the identity 

K^>y)=ly-P{x)-\Q,^{x,y), 

where the constant term of Qi must be unity, since the coefficient 
of y on the left-hand side is unity. Hence we may write 

(44) F(x, y) = [y — ^(2;)] (1 aa: -I- ;8y H- • • •) . 

This decomposition of F(x, y) into a product of two factors is due 
to Weierstrass. It exhibits the root y = p(x), and also shows that 
there is no other root of the equation F(x, y) = 0 which vanishes 
with X, since the second factor does not approach zero with x and y. 

2Pote. The preceding method for determining the coefficients c„ is 
essentially the same as that given in § 46. But it is now evident 
that the series obtained by carrying on the process indefinitely is 
convergent. 

188. The general theorem. Let us now consider a system of p equa- 
tions in p -j- variables. 

r Fi(a:i, a:,, • • •, a, ; y^, y^, . . y^) = 0, 

(46) J -^2 •••>«,; yi, y%, ■ ■ ■, y,) = 0, 

(•^(^1) *1! yi, ya, ■ • •, yp)= 0, 

where each of the functions Fi, Fj, • • - , vanishes when x^ = y* = 0, 
and is developable in power series near that point. We shall further 
suppose that the Jacobian F(F„ F„ ..., F,)/D(y„ y„ y^) dxes 
not vanish for the set of values considered. Under these conditions 
there exists one and only one system of solutions of the equations (46') 
of the form 

yi — X 2 , Xq), I/p = <l>p(Xi,X2,‘-’,Xq)y 

where <i>i, <t>i, ■■■, <t‘i, are power series in Xi, x^, ■ ■■, x, which vanish 
when aJi = 252 = . • . = a:, = 0. 

In order to simplify the notation, we shall restrict ourselves to 
the case of two equations between two dependent variables u and v 
and three independent variables x, y, and z : 

(46) + hv -f ca; 4* dy + ez -1- . . . = Q, 

( Fa = a'u + b'v 4- c'x 4- d^y -j- e'z 4- • . . = 0. 

Since the determinant ab' - ba' is not zero, by hypothesis, the two 
equations (46) may be replaced by two equations of the form 
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where the left-hand sides contain no constant terms and no terms 
of the first degree in xi and v. It is easy to show, as above, that 
these equations may be satisfied formally by replacing u and v by 
power series in x, y, and z : 


(48) u = V = 


where the coefdcients Cij^i and may be calculated from a^^^g^ and 
^mnpqr ^ncaus of additious and multiplications only. In order to 
show that these series converge, we need merely compare them with 
the analogous expansions obtained by solving the two auxiliary 
equations 


U = F = 


M 




-m{: 


1 + 


U±v\ 

p )' 


where M, r, and p are positive numbers whose meaning has been 
explained above. These two auxiliary equations reduce to a single 
equation of the second degree 




P^U ■ W 
Up -f- 4Ar 2p -f- 4ilif 


x-\-y z 


1 - 


x-\-y -\-z 


= 0 , 


which has a single root which vanishes f or a; = y = « = 0, namely : 


U = 


4(p -f- 2ikf) 4(p -f- 2M^ 



a; + 2/ + z 

a 

1- 

x + y-^^‘ 


where a = r [p/(p 4- 4iW)]®. 

This root may be developed in a convergent power series when- 
ever the absolute values of x, y, and z are all less than or equal to 
a/Z. Hence the series (48) converges under the same conditions. 

Let and be the solutions of (47) which are developable in 
series. If we set 4- v = Vi -f in (47) and arrange the 

result according to powers of x, y, each of the terms must 

be divisible by or by vK Hence, returning to the original varia- 
bles £C, y, «, 'M, V, the given equations may be written in the form 

^ Uxi — i4i)/ -h (t; — Vi) <#> =0, 

4* ('i^ — ^1 = 



404 


SPECIAL SEKIES 


[IX, § 189 


where /, (#>, /i , <t>i are power series in x, ?/, z, 21 , and v. In this 
form the solutions 21 = ui, v = are exhibited. It is evident also 
that no other solutions of (47') exist which vanish for x == ^ = s = 0. 
Por any other set of solutions must cause f<^i ~ </>/i to vanish, 
and a comparison of (47) with (47') shows that the constant term 
is unity in both / and whereas the constant term is zero in 
both/i and <^; hence the condition /<^i ~ 4>ft = 0 cannot be met by 
replacing u and v by functions which yanish when x = y = ;? = 0. 


189. Lagrange’s formula. Let us consider the equation 
(49) y = a + X(f>{y ) , 

where 4i{y) is a function which is developable in a power series in 2 ^ — a, 

Hv) = + (y - a) <!>'(«■) + + • • ■ 1 


which converges whenever y — a does not exceed a certain number. By the 
general theorem of § 187, this equation has one and only one root which 
approaches a as x approaches zero, and this root is represented for sufficiently 
small values of z by a convergent power series 

2 / = a + aix + a 2 X^ H . 

In general, if /(y) is a function which is developable according to positive 
powers of y — a, an expansion Qtf{y) according to powers of x may be obtained 
by replacing y by the development just found, 

(60) f{y) =/(a) + Aix + A^x^ + h + . . • , 

and this expansion holds for all values of x between certain limits. 

The purpose of Lagrange’s formiHa is to determine the coefficients 


Ai , A.2, • • • , An , • • ' 


in terms of a. It will be noticed that this problem does not differ essentially 
from the general problem. The coefficient An is equal to the nth derivative of 
f{y) for y = 0, except for a constant factor nl, where y is defined by (49); and 
this derivative can be calculated by the usual rules. The calculation appears to 
be very complicated, but it may be substantially shortened by applying the fol- 
lowing remarts of Laplace (of. Ex. 8, Chapter II). The partial derivatives of 
the function y defined by (49), with respect to the variables x and a, are given 
by the formulae 

OCl 

whence we find immediately 


(51) 

where u =-f(y). 


du 


= Hy) 


du 
da ’ 


On the other hand, it is easy to show that the formula 


(610 
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is identically satisfied, where F{y) is an arbitrary function of y. 
side becomes 


F'(v)r(y) 


hy dy 
da dx 


+ F{y) 


d^u 

dadx 


For either 


on performing the indicated differentiations. We shall now prove the formula 


dx^ 


gn-l 



for any value of n. It holds, by (51), for w =1. In order to prove it in gen- 
eral, let us assume that it holds for a certain number n. Then we shall have 

da^-^dxL daJ 


But we also have, from (51) and (51') j 


1 . 

dx 


dW 

da. 




whence the preceding formula reduces to the form 





which shows that the formula in question holds for all values of n. 

Now if we set a; = 0, y reduces to a, u to /(a), and the nth derivative of u 
with respect to x is given by the formula ■ 





Hence the development otf{y) by Taylor’s series becomes 


(52) 


fiy) =/(a) + X(p{a)f'{a) -f ~ [0(a)2/'(a)] + . 


nl da’ 


— J0(a)’‘/'(a)]4-- 


This is the noted formula due to Lagrange. It gives an expression for the 
root y which approaches zero as x approaches zero. We shall find later the 
limits between which this formula is applicable. 

Note. It follows from the general theorem that the root y, considered as a 
function of x and a, may be represented as a double series arranged according 
to powers of x and a. This series can be obtained by replacing each of the 
coefficients An by its development in powers of a. Hence the series (52) may 
be differentiated term by term with respect to a. 


Examples. 1) The equation 

(63) S/ = a + |(j/*-l) 



406 


SPECIAL SERIES 


[IX, § 190 


has one root which is equal to a when x = 0. Lagrange’s formula gives the 
following development for that root: 


(64) 


y = a + |(a»-l) + i 


© 2 

da * 



dn-l (a2 - l)ft 




On the other hand, the equation (63) may be solved directly, and its roots are 
y = i ± - Vl — 2ax + . 

X X 


The root which is equal to a when ® = 0 is that given by taking the sign - 
Differentiating both sides of (54) with respect to a, we obtain a formula which 
differs from the formula (32) of § 184 only in notation. 

2) Kepler’s equation for the eccentric anomaly m,* 

(65) w = a + c sin u , 

which occurs in Astronomy, has a root u which is equal to a for e = 0. Lagrange’s 
formula gives the development of this root near e = 0 in the form 


(56) M = a + c sin a -f — (sin^a) ^ 


d"~i(sin«a) 


1.2. -.71 




Laplace was the first to show, by a profound process of reasoning, that this 
series converges whenever e is less than the limit 0.662743 • • 


190. Inversion. Let us consider a series of the form 
(57) y = aix + a^x^ + • • • + 

where ai is different from zero and where the interval of convergence is(--- r, + r). 
If y be taken as the independent variable and x be thought of as a function of y, 
by the general theorem of § 187 the equation (67) has one and only one root which 
approaches zero with y, and this root can be developed in a power series in y ; 

(68) X = 6iy + hzy^ + bay® H 1- 6„y« -1- • . . . 

The coefficients bi , 62 , 63 , • • • may be determined successively by replacing x in 
(67) by this expansion and then equating the coefficients of like powers of y. 
The values thus found are 




h — ^ 


h 


2ci2 — aicta 


The value of the coefficient h of the general term may be obtained from 
Lagrange’s formula. For, setting 


^(x) = Ui + a2X ^ 1- H , 

the equation (67) may be written in the form 


x = y 


f{x) 


ZiwET, Mements of Theoretical Mechanic$, 2d ed., 

p. — Trans. 
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and the development of the root of this equation which approaches zero with y 
is given by Lagrange’s formula in the form 




• + 


y” (fn~l / 1 Y ^ 
1 . 2 • • • n w(®) / 0 


where the subscript 0 indicates that we are to set x = 0 after performing the 
indicated differentiations. 

The problem just treated has sometimes been called the reversion of series, 

191. Analytic functions. In the future we shall say that a func- 
tion of any number of variables x, y, sj, • • • is analytic if it can be 
developed, for values of the variables near the point Xq, 

in a power series arranged according to increasing powers of 
X — Xq, y — Vq) z — Zq, • • • which converges for sufficiently small 
values of the differences cc — Xq, - * • . The values which cco, y^, * • * 

may take on may be restricted by certain conditions, but we shall 
not go into the matter further here. The developments of the pres- 
ent chapter make clear that such functions are, so to speak, inter- 
related. Given one or more analytic functions, the operations of 
integration and differentiation, the algebraic operations of multipli- 
cation, division, substitution, etc., lead to new analytic functions. 
Likewise, the solution of equations whose left-hand member is ana- 
lytic leads to analytic functions. Since the very simplest functions, 
such as polynomials, the exponential function, the trigonometric 
functions, etc., are analytic, it is easy to see why the first functions 
studied by mathematicians were analytic. These functions are still 
predominant in the theory of functions of a complex variable and in 
the study of differential equations. Nevertheless, despite the funda- 
mental importance of analytic functions, it must not be forgotten 
that they actually constitute merely a very particular group among 
the whole assemblage of continuous functions.’'*^ 

192. Plane curves. Let us consider an arc AR of a plane curve. 
We shall say that the curve is analytic along the arc AB \i the 
coordinates of any point M which lies in the neighborhood of any 
fixed point of that arc can be developed in power series arranged 
according to powers of a parameter < — 


(59) 


j X = -j- (if — fo)** + ' • • + -p. . . . ^ 

( y = \p(t') = -f- hi(t — ^ 0 ) -{- ^> 2 (^ •— + ■ — h '^o)” d ) 

which converge for sufficiently small values of f 

* In the second volume an example of a non-analytic function will be given, all of 
whose derivatives exist throughout an interval (a, b). 
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A point Mo will be called an ordinary/ point if in tbe neighbor- 
hood of that point one of the differences y — yo) 
represented as a convergent power series in powers of the other. 
If, for example, y — yo can be developed in a power series in 
a; — ajo, 

(60) y - yo = Ci(aj — + Cj (a; — H h <J„(a; — -f , 

for all values of x between Xo — 7i and Xq + A, the point (xq , yo) is 
an ordinary point. It is easy to replace the equation (60) by two 
equations of the form (59), for we need only set 

[61) ix = Xo + t--toy 

If Cl is different from zero, which is the case in general, the equa- 
tion (60) may be solved for £c — aj^ in a power series in y — yo which 
is valid whenever y — - yo is sufficiently small. In this case each of 
the differences x — Xq, y — yo can be represented as a convergent 
power series in powers of the other. This ceases to be true if Ci is 
zero, that is to say, if the tangent to the curve is parallel to the 
X axis. In that case, as we shall see presently, x — Xq may be devel- 
oped in a series arranged according to fractional powers of y — yo* 
It is evident also that at a point where the tangent is parallel to 
the y axis x — Xq can be developed in power series in y — yo, but 
y — yo cannot be developed in power series in x — Xq. 

If the coordinates (x, y) of a point on the curve are given by the 
equations (59) near a point that point is an ordinary point if 
at least one of the coefficients ^i, bi is different from zero."^ If Ui 
is not zero, for example, the first equation can be solved for t — to 
in powers of a? — Xq, and the second equation becomes an expansion 
of y — yo in powers of x-^Xq when this solution is substituted for 

t-to. 

The appearance of a curve at an ordinary point is either the cus- 
tomary appearance or else that of a point of inflection. Any point 
which is not an ordinary point is called a singular point. If all 
the points of an arc of an analytic curve are ordinary points, the 
arc is said to be regular. 


* This condition is sufficient, but not necessary. However, the equations of any 
curve, near an ordinary .point Mo, may always be written in such a way that and 
1 do not both vanish, hy a suitable choice of the parameter. For this is actually 
accomplished in equations (61). See also second footnote, p. 409.-— Tbans. 
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If each of the coefifilcieiits ai and l>i is zero, but a^, for example, 
is different from zero, the first of equations (59) may be written in 

the form (x — =z (t — t^) [ag + «8(^ ~ Jfo) H where the right- 

hand member is developable according to powers of ^ Hence 

— ^0 is developable in powers of (x — and if in the 

second equation of (59) be replaced by that development, we obtain 
a development for y — in powers of (x — Xq)^: 

y — Cl (a; -- a;o)+ c^(x — x^y-\- .... 

In this case the point (xqj is usually a cusp of the first kind.* 
The argument just given is general. If the development of 
a; — ^0 in powers of ^ begins with a term of degree n, y — y^ 
can be developed according to powers of (a; — x^. The appearance 
of a curve given by the equation (59) near a point (a^o, is of 
one of four types : a point with none of these peculiarities, a point 
of inflection, a cusp of the first kind, or a cusp of the second kind.* 


193. Skew curves. A skew curve is said to be analytic along an arc 
AB a the coordinates x, y^z oi b. variable point M can be developed 
in power series arranged according to powers of a parameter t ^ Iq 


r a; = ajo + ai(^ - i^o) H h <^n(J^ - H ^ 

(62) ] y = yo + &i(* — «o)H — , 

U = ao + «1 (* — <o) H h «„(< — <o)” H J 

in the neighborhood of any fixed point Mq of the arc. A point 
Afo is said to be an ordinary point if two of the three differences 
a; — 0 * 0 , 2/ — ~ developed in power series arranged 

according to powers of the third. 

It can be shown, as in the preceding paragraph, that the point 
Mq will surely be an ordinary point if not all three of the coefficients 
vanish. Hence the value of the parameter t for a singular 
point must satisfy the equations f 


dx 

dt 


= 0, 


dt 


= 0 , 


^ = 0. 

dt 


♦ For a cusp of the first kind the tangent lies between the two branches. For a 
cusp of the second kind both branches lie on the same side of the tangent. The 
point is an ordinary point, of course, if the coefllcients of the fractional powers 
happen to be all zeros. —TniLNS. 

t These conditions are not sufficient to make the point iifo , which corresponds to 
a value to of the parameter, a singular point when a point M of the curve near 3fo 
corresponds tp several values of t which approach to as M approaches Mo> Such is 
the case, for example, at the origin on the curve defined by the equations «= 

2/ = , z = . 
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Let yo, ; 35 o be tbe coordinates of a point Afo on a skew curve F 
whose equations are given in the form 

(63) F{x, y, z)^ 0, F^{x, y, z) « 0, 

where the functions JPand Fx are power series in as — aj 0 , 3 / — y^, 

The point will surely be an ordinaiy point if not all three of 
the functional determinants 

Fx) 1)(F, Fx) D(F, Fx) 

D{x, y) ' V(y, z) ' D(z, x) 

vanish simultaneously at the point £c = y = y^, z ss For if 
the determinant i)(F, Fx)/D(x,y), for example, does not vanish at 
Mqj the equations (63) can be solved, by § 188, for x^x^^ and y — 
as power series in z — z^, 

194:. Surfaces. A surface S will be said to be analytic throrighout 
a certain region if the coordinates x, y, z of any variable point M 
can be expressed as double power series in terms of two variable 
parameters and u Uf^ 

r ® = ^10 (^ “* ^0) +• <3^01 (^ ~" '*^0) + • • 

(64) -j y yo = ^io(^ ^ 0 ) “b ^ox **^ 0 ) + • ■ •? 

I « =■ <Jio(^ — ^0) "b ^01 — '*^0) + * • •, 

in the neighborhood of any fixed point of that region, where 
the three series converge for sufficiently small values of and 

u^Uq. a point Mq of the surface will be said to be an ordinary 
point if one of the three differences a; — y — y^, » — ^0 can Imi 
expressed as a power series in terms of the other two. Eveiy point 
ATo for which not all three of the determinants 

-P(y> 1>(^, jg) F{x, y) 

D(tj u)' D(ty u)' D(t, u) 

vanish simultaneously is surely an ordinary point. If, for exam- 
ple, the first of these determinants does not vanish, the last two of 
the equations (64) can be solved for t and and the first 

equation becomes an expansion of x^x^ in terms of y - y^ and 
z — Zq upon replacing t — and u — by these values. 

Let the surface S be given by means of an unsolved equation 
Vi «) = 0, and let Xq, yo, be the codrdinates of a point /I4 
of the surface. If the function F{x, y, z) is a power series in 
P ‘*^o> y ~ Vq} ^ Zqj and if not all three of the partial derivatives 
oF/dx^^ dF/dy^^ dF/dz^ vanish simultaneously, the point Af. is surely 
an ordinary point, by § 188. ^ 



IX, § I9r)j 


TRIGONOMETRIC SERIES 


411 


The definition of an ordinary point on a curve or on a sur- 
face is independent of the choice of axes. For, let Mq (xq, 3 / 0 , Zq) be an 
ordinary point on a surface S, Then the coordinates of any neigh- 
boring point can * be written in the form (64), where not all three of 
the determinants D(y, z)/D(ty w), D(z, x)/D(t, u), D(x, y)/D(t, u) 
vanish simultaneously for t = tQf u Let us now select any new 

axes whatever and let 

X = a-i^X -j- -f- -f- S^, 

F = + 72 + §2 , 

Z = a^x + ^^y + 78^3? -f- Sg 

be the transformation which carries aj, y, 5 ; into the new coordinates 
X, F, Z, where the determinant A. = D{X^ F, Z) jDix, y, z) is differ- 
ent from zero. Replacing x, y, z by their developments in series 
(64), we obtain three analogous developments for X^Y, Z ) and we 
cannot have 

D(X, Y) _ D(F, Z) ^ D(Z, X) _ 

D(t, u) D(t, u) D{t, u) 

for t = tQf u = Uqj since the transformation can be written in the form 

x = AiX-{-BiY+ CiZ-f Di, 

, y^A^X + B.YA- C 2 ^ + A, 
z = ,4.3^^ jBj F -}- C^Z -f- jDg, 

and the three functional determinants involving Xy F, Z cannot 
vanish simultaneously unless the three involving x, y, z also vanish 
simultaneously. 

IF. TRIGONOMETRIC SERIES MISCELLANEOUS SERIES 

105. Calculation of the coefficients. The series which we shall study 
in this section are entirely different from those studied above. 
Trigonometric series appear to have been first studied by D, Ber- 
noulli, in connection with the problem of the stretched string. The 
process for determining the coefficients, which we are about to give, 
is due to Euler. 

Let f(x) be a function defined in the interval (a, i). We shall 
first suppose that a and h have the values — tt and + tt, respec- 
tively, which is always allowable, since the substitution 

, 27rx — (a-\-h)7r 

x* == 7 -^“ ^ — 

0 — a 


* See footnote, p. 408. — Trans. 
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reduces any case to the preceding. Then if the equation 

(65) f(x) = — + («! cos 2 c 4- sin£c) H h cos mx + 5„jSin mx) H 

holds for all values of x between — tt and + tt, where the coefficients 
«oj * • * sire unknown constants, the following device 

enables us to determine those constants. We shall first write down 
for reference the following formulae, which were established above, 
for positive integral values of m and n : 


( 66 ) 


t p + rr 

I sin 7?ix dx = Oy 

X + TT 

coamxdx = 0, 

£■ 


cos mx cos nx dx 

+ 7r 


" cos (m — n)x-^ cos (m + rC)x 
. 2 


+ cos 2mx 


dx 


sin mx sin nx dx 

■* + 7r 


cos (m ~ ?i)a; — cos (m + n)x 
2 


I cos^ mx dx == I — 

L ” 

=/. 

I 8inr mx dx = I — 

I sin Tnx cos nx dx 

sin (m + n)x + sin (m ■— n)x 

. 2 


— cos 2mx 


dx 


if w 4= 0; 

dx^Oy if n) 

= TT, if 0] 

dxz=0, if m ^ 

= TT, if m =?£= 0; 

dx = 0. 


Integrating both sides of (65) between the limits — ir and 4 tt, 
the right-hand side being integrated term by term, we find 

/(x)dx==^J^ dx = 7raoy 

which gives the value of Uq. Performing the same operations upon 
the equation (65) after having multiplied both sides either by cos fnx 
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or by sin ma;, the only term on the right whose integral between — tt 
and -f- TT is different from zero is the one in cos^ mx or in sin^ mx. 
Hence we find the formulae 


X + TT 

f(x) COS mx dx == 7ra^, I f(x) sin mx dx = tt^^, 

IT U—V 

respectively. The values of the coefficients may be assembled as 
follows : 

aQ = ’- I f(a) daj = - / f(a) cos ma da, 

^ Kf — re U—it 


(67) 


1 c*’ 

-J.. 


sin ma da. 


The preceding calculation is merely formal, and therefore tenta- 
tive. Tor we have assumed that the function f(x) can be developed 
in the form (65), and that that development converges uniformly 
between the limits — tt and -f- tt. Since there is nothing to prove, 
a priori, that these assumptions are justifiable, it is essential that 
we investigate whether the series thus obtained converges or not. 
Eeplacing the coefficients ai and hi by their values from (67) and 
simplifying, the sum of the first (in + 1) terms is seen to be 


1 fl 1 

= f{^) l-cosm(a:— a5)Jc?cK. 


But by a well-known trigonometric formula we have 

. 2m -f 1 

1 o ^ 

- + cos n 4- cos 2a 4 h cos ma > 

2 ^ . Or 


2 sin ‘ 


whence 




. 2?w. 4- 1 ^ ^ 

sm — - — (a -a) 


- da, 


2 sin- 


or, setting a = x + 2^, 


The whole question is reduced to that of finding the limit of this 
sum as the integer m increases indefinitely. In order to study this 
question, we shall assume that the function /(x) satisfies the fol- 
lowing conditions : 
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1) Tlie function /(ic) shall be in general continuous between *— tt 
and H- tt, except ioiSi, finite number of values of x, for which its value 
may change suddenly in the following manner. Let c be a number 
between — tt and + tt. For any value of c a number h can be found 
such that /(x) is continuous between c — h and c and also between 
c and c -f A. As c approaches zero, f(c + c) approaches a limit which 
we shall call/(c + 0). Likewise, /(c — c) approaches a limit which 
we shall call/(c — 0) as c approaches zero. If the function f(x) 
is continuous for x = we shall have /(c) =/(c + 0) =/(c — 0). If 
/(c+ 0) — is discontinuous for a: = c, and we shall agree 

to take the arithmetic mean of these values [/(c + 0) 4- f(c — 0)]/2 
for /(c). It is evident that this definition of /(c) holds also at points 
where /(«) is continuous. We shall further suppose that /( — tt + c) 
and /(tt — c) approach limits, which we shall call /(— tt -f- 0) and 
/(tt — 0), respectively, as c approaches zero through positive values. 
The curve whose equation is y ==f(x) must be similar to that of 
Fig. 11 on page 160, if there are any discontinuities. We have 
already seen that the function /(a;) is integrable in the interval from 
~ TT to + TT, and it is evident that the same is true for the product 
off(x) by any function which is continuous in the same inteiwal. 

2) It shall be possible to divide the interval (— tt, -f- tt) into a 
finite number of subintervals in such a way that/(ic) is a monoton- 
ically increasing or a monotonically decreasing function in each of 
the subintervals. 

For brevity we shall say that the function /(tc) satisfies IHrichkfs 
conditions in the interval (- tt, + tt). It is clear that a function 
which is continuous in the interval (- tt, + tt) and which has a 
finite number of maxima and minima in that interval, satisfies 
Lirichlet’s conditions. 

196. The integral [sin nx/smxidx. The expression obtained 
for leads us to seek the limit of the definite integral 

J ph 

f . sinwaj , 

I fix)— dx, 

^ n becomes infinite. The first rigorous discussion of this ques- 
tion was given by Lejeune-Dirichlet.* The method which we shall 
employ is essentially the same as that given by Bonnet. t 


* Orelle^s Journal^ Vol. IV, 1829. 
t M^moires des savants Grangers publics 


par I’Acadcmie de Belgi<iue, Vol. XXHl. 
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Let us first consider the integral 
(69) 

nJo ^ 

where A is a positive number less than tt, and <l>(x) is a function 
which satisfies Dirichlet’s conditions in the interval (0, h). If <t>(x) 
is a constant C, it is easy to find the limit of J. For, setting y = nz, 
we may write 



and the limit of / as n becomes infinite is C'7r/2, by (39), § 176. 

Next suppose that <l>(z) is a positive monotonically decreasing 
function in the interval (0, h). The integrand changes sign for 
all values of x of the form kirjn. Hence J may be written 

J — ^8 -f h (— 1)*% 4- * • • + (— 0 < ^ < 1 , 

where 





and where the upper limit ^ is supposed to lie between myr/n and 
(m + T)ir/n. Each of the integrals is less than the preceding. 
For, if we set nx = kir -j- y in %, we find 

and it is evident, by the hypotheses regarding <#>(£c), that this inte- 
gral decreases as the subscript k increases. Hence we shall have 
the equations 

J=zUq — {u^ — U2) — (th — W4) , 

(U2 — Wa) + (t^4 ■“ ^^ 5 ) H J 

which show that J lies between and Hq — wi. It follows that J is 
a positive number less than zcq, that is to say, less than the integral 

But this integral is itself less than the integral 

«A(+ 0) ^ = </.(+ 0) <^2/ = ^4.(+ 0), 

Jo Jo y 

where A denotes the value of the definite integral J^’'C(siny)/y] rfy. 
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The same argument shows that the definite integral 

where c is any positive number less than A, approaches zero as n 
becomes infinite. If c lies between (i — V) 7 rjn and VTrJn^ it can be 
shown as above that the absolute value of is less than 


sinnaj 


dx 


and hence, a fortiori, less than 






\n 


c +■ 


f ” <^(*) 

n 

if) 


sm nx 

X 


dx 


^ ^ <l>(c) 


^7^ 

n 


Hence the integral approaches zero as n becomes infimite.* 

This method gives us no information if c = 0. In order to dis- 
cover the limit of the integral J, let c be a number between 0 
^d A, such that ^(x) is continuous from 0 to c, and let us set 

•V '*'(*) positive and decreases in the 

interval (0, c) from the value ^(+ 0) - ,^(c) when a: = 0 to the 
value zero when » = c. If we write / in the form 


/=^(c) Ts 

Jo « Jo ' ^ ' X 

and then subtract (7r/2),^(+ 0), we find 




X h 

... sm?z^ 
<!>(-) — 


dx 


(70) 


+ 


V(+0)] 




sin nm 


X 


dx. 


In order to prove that / approaches the limit (w/2) A(+ 0) it will 

i. .<*.«. ,0 .ho. .tat . ^ta, . „i.., V Vt tt “ita.ri 

that formula gives notion <f>{x) is a decreasing function, 

and the right-hand member evidently approaches zero. 
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value of each, of the terms oa the right is less than a preassigned 
positive number e/4 when n is greater than m. By the remark 
made above, the absolute value of the integral 

is less than .4j/r(+ 0) = u4 [<]£>(-[- 0) — <^(<?)]. Since ^(x) approaches 
<i^>(+ 0) as X approaches zero, c may be taken so near to zero that 
A 0) — <#>(c)] and (7r/2)[(^(-f 0) — <^(c)] are both less than c/4. 
The number c having been chosen in this way, the other two terms 
on the right-hand side of equation (70) both approach zero as n 
becomes infinite. Hence 7i may be chosen so large that the abso- 
lute value of either of them is less than c/4. It follows that 

(71) limJ=j^(+0). 

We shall now proceed to remove the various restrictions which 
have been placed upon <l>(x) in the preceding argument. If <^(a;) is 
a monotonically decreasing function, but is not always positive, the 
function = <^(£c) -h C is a positive monotonically decreasing func- 
tion from 0 to h if the constant C be suitably chosen. Then the 
formula (71) applies to \lf(x). Moreover we may write 

r </>(x) dx = f C ^^^dx, 

Jo ^ Jo ^ Jo ^ 

and the right-hand side approaches the limit (7r/2) i/r(4- 0) — (^J2)C, 
that is, (7r/2) <;>(-f 0). 

If <^(x) is a monotonically increasing function from 0 to — <t>{x) 
is a monotonically decreasing function, and we shall have 

mp dx = - T- <l>(x) dx. 

Hence the integral approaches (7r/2)<^(-f- 0) in this case also. 

Finally, suppose that <ly(x) is any function which satisfies Dirich- 
let^s conditions in the interval (0, A). Then the interval (0, A) 
may be divided into a finite number of subintervals (0, a), (a, b), 
(b, c), • • •, (I, A), in each of which <l>{x) is a monotonically increasing- 
or decreasing function. The integral from 0 to a approaches the limit 
(7r/2)<^(-h 0). Each of the other integrals, which are of the type 

rr r\^xSinna;, 

<l,(x)~-^dx, 



418 


SPECIAL SERIES 


[IX, § 197 


approaches zero. For if <^(cc) is a monotonically increasing function, 
for instance, from a to an auxiliary function i/^(a 7 ) can be formed 
in an infinite variety of ways, which increases monotonically from 
0 to is continuous from 0 to a, and coincides with <^( 5 c) from a to h. 
Then each of the integrals 

approaches »/r(+ 0) as n becomes infinite. Hence their difference, 
which is precisely H, approaches zero. It follows that the formula 
(71) holds for any function <t»(x) which satisfies Dirichlet's condi- 
tions in the interval (0, h). 

Let us now consider the integral 

( 72 ) 

where f(x) is a positive monotonically increasing function from 
0 to h. This integral may be written 

Jo L sin £c J X 

and the function <f)(x) =f(x)x/smx is a positive monotonically 
increasing function from 0 to Ji. Since /(+ 0) = «^(+ 0), it follows 
that 

(73) lim/ = ^/(+0). 

This formula therefore holds if f(x) is a positive monotonically 
increasing function from 0 to h. It can be shown by successive 
steps, as above, that the restrictions upon f(x) can all be removed, 
^d that the formula holds for any function f(x) which satisfies 
Dmchlet’s conditions in the interval (0, h). 

197 . Fourier series. A trigonometric series whose coefficients are 
pven by the formulae (67) is usually called a Fourier series. Indeed 
It was Fourier who first stated the theorem that any function arbi- 
trartly defined, in an interval of length Sw may be represented by a 
series of that type. By an arbitrary function Fourier understood 
a function which could be represented graphicaUy by several cur- 
^lin^r arcs of curves which are usually regarded as distinct curves. 
We shall render this rather vague notion precise by restricting our 
discussion to functions which satisfy Dirichlet’s conditions. 
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In order to show that a function of this kind can be represented 
by a Fourier series in the interval (— tt, + tt), we must find the 
limit of the integral (68) as m becomes infinite. Let us divide 
this integral into two integrals whose limits of integration are 
0 and (tt — x)/2, and ~ (tt + x)/2 and 0, respectively, and let us 
make the substitution y = — z in the second of these integrals. 
Then the formula (68) becomes 


TT-t-a; 

TrJo ^ smz 


When X lies between — tt and + rrr, (tt — x)/2 and (tt 4- t)oth 
lie between 0 and tt. Hence by the last article the right-hand 
side of the preceding formula approaches 


i [§/(=>= + 0) + |/(=r-0)] = 


f(x + 0) -{-f(x -- 0) 
2 


as m becomes infinite. It follows that the series (65) converges and 
that its sum is /(a;) for every value of x between — tt and -f 

Let us now suppose that x is equal to one of the limits of the 
interval, — tt for example. Then may be written in the form 


1 o xSin(2m4-l)y , 

v/o 


Sin y 




The first integral on the right approaches the limit /(— tt + 0)/2. 
Setting y = TT — « in the second integral, it takes the form 


1 

wJo ’ sin« 

which approaches yi( 7 r — 0)/2. Hence the sum of the trigonometric 
series is [/(tt - 0) +/(- tt 4- 0)]/2 when a; =- tt. It is evident 
that the sum of the series is the same when a; = 4- tt. 

If, instead of laying off a; as a length along a straight line, we 
lay it off as the length of an arc of a unit circle, counting in the 
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positive direction from tlie point of intersection of the circle with 
the positive direction of some initial diameter, the sum of the series 
at any point whatever will be the arithmetic mean of the two limits 
sum of the series as each of the variable points 
m' and taken on the circumference on opposite sides, of m, 
approaches m. If the two limits /(— tt + 0) and /(tt — 0) are 
different, the point of the circumference on the negative direction 
of the initial line will be a point of discontinuity. 

In conclusion, every function which is defined in the interval 
( TT, 4" 'tt) and which satisfies Dirichlet^s conditions in that inter- 
val may he represented by a Fourier series in the same interval. 

More generally, let f{x) be a function which is defined in an 
interval (a, a + 27r) of length and which satisfies DirichlePs 
conditions in that interval. It is evident that there exists one and 
only one function F{^ which has the period 27 r and coincides with 
f(^^ in the interval («:, a -f- 27r). This function is represented, for 
all values of as, by the sum of a trigonometric series whose coefiS.- 
cients and are given by the formulae (67) : 

— ^ J COS mx dx, = —J F(x) sin mx dx . 

The coefficient a^, for example, may be written in the form 


1 1 pa—2hTr 

a^^-- f F(x) cos mx dx^ — I F(x) cos mx dx, 

where a is supposed to lie between 2 h 7 r - tt and 2 A 7 r + tt. Since 
F(x) has the period 27r and coincides with f(x) in the interval 
(a, a: + 27r), this value may be rewritten in the form 


(74) 


{ 1 + ^ ^a + 2n 

I = f{x) cos mx dx -\-J f(x) cos mx dx 


.1 r 


f(x) cos mx dx. 


Similarly, we should find 

^a + 27r 

I A®) sin mx dx. 

Whenever a function yi;x) is defined in any interval of length 27 r, 
the preceding formulse enable us to calculate the coefficients of its 
development in a Fourier series without reducing the given interval 
to the interval (— tt, + tt). 
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198. Examples. 1) Let us find a Fourier series whose sum is — 1 for 
• TT < X < 0, and +1 for 0 < x < + ;?. The formul® (67) give the values 


olq 


1 /» 0 1 

= ± r ^dx-h± f dx = o, 

71 */_7r Tt Jo 

1 ^0 \ 

am = — — cos mxdx + -~ cosmxdx = 0, 

jr J- tr Jo 

«™ = 1 r°-smma=da: + i f ^ 

7t J_7r 7t Jo lUTC 

If m is even, 6^ is zero. If m is odd, 5m is 4/m7r. Multiplying all the coeffi- 
cients by 7r/4, we see that the sum of the series 


(76) 


sinx . sinSx 
2 / = — + — + • 


sin (2m + 1) x 
2m +1 


is - jr/4 for ~ tt < x < 0, and + 7r/4 for 0 < x < jr. The point x = 0 is a point 
of discontinuity, and the sum of the series is zero when x = 0, as it should he. 
More generally the sum of the series (76) is ?r/4 when sinx is positive, — ;r/4 
when sin x is negative, and zero when sin x = 0. 

The curve represented by the equation (76) is composed of an infinite number 
of segments of length it of the straight lines 2 / = ± 7r/4 and an infinite num- 
ber of isolated points ( 2 / = 0, x = kit) on the x axis. 

2) The coefficients of the Fourier development of x in the interval from 0 to 
2;r are 


ao 


II 

p 2rr 

xdx = 2itf 

0 


- 1 
”” 7f J 

p 27r 1 

I X cos mx dx = 

'0 1 

fx sin mx"| 

L mit J 

- 1 

p 2ir 1 

X sin mx dx = — 

'o 1 

fx cos mx"i 

” 7f J 

L ftiit J 


4 I cos mx dx 

lo rriTt Jo m 


Hence the formula 
(77) 


Sinx 


sin2x sinSx 


is valid for all values of x between 0 and 27r. If we set y equal to the series on 
the right, the resulting equation represents a curve composed of an infinite num- 
ber of segments of straight lines parallel to 2 / = 2 c /2 and an infinite number of 
isolated points. 


Note. If the function /(x) defined in the interval ( ~ tt, -}- tt) is euen, that is 
to say, if /(— x) =/(x), each of the coefficients 5„, is zero, since it is evident that 

X O yniTT 

/(x) sin mx dx = — J /(x) sin mx dx . 

Similarly, if f(x) is an odd function, that is, if /(— x) = —/(x), each of the 
coefficients is zero, including ao . A function /(x) which is defined only in 
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the interval from 0 to 7 f may be defined in the interval from — to 0 by either 
of the eqaations 

/(- a) = f(x) or /(- a) = - f{x) 

if we choose to do so. Hence the given function /(x) may be represented either 
by a series of cosines or by a series of sines, in the interval from 0 to 

199. Expansion of a continuous function. Weierstrass' theorem. Let f(x) be a 
function which is defined and continuous in the interval (a, b). The following 
remarkable theorem was discovered by Weierstrass : Given an]/ preassigned posi- 
tive number c, a polynomial P(x) can always he found such that the difference 
/(x) —P{x) is less than e in absolute value for all values of x in the interval (a, 6). 

Among the many proofs of this theorem, that due to Lebesgue is one of the 
simplest.^ Let us first consider a special function \p{x) which is continuous in 
the interval (— 1 , + 1 ) and which is defined as follows : rp(x) = 0 for — 1 < « ^ 0 , 
f{x) = 2kx for 0 ^ ac < 1 , where A: is a given constant. Then t//(x) = (as 4 | x |) A:. 
Moreover for - 1 < x < +• 1 we shall have 

1 x 1 = 

and for the same values of x the radical can be developed in a uniformly con- 
vergent series arranged according to powers of (1 — x^). It follows that 1x1, and 
hence also \p{x), may be represented to any desired degree of approximation in 
the interval (— 1 , 4 1 ) by a polynomial. 

Let us now consider any function whatever, /(x), which is continuous in 
the interval (a, 6), and let us divide that interval into a suite of subintervals 
(Uo , ai), (ui , ^ 2 ), • • • , (au_i , cc«), where a = ao < Ci < a 2 < • • • < a„-i < = b, 

in such a way that the oscillation of /(x) in any one of the subintervals is less 
than c/ 2 . Let L be the broken line formed by connecting the points of the 
curve y =/(x) whose abscissae are Xo, ai, a 2 , • • *, b. The ordinate of any point 
on L is evidently a continuous function ^(x), and the difference /(x) — <p(x) is 
less than c/2 in absolute value. For in the interval (a^u-i, X/m), for example, 
we shall have 

/(X) - <p(x) = [/(X) -/(%-i)] (1 - 0) 4 [/(X) -f{a,)]e, 

where a ~ a^x-i = 6(an ~ Since the factor 6 is positive and less than 

unity, the absolute value of the difference/ — is less than €( 1-^4 6)/2 = c/ 2 . 
The function ^(x) can be split up into a sum of n functions of the same type as 
\p{x). Tor, let Ao, Ai, A 2 , * • • , be the successive vertices of X. Then *p{x) 
is equal to the continuous function (x) which is represented throughout the 
interval (a, b) by the straight line AoAj extended, plus a function <t>i{x) which 
is represented by a broken line Af, Af • • • A;, whose first side A Ml lies on the 
X axis and whose other sides are readily constructed from the sides of X. Again, 
the function (x) is equal to the sum of two functions 1/^2 and ^ 2 , where ^2 la 
zero between xo and ax , and is represented by the straight line A { A| extended 
between ai and 6 , while <t>^ is represented by a broken line >- A'f whose 

first three vertices lie on the x axis. Finally, we shall obtain the equation 
0 = n//jL -I - >//2 4 4 Where V'i is a continuous function which vanishes 

between oo and Oi-i and which is represented by a segment of a straight line 


* Bulletin dett sciences rnath^matiques^ p. 278, 3898. 
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between oj-i and 6. If we then make the substitution X = ma; + n, where m 
and n are suitably chosen numbers, the function ypi(x) may be defined in the 
interval (~ 1, + 1) by the equation 

^i(x) = k{X + |X|), 

and hence it can be represented by a polynomial with any desired degree of 
approximation. Since each of the functions can be represented in the 
interval (a, h) by a polynomial with an error less than €/2n, it is evident that the 
sum of these polynomials will differ from/(x) by less than £. 

It follows from the preceding theorem that any function f{x) which is contin- 
uous in an interval (a, b) may he represented by an infinite series of polynomials 
which converges uniformly in that interval, For, let €i, C 2 , • • • , ■ be a sequence 

of positive numbers, each of which is less than the preceding, where c„ approaches 
zero as n becomes infinite. By the preceding theorem, corresponding to each of 
the e’s a polynomial Pi(x) can be found such that the difference /(x) ~ P, (x) is 
less than Cf in absolute value throughout the interval (a, b). Then the series 

Pi(x) + [P 2 (x) - Pi(x)] + . . . + [P„(«) ~P„_i(x)] + • • • 

converges, and its sum is/(x) for any value of x inside the interval (a, b). For 
the sum of the first n terms is equal to P„(x), and the difference /(x) - 5^, which 
is less than €„, approaches zero as n becomes infinite. Moreover the series con- 
verges uniformly, since the absolute value of the difference /(x) — 8n will be less 
than any preassigned positive number for all values of n which exceed a certain 
fixed integer If, when x has any value whatever between a and b. 

200. A continuous function without a derivative. We shall conclude this chapter 
by giving an example due to Weierstrass of a continuous function which does 
not possess a derivative for any value of the variable whatever. Let 6 be a posi- 
tive constant less than unity and let a be an odd integer. Then the function 
P(x) defined by the convergent infinite series 

+ 00 

(7 8) P(x) = 6» cos (a» itx) 

n=0 

is continuous for all values of x, since the series converges uniformly in any 
interval whatever. If the product ah is less than unity, the same statements 
hold for the series obtained by term-by-term differentiation. Hence the func- 
tion P(x) possesses a derivative which is itself a continuous function. We shall 
now show that the state of affairs is essentially different if the product ab exceeds 
a certain limit. 

In the first place, setting 

Sm = ^ 2) ^"{cos [a"7r(x + h)] — cos (a»?rx)} , 

nsst 0 

Pm = - 2/ [a«;r(x + A)] — cos (a";rx)} , 

n= m 


we may write 


P(x + /i) - P(a;) 
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On the other hand, it is easy to show, by applying the law of the mean tq the 
function cos((i” 7 rx), that the dijECerence cos lc07t(x 4 . A)] cos(a”iT'aj) is less than 
jra” I A ] in absolute value. Hence the absolute value of Sm Is less than 


7t ^ a«6« : 

«=o 


' a6-l ’ 


and consequently also less than 7t(cLb)”^/(db - 1), if ab>l. Let us try to find a 
lower limit of the absolute value of JRm when h is assigned a particular value. 
We shall always have 

a’^x = am + fm, 


where am is an integer and fm lies between — 1/2 and + 1 / 2 . 




— ^Bt 

a™ ’ 


If we set 


where Sm is equal to db 1 , it is evident that the sign of h is the same as that of 
Cm, and that the absolute vaWe of h is less than 3/2<i;”*. Having chosen h in this 
way, we shall have 

a^7t{x ^h) = a«~”*a«*5f(a; + ^) = a”-»”7f(am + em) • 

Since a is odd and Cm = ± 1, the product (am + Cm) is even or odd with 
am + 1 , and hence 

cos [a«jr(x + A)] = (~ !)«»«+ L 

Moreover we shall have # 


coa(a»;fflj) = cos (a»~”*a”»;ra;) = cos[a»‘-”‘ 7 r(am + fm)] 

= cos (a«“*”am?f) cos » 

or, since a"~'"am is even or odd with am, 

cos (a« 7(x) = ( — cos • 

It follows that we may write 

+ 00 

6«[1+ C08(a»-»"^m^)] . 

n=m 

Since every term of the series is positive, its sum is greater than the first term, and 
consequently it is greater than since |m lies between — 1/2 and + 1/2. Hence 


\Bm\> 


or, since |A| <3/2a”‘, 


J)m 


If a and b satisfy the inequality 




(80) 

we shall have 

whence, by (79), 

\F(x + A) - F(x)\ 


a5>l + 


StT 




Sjt 


2 ab-l s 
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As m becomes infinite tlie expression on the extreme right increases indefinitely, 
while the absolute value of h approaches zero. Consequently, no matter how 
small c be chosen, an increment h can be found which is less than c in abso- 
lute value, and for which the absolute value of [F{x + A) — F{z)]/h exceeds any 
preassigned number whatever. It follows that if a and 6 satisfy the relation (80), 
the function F{x) possesses no derivative for any value of x whatever. 


EXERCISES 


1. Apply Lagrange’s formula to derive a development in powers of x of that 
root of the equation = ay -{-x which is equal to a when a: = 0. 

2. Solve the similar problem for the equation y — a + xy "^+ 1 = 0. Apply the 
result to the quadratic equation a — 5x + ca;2 = 0. Develop in powers of c that 
root of the quadratic which approaches a/b as c approaches zero. 

3. Derive the formula 


log(l + x) 
1 + x 


-(-i) 


353 + 


4. Show that the formula 

X _ X 

VTf^” i + x' 


(- 1*9 




holds whenever x is greater than - 1/2. 

6. Show that the equation 

* 1 + J_ /^Y+ -LI- /-^Y + .. . 

2 l+x2 2.4\l + lV 2.4.6Vl + »V 
holds for values of x less than 1 in absolute value. What is the sum of the series 
when I X I > 1 ? 


6. Derive the formula 


(a + x)-” = 



nx 7i(n~l) 

a + » 1«2 



n(n — l)(n — 2) 



7. Show that the branches of the function sinmx and coswix which reduce 
to 0 and 1, respectively, when sinx = 0 are developable in series according ro 
powers of sin x : 


sin nix ;= m 
cos wix = 1 — 


sinx 


- sin^x + ■ 




1 . 2 . 3 . 4. 6 



[Make use of the differential equation 




dy^ 


+ w2u = 0, 
dy 


which is satisfied by u = cosmx and by w = sinmx, where y = sinx;] 


8. From the preceding formulae deduce developments for the functions 
cos (u arc cos x) , sin (n arc cos x) . 



CHAPTER X 


PLANE CURVES 

The curves and surfaces treated in Analytic Geometry, properly 
speaking, are analytic curves and surfaces. However, the geomet- 
rical concepts which we are about to consider involve only the exist- 
ence of a certain number of successive derivatives. Thus the curve 
whose equation is y =f(x) possesses a tangent if the function f(x) 
has a derivative f'(x) ; it has a radius of curvature if has a 
derivative /''(cc) ; and so forth. 

I. ENVELOPES 

201. Determination of envelopes. Given a plane curve C whose 
equation 

(1) y, a) = 0 

involves an arbitrary parameter a, the form and the position of the 
curve will vary with a. If each of the positions of the curve C is 
tangent to a fixed curve the curve E is called the envelope of the 
curves C, and the curves C are said to be enveloped by E. The 
problem before us is to establish the existence (or non-existence) of 
an envelope for a given family of curves C, and to determine that 
envelope when it does exist. 

Assuming that an envelope E exists, let (x, y) be the point pf tan- 
gency of E with that one of the curves C which corresponds to a cer- 
tain value a of the parameter. The quantities x and y are unknown 
functions of the parameter a which satisfy the equation (1). In 
order to determine these functions, let us express the fact that the 
tangents to the two curves E and C coincide for all values of a. 
Let 8aj and be two quantities proportional to the direction cosines 
of the tangent to the curve C, and let dxfda and dy/da be the 
derivatives of the unknown functions x = </>(a), y = Then a 

necessary condition for tangency is 

dx dy 
da __ da 
Sa; hy 
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( 2 ) 
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On the other hand, since a in equation (1) has a constant value for 
the particular curve C considered, we shall have 

(3) |/sa: + ^8y = 0, 

which determines the tangent to C, Again, the two unknown func- 
tions X = y = satisfy the equation 

f(x, y, a) = 0, 

also, where a is now the independent variable. Hence 


(4) 


dx da dy da~^ da ^ 


or, combining the equations (2), (3), and (4), 


(5) 


If 

da 


= 0 . 


The unknown functions x = <#>(a), y = ipia) are solutions of this equa- 
tion and the equation (1). Hence the equation of the envelope, in 
case an envelope exists, is to he fotmd by eliminating the parameter a 
between the equations / == 0, dfjda = 0, 

Let R(v‘., ?/) = 0 be the equation obtained by eliminating a between 
(1) and (5), and let us try to determine whether or not this equation 
represents an envei'ope of the given curves. Let be the particu- 
lar curve which corresponds to a value of parameter, and let 
(^ 0 ? yo) coordinates of the point Mq of intersection of the 

two curves 

(6) /(*, y, cto) = 0, ^ = 

The equations (1) and (5) have, in general, solutions of the form 
X = <^(a), y =: which reduce to x^ and y^, respectively, for 

a == Hence for a = «(, we shall have 

4- M. - 0. 

dxo \da/o dyo \da/o 

This equation taken in connection with the equation (3) shows 
that the tangent to the curve C\ coincides with the tangent to the 
curve described by the point (x, y), at least unless df/dx and dfjdy 
are both ssero, that is, unless the point is a singular point for the 
curve C/y . It follows that the equation R{x, y) = 0 represents either 
the envelope of the curves C or else the locus of singular points on 
these curves. 
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This result may be supplemented. If each of the curves C has 
one or more singular points, the locus of such points is surely a part 
of the curve R{x, y) = 0. Suppose, for example, that the point (x, y) 
is such a singular point. Then x and y are functions of a which 
satisfy the three equations 

/(», S'. «■) = 0, ^ = 

and hence also the equation df/da = 0. It follows that x and y 
satisfy the equation R(x, y) = 0 obtained by eliminating a between 
the two equations f=0 and dflda=-0. In the general case the 
curve R(x, y) = 0 is composed of two analytically distinct parts, 
one of which is the true envelope, while the other is the locus of 
the singular points. 

Examjole. Let us consider the family of curves 
/(as, y, a) = y* - 2/2 + - a)® = 0. 

The elimination of a between this equation and the derived equation 

gives 0, which represents the three straight lines y = 0, 

y=4-l, y= — 1., The given family of curves may be generated 
by a translation of the curve y^ — y^ -j- = 0 along the x axis. 

This curve has a double point at the origin, and it is tangent to 
each of the straight lines y = ± 1 at the points where it cuts the 
y axis. Hence the straight line y = 0 is the locus of double points, 
whereas the two straight lines y = ± 1 constitute the real envelope. 

202 . If the curves C have an envelope E, any jpoint of the envelope 
'is the limiting position of the point of intersection of two curves of 
the family for which the values of the parameter differ hy an infinv 
tesimal, Por, let 

(7) /(a:, y, a) = 0, f(x, y, a + 7i,) = 0 

be the equations of two neighboring curves of the family. The 
equations (7), which determine the points of intersection of the two 
curves, may evidently be replaced by the equivalent system 

f(x, y,a + h)-f(x, y, a) 
h 


f(x, y, a) = 0, 
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the second of which reduces to dfjda = 0 as /i approaches zero, that 
is, as the second of the two curves approaches the first. This prop- 
erty is fairly evident geometrically. In Pig. 37, a, for instance, the 
point of intersection JV of the two neighboring curves O and C' 
approaches the point of tangency M as O' approaches the curve C 




Fig. 37, 6 


as its limiting position. Likewise, in Fig. 37, J, where the given 
curves (1) are supposed to have double points, the point of intersec- 
tion of two neighboring curves 0 and C' approaches the point where 
C cuts the envelope as O' approaches C. 

The remark just made explains why the locus of singular points 
is found along with the envelope. For, suppose that f(x, y, a) is a 
polynomial of degree m in a. For any point chosen at 

random in the plane the equation 


(8) /(aJo, ^) = 0 

will have, in general, m distinct roots. Through such a. point there 
pass, in general, m different curves of the given family. But if the 
point Mo lies on the curve y) = 0, the equations 


yoj a) =0, 


¥ 

da 


= 0 


are satisfied simultaneously, and the equation (8) has a double root. 
The equation R(x, y) = 0 may therefore be said to represent the 
locus of those points in the plane for which two of the curves of 
the given family which pass through it have merged into a single 
one. The figures 37, a, and 37, 5, show clearly the manner in which 
two of the curves through a given point merge into a single one as 
that point approaches a point of the curve R(X) y) = 0, whether on 
the true envelope or on a locus of double points. 
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Note, It often becomes necessary to find the envelope of a family 
of curves 


(9) F(x, y, a, 

whose equation involves two variable parameters a and 5, which 
themselves satisfy a relation of the form b) == 0. This case 
does not differ essentially from the preceding general case, however, 
for h may be thought of as a function of a defined by the equation 
= 0. By the rule obtained above, we should join with the given 
equation the equation obtained by equating to zero the derivative 
of its left-hand member with respect to a : 

dd dh da 


But from the relation <^(a, J) = 0 we have also 
da dh da ’ 


whence, eliminating dhjda^ we obtain the equation 


( 10 ) 


da dh dh da^^^ 


which, together with the equations F = 0 and = 0, determine the 
required envelope. The parameters a and b may be eliminated 
between these three equations if desired. 


203. Envelope of a straight line. As an example let Us consider the equation 
of a straight line D in normal form 

(11) a; cos a: + y sin a - /(or) = 0 , 

where the variable parameter is the angle a. Differentiating the left-hand side 
with respect to this parameter, we find as the second equation 

( 12 ) 

— aj sin a -f y cos a -/(nr) = 0 . 

These two equations (11) and (12) determine the point of intersection of any 
one of the family (11) with the envelope F in the form 

( 13 ) ( » = /(<3r) cos a - /(or) sin a , 

( y —f(a) sin or -\-f'{a) cos a. 

It is easy to show that the tangent to the envelope E which is described by this 
point (», y) is precisely the line D. For from the equations (13) we find 

( 14 ) f dx = - If {a) + f"{a)] sin or da , 

\dy= [/(nr) + /'(nr)] cos nr da , 

whence dy/dz = - cot a, which is precisely the slope of the line D. 
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Moreover, if s denote the length of the arc of the envelope from any fixed 
point upon it, we have, from (14), 

ds = -s/dx^ + dy‘^ = ± If {a) +/"(«)] da ^ 

whence 

s=± [y/(ar)d[a +/'(«)]. 


Hence the envelope will he a curve which is easily rectifiable if we merely choose 
for/(<r) the derivative of a known function.^ 

As an example let us set f{a) = Z sin a cos a. Taking y = 0 and ai = 0 suc- 
cessively in the equation (11), we find (Fig. 38) OA = I sin a, OB = I cos a, 
respectively ; hence AB = L The required 
curve is therefore the envelope of a straight 
line of constant length Z, whose extremities 
always lie on the two axes. The formulse 
(13) give in this case 

®=:Zsin®<a:, y = Zcos®a:, 
and the equation of the envelope is 





Fig. 38 


which represents a hypocycloid with four 
cusps, of the form indicated in the figure. 

As tx varies from 0 to ?ir/2, the point of con- 
tact describes the arc JDC. Hence the length of the arc, counted from D, is 


/» * _ 31 , a 

3=1 SZsinor cosada = — sm=*a. 

Jo 

Let I be the fourth vertex of the rectangle determined by OA and OB, and M 
the foot of the perpendicular let fall from I upon AB. Then, from the tri- 
angles AMI and AFM, we find, successively, 

AM = ALI cos a = Z cos^a, AP = ALAf sin a = I cos^o: sin o:. 

Hence OF = OA — AP = Z sin^ a , and the point M is the point of tangency of 
the line AB with the envelope. Moreover 

BM=1 - AM=:lsm^a', 


hence the length of the arc DM = 3BM/% 


* Each of the quantities which occur in the formula for s, s -fipc) +//(«) da, 
has a geometrical meaning : a is the angle between the a; a^ds and the P^T^^mular 
OF let fall upon the variable line from the origin; f{a) is the distance ON^om the 
origin to the yariable line; and f ioc) Is, except for sign, the ^ 

the point M vhere the variable line touches Its envelope to the loot N of the p^^ 
dicuL let fall upon the line from the origin. The lormnla for » is often called 
Legendre^ s formula. 
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locus of the center. Then the equation just found shows that the chord of con- 
tact is the perpendicular let fall from P upon the tangent to C at the center M. 
Let us suppose that k is less than unity, and let E denote that branch of the 
envelope which lies on the same side of the tangent JfT as does the point 0. 
Let i and r, respectively, denote the two angles which the two lines MO and 
MN make with the normal MI to the curve C. Then we shall have 


Mq 

' mq' 


Mp sixii _ Mq __ MQ _ 1 

MN ' sill r Mp MP k 


Now let us imagine that the point 0 is a source of light, and that the curve C 
separates a certain homogeneous medium in which O lies from another medium 
whose index of refraction with respect to the first is IJk. After refraction the 
incident ray OM will be turned into a refracted ray JfP, which, by the law of 
refraction, is the extension of the line NM. Hence all the refracted rays MR 
are normal to the envelope, which is called the secondary caustic of refraction. 
The true caustic, that is, the envelope of the refracted rays, is the evolute of the 
secondary caustic. 

The second branch E' of the envelope evidently has no physical meaning ; 
it would correspond to a negative index of refraction. If we set fe = 1, the 
envelope E reduces to the single point 0, while the portion E?' becomes the locus 
of the points situated symmetrically with O with respect to the tangents to C. 
This portion of the envelope is also the secondary caustic of reflection for inci- 
dent rays reflected from C which issue from the fixed point 0. It may be shown 
in a manner similar to the above that if a circle be described about each point of 
C with a radius proportional to the distance from its center to a fixed straight 
line, the envelope of the family will be a secondary caustic with respect to a 
system of parallel rays. 


II. CURVATURE 

205. Radius of curvature. The first idea of curvature is that the 
curvature of one curve is greater than that of another if it recedes 
more rapidly from its tangent. In order to render this somewhat 
vague idea precise, let us first consider the case of a circle. Its 
curvature increases as its radius diminishes ; it is therefore quite 
natural to select as the measure of its curvature the simplest func- 
tion of the radius which increases as the radius diminishes, that 
is, the reciprocal 1/R of the radius. Let AB be an arc of a circle 
of radius R which subtends an angle <o at the center. The angle 
between the tangents at the extremities of the arc AR is also co, and 
the length of the arc is 5 = Rw. Hence the measure of the curva- 
ture of the circle is < 0 / 5 . This last definition may be extended to 
an arc of any curve. Let AB be an arc of a plane curve without a 
point of inflection, and oj the angle between the tangents at the 
extremities of the arc, the directions of the tangents being taken 
in the same sense according to some rule, — the direction from A 
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toward R, for instance. Then the quotient <o/aro is called the 
average curvature of the arc AB. As the point B approaches the 
point A this quotient in general approaches a limit, which is called 

the curvature at the point A, The 
radius of curvature at the point A is 
defined to be the radius of the circle 
which would have the same curvature 
which the given curve has at the point 
A ; it is therefore equal to the recipro- 
cal of the curvature. Let ^ be the 
length of the arc of the given curve 
measured from some fixed point, and 
a the angle between the tangent and 
some fixed direction, — the x axis, for example. Then it is clear 
that the average curvature of the arc AB is equal to the absolute 
value of the quotient Aa/Asj hence the radius of curvature is given 
by the formula 



Fig. 41 


B = ± lim 


bkS 

Aa 


ds 
’ da 


Let us suppose the equation of the given curve to be solved for y 
in the form y —f(x). Then we shall have 


a = arc tan y', da = 
and hence 

( 17 ) ■ 

y 

Since the radius of curvature is essentially positive, the sign dr 
indicates that we are to take the absolute value of the expression 
on the right. If a length equal to the radius of curvature be laid 
off from A upon the normal to the given curve on the side toward 
which the curve is concave, the extremity / is called the center of 
curvature. The circle described about I as center witl| R as radius 
is called the circle of curvature. The coordinates (afo, yo) of the 
center of curvature satisfy the two equations 

(Xi - a:) + (yi - y)y'=0, (sc, - a:)H(2/i - 

wHch express the fact that the point lies on the normal at a dis- 
tance R from A. From these equations we find, on eliminating xi, 


Vx — y 
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la order to tell wliicli sign should be taken, let us note that if is 
positive, as in Eig. 41, yx — y must be positive ; hence the positive 
sign should be taken in this case. If is negative, 2 /i - y is nega- 
tive, and the positive sign should be taken in this case also. The 
coordinates of the center of curvature are therefore given by the 
formulae 

1 4- t ^ “h 

( 18 ) yi-y-=—^> 

When the coordinates of a point (x, y) of the variable curve are 
given as functions of a variable parameter we have, by § 33, 

. dv dx d^y — dy d^x 

y'-Tx^ y - — ^ 

and the formulae (17) and (18) become 

( (dx^ + di,^* 

^ \ dy(dx^ + dy^) __ dx(dx^ + dy^) 

. (^1 ” ^ ^2^' 2/1 y dxd^y — dyd^x 

At a point of inflection y" = 0, and the radius of curvature is 
infinite. At a cusp of the first kind y can be developed according 
to powers of x^^^ in a series which begins with a term in x \ hence 
y' has a finite value, but y^' is infinite, and therefore the radius of 
curvature is zero. 


Note, 

curvfi, 


When the coordinates are expressed as functions of the arc's of the 
x = 0(s), y = ^(«)i 


the functions <f> and satisfy the relation 

0'2(5) + f '2 («)=!» 

since dz^ + dy^ = de^, and hence they also satisfy the relation. 

+ rr' = 0* 

Solving these equations for 0' and we find . , 

» yl/" <t>" 

^ f L = , — 

i^^ere c = ± 1| aiM the forptulh for the radius of curvature takes on the espe- 
cially elegJ^nt form 4 / 

(20) i = [0"(«)]“+[r(»)]’- 
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206. Evolutes. The center of curvature at any point is the limit- 
ing position of the point of intersection of the normal at that point 
with a second normal which approaches the first one as its limiting 
position. For the equation of the normal is 

Z-x4-(F-y)y = 0, 

where X and Y are the running coordinates. In order to find the 
limiting position of the point of intersection of this normal with 
another which approaches it, we must solve this equation simulta- 
neously with the equation obtained by equating the derivative of the 
left-hand side with respect to the variable parameter x, i.e. 


The value of Y found from this equation is precisely the ordinate 
of the center of curvature, which proves the proposition. It follows 
that the locus of the center of curvature is the envelope of the 
normals of the given curve, i.e. its evolute. 

Before entering upon a more precise discussion of the relations 
between a given curve and its evolute, we shall explain certain con- 
ventions. Counting the length of the arc of the given curve in a 
definite sense from a fixed point as origin, and denoting by a the 
angle between the positive direction of the x axis and the direction 
of the tangent which corresponds to increasing values of the arc, 
we shall have tan a = ± y', and therefore 


cos a = ih — 

ViT?^ 



On the right the sign + should be taken, for if x and s increase 
simultaneously, the angle a is acute, whereas if one of the varia- 
bles X and s increases as the other decreases, the angle a is obtuse 
(§ 81). Likewise, if denote the angle between the y axis and the 
tangent, cos = dyjdB. The two formulae may then be written 


dx . d%j 
cos a = sin a = 

, ds ds 


where the angle a is counted as in Trigonometry. 

On the other hand, if there be no point of inflection upon the 
given arc, the positive sense on the curve may be chosen in such a 
way that s and a increase simultaneously, in which case R = ds/da 
all along the arc. Then it is easily seen by examining the two 
possible cases in an actual figure that the direction of the segment 
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ting at the point of the curve and going to the center of curva- 
ture makes an angle = a + n-/2 with the x axis. The coordinates 
(^ 1 , 2/i) of the center of curvature are therefore given by the formube 


whence we find 


= a: -h R cos -h = a; - sin 
= y-t-R = + 


— cos ads — R cos ada — sin a dR=— sin a dR, 
dyi = sin a ds ^ R sin ada-^ cos a dR = cos a dR. 

In the first place, these formula show that dy,/dx, cot ^ which 
proves that the tangent to the evolute is the normal to the given 
curve, as we have already seen. Moreover 


dsi — dx\ 4“ c? 2 /f = dR'^j 

or ds^ = ± dR. Let ns suppose for definiteness that the radius 
of curvature constantly increases as we proceed along the curve C 
(Fig. 42) from Mi to il/^, and let us choose the positive sense of 
motion upon the evolute {D) in such a way 
that the arc Si of (/J) increases simultane- 
ously with n. Then the preceding formula 
becomes dsi = dR, whence Si = R + c. It 
follows that the arc IiL^ = R., ~ R^^ and we 
see that the length of miij arc of the evolvte 
is equal to the difference between the two 
radii of curvature of the curve C which cor- 
respond to the extremities of that arc. 

This property enables us to construct the 
involute mechani(ially if the evolute (/>) be 
given. If a string be attached to (D) at an 
arbitrary point A and rolled around (D) to I^, thence following the 
tangent to point will describe the involute C as the 

string, now lield taut, is wound further on round (D). This con- 
struction may be stated as follows : On each of the tangents IM of 
the evolute lay off a distance IM =zzl, where 1 + 8 = const., « being 
the length of the arc A I of the evolute. Assigning various values 
to the constant in (question, an infinite number of involutes may be 
drawn, all of whi<di are obtainable from any one of them by laying 
off constant lengths along the normals. 
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All of these properties may be deduced from the general formula 
for the differential of the length of a straight line segment (§ 82) 
d(Ti cos 0)1 — d(T^ cos 0 ) 2 . 

If the segment is tangent to the curve described by one of its 
extremities and normal to that described by the other, we may set 
<01 = TT, 0)2 = 7r/2, and the formula becomes dl — dai = 0. If the 
straight line is normal to one of the two curves and I is constant, 
dl = 0, cos 0)1 = 0, and therefore cos 0)2 = 0. 

The theorem stated above regarding the arc of the evolute depends 
essentially upon the assumption that the radius of curvature con- 
stantly increases (or decreases) along the whole arc considered. If 
this condition is not satisfied, the statement of the theorem must 
be altered. In the first place, if the radius of curvature is a maxi- 
mum or a minimum at any point, dR = 0 at that point, and hence 
dx^ = dyi = 0. Such a point is a cusp on 
the evolute. If, for example, the radius 
of curvature is a maximum at the point M 
(Eig. 43), we shall have 

arc III = IM — Ji ilfi, 
arc JJ 2 = JM — /2 Afg , 

whence 

arc Ji/Ja = 2JAf- - hM^, 
Hence the difference /i7!fi — is equal 
to the difference between the two arcs TTi and and not their sum. 



207. Cycloid- The cycloid is the path of a point upon the circumference of a 
circle which rolls without slipping on a fixed straight line. Let us take the 



fixed line as the x axis and locate the origin at a point where the point chosen on 
the circle lies in the x axis. When the circle has rolled to the point I (Fig. 44) 
the point on the circumference which was at 0 has come into the position Af, 
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where the circular arc IM is equal to the segment 01. Let us take the angle ^ 
between the radii CM and Cl as the variable parameter. Then the coordinates 
of the point M are 


x= 01 - IP = JR sin^, y = JMP = 10 + OQ = JR - Rcos^, 

where P and Q are the projections of M on the two lines 01 and IT, respec- 
tively. It is easy to show that these formulae hold for any value of the angle 4>. 
In one complete revolution the point whose path is sought describes the arq 
OPOi. If the motion be continued indefinitely, we obtain an infinite number 
of arcs congruent to this one. Erom the preceding formulae we find 

» = R(0 - sin 4), da; = P(1 - cos 4>) d4 > , d^x=zB sin 4 > 

y = E(l- cos<^), dy — Bain 4 dtp, d^y - B coa tp dtp^ , 

and the slope of the tangent is seen to be 

dy ain tp ^<p 

■j- = r = cot ^ , 

dx 1 — cos (p 2 

which shows that the tangent at M is the straight line MT, since the angle 
MTC = <p/2, the triangle MTC being isosceles. Hence the normal at M is the 
straight line MI through the point of tangency I of the fixed straight line with 
the moving circle. For the length of the arc of the cycloid we find 


ds2 = jK 2 d02 [sin2^ + (1 _ cos tp)^] = 4P2 sin2 ^ d<p^ or ds = 2B sin ^ dtp , 

2 2 

if the arc be counted in the sense in which it increases with tp. Hence, counting 
the arc from the point 0 as origin, we shall have 


s = 4P 




Setting 0 = 27f, we find that the length of one whole section OBOi is BB. The 
length of the arc 0MB from the origin to the maximum B is therefore 4P, and 
the length of the arc BM (Fig. 44) is 4 JR cos 0/2. From the triangle MTC the 
length of the segment iHT is 2B cos 0/2 ; hence arc BM = 2MT. 

Again, the area up to the ordinate through M is 


P = dx — B^{1 — 2 COS0 + 


"“•X (i- 
-(!♦- 


2 COS 0 -h 


cos 20' 




2 sin 0 -f- - 




4 / 


Hence the area bounded by the whole arc OBOi and the base OOi isS^rP*, that 
is, three times the area of the generating circle. (Galileo.) 

The formula for the radius of curvature of a plane curve gives for the cycloid 


= 4^eSji^- 

2 
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It follows that the radius of curvature of the catenary is equal to the length of 
the normal MN. The e volute may be found without difficulty from this fact. 
The length of the arc AM of the catenary is given by the formula 

J /^X X _x 

ov s = y sin If a perpendicular Pm be dropped from P (Fig. 46) upon the 
tangent MT, we find, from the triangle PMm, 

Mm = MF sin ^ = s. 

Hence the arc AM is equal to the distance Mm. 

209. Tractrix. The curve described by the point m (Fig. 46) is called the 
tractrix. It is an involute of the catenary and has a cusp at the point A. The 
length of the tangent to the tractrix is the distance mP. But, in the triangle 
3fPm, mP = y cos <f> = a; hence the length mP measured along the tangent to 
the tractrix from the point of tangency to the x axis is constant and equal to a. 
The tractrix is the only curve which has this property. 

Moreover, in the triangle MTP, Mm x mT a^. Hence the product of the 
radius of curvature and the normal is a constant for the tractrix. This property 
is shared, however, by an infinite number of other plane curves. 

The coordinates (xi, 3 / 1 ) of the point m are given by the formulae 

X _x 
ea — g a 

Xi = X — 5 COS «/> = » — a — , 

X 

ga _j. g“a 

. ^ 2a 

= y — s sin ^ , 

ga 4. g“a 

or, setting = tan 6/2, the equations of the tractrix are 

( 22 ) xi = acos^ + alog^tan 0 , yi = asin^. 

As the parameter 6 varies from %/2 to it, the point (xi, yi) describes the arc 
Amn, approaching the x axis as asymptote. As 9 varies from 7e/2 to 0, the 
point (xi , 2 / 1 ) describes the arc AmV, symmetrical to the first with respect to 
the y axis. The arcs Amn and Am'n' correspond, respectively, to the arcs AM 
and AM' of the catenary. 


210. Intrinsic equation. Let us try to determine the equation of a plane 
curve when the radius of curvature E is given as a function of the arc s, 
E = </>(s). Let a be the angle between the tangent and the x axis ; then 
R = ± ds/da, and therefore , 


da = ± ^ ± 

R 


ds 

wy 


a = ao 



ds 


A first integration gives 
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and two further integrations give x and y in the form 


x = a;o+ r^cosads, 2/ = yo+ f smads. 

The curves defined hy these equations depend upon the three arbitrary con- 
stants aJo, yo, and ao. But if we disregard the position of the curve and think 
only of its form, we have in reality merely a single curve. Eor, if we first con- 
sider the curve G defined by the equations 



the general formulae may be written in the form 

X = ajo + -2^ cos cTo ““ V sinno, 

1 / = yo + -ST sin ao + V cos ao, 


if the positive sign be taken. These last formulae define simply a transforma- 
tion to a new set of axes. If the negative sign be selected, the curve obtained 
is symmetrical to the curve C with respect to the X axis. A plane curve is 
therefore completely determined, in so far as its form is concerned, if its radius 
of curvature be known as a function of the arc. The equation B = 0(s) is 
called the intrinsic equation of the curve. More generally, if a relation between 
any two of the quantities R, s, and a be given, the curve is completely deter- 
mined in form, and the expressions for the coordinates of any point upon it 
may be obtained by simple quadratures. 

For example, if B be known as a function of a, JB=/(a), we first find 
da = /(a) da, and then 

dx= ooa a f (a) da, 
dy = sina/(a)da. 


whence x and y may be found by quadratures. If R is a const£gat, for instance, 
these formulae give 

X = Xo 4- -B sin a , y = y© — B cos a , 

and the required curve is a circle of radius E. This result is otherwise evident 
from the consideration of the evolute of the required curve, which must reduce 
to a single point, since the length of its arc is identically zero. 

As another example let us try to find a plane curve whose radius of curva- 
ture is proportional to the reciprocal of the arc, JR = a^/s. The formulae give 


and then 


a 





2aa 




da. 


Although these integrals cannot be evaluated in explicit form, it is easy to gain 
an idea of the appearance of the curve. As a increases from 0 to -f oo, x and y 
each pass through an infinite number of maxima and minima, and they approach 
the same finite limit. Hence the curve has a spiral form and approaches 
asymptotically a certain point on the line y = x. 
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III. CONTACT OF PLANE CURVES 

211. Order of contact. Let C and C' be two plane curves which 
are tangent at some point A, To every point m on C let us assign, 
according to any arbitrary law whatever, a point m' on C', the only 
requirement being that the point wJ 
should approach A with m. Taking 
the arc Am — or, what amounts to 
the same thing, the chord Am — as 
the principal infinitesimal, let us first 
investigate what law of correspond- 
ence will make the order of the infin- 
itesimal mm' with respect to Am as 
large as possible. Let the two curves 
be referred to a system of rectangular 
or oblique cartesian coordinates, the axis of y not being parallel to the 
common tangent A T, Let 

(O y =/(«). 

(O') Y = F{x) 

be the equations of the two curves, respectively, and let (xq, be 
the coordinates of the point A, Then the coordinates of m will 
be [iCo + /(^o H- those of m' will be [xq + ky F(xq -f ^)], 

where k is a function of h which defines the correspondence between 
the two curves and which approaches zero with h. 

The principal infinitesimal Am may be replaced by h — ap, for 
the ratio apjAm approaches a finite limit different from zero as the 
point m approaches the point A, Let us now suppose that mm' is 
an infinitesimal of order r + 1 with respect to A, for a certain 
method of correspondence. Then mm'^ is of order 2r -f 2. If ^ 
denote the angle between the axes, we shall have 

mm'** = [F(jro + A;) ~ /(Xq h') (k — h) cos 6Y + — hy sin^ 6 ; 

hence efmh of the differences k — h and F(xq -j- k) —/(xq -f- h) must 
be an infinitesimal of order not less than r -1- 1, that is, 

k F{Xo + h) -/(a^o + h) = 

where a and p are functions of h which approach finite limits as h 
approaches zero. The second of these formulae may be written in 
the form 
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F(Xq -f- a + — /(JTo 4- A) = 
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If iht‘ minmukm l*V„ 4 A 4 be diweli>i»il iii }Hiwijrs tif », 

the ti^rtiiK wliieii eoiitiiilii it feriii aii iiilliuteiiiwal of tirdir mii l«ii 
tliim r 'f U lienee the difereiiee 

A -I' h) 4“ A) 

m itti wh<i«e order in not Imn thaii r I' t mul iiiaj iiietml 

r 4- 1. Bui tbia difereuee A h tnjual i0 tlu^ iliHlaiiire win Iwiwmu 
the two iKUutu iu whieb t!ie eurviw C atul art* eut by a immllel 

it* tliif j/ axia through m, Hiuee the iuiler of the iiiliiiiti*«ititai mm' 
ia irwmtMtd m eke uiialterid by re|ibu‘iug m* by it folbiwji that 
the (ikitinm) Mmeen imn eomw/M/o/iViy #iri f/ie twn ntrrm i# fia 

mdinJtemmai wf tim ijrtmteM tmier if tk*^ tim 

pwintu ft turn pn fiit tm a pnmUel itt the tj term, If ituH greai.egt 
ble order k x *f li the two eurvea are miid to have ewntfiet t/ unier r 
at the point 4. 

Nntm. Thi:i definition given rine tti several riuitarks. 1'he y mm 
wan any line whatever not parallel to the iangeiil A*r. Ilenw, in 
order to had the order of (*ontiwd» eorrenpotuling |adiii« on the lw«i 
eurveg may Ih^ defined Ut k'^ ihone in whieh the inirven are rut l*y 
linen parallel to any fixed line Ip whieh in not paridlel tfi the tan- 
gent at thair eommon point. The preeinling arguiiieiit «1 hiw« that 
the order of the iiirmitOHiinal ohiiuneii in iinlependent, of the din'*e' 
tion of a ecmehiHion whieh in eaHily verified. Let mn iiiel mm* 
lie any two linen through a point m of tin* eiirve r W'liieli lire iioi 
pamlltil to the eoinmon tangent (Fig. 4d). Then* from the triangle 

mm* Hin mnm* 

mn nin mm*n 

Ai the point nt approaehea the point 4* atiglw rnmnd anil mM*n 
apprmwdi limite ntiither of whieh in xero or ir, futiee the ehoril m*m 
approaehes the tangent AT, lienee mm'/mn ft|»|irofie.lieii a fiiiite 
limit different from sriiro, and mnd Is itn inlinil4t«iiiial of the »mm 
order as mn. The iinne reasoning ahowa iliiit mm* riiiiiiwi k’ of 
higher order than nin^ no matter what eottsirnelioii of thi^ Itiiil ii 
used t4» delertrtine m* from ai, for the numerator fdii iilwuiyfi 
approiwdies a fhuki limit different from ‘/.erm 

Thu prineipid infinitesimal wiwhI almve wm the aw Aim nr the 
chord Am, We should obtain tbi^ aiiiiie reaiiltii by taking tlw are 
4a of the cnirve (A* for the prineipal iiifliiitesiiiml» uimm dm »d An 
aw inflnltesimiili of the same order. 
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If two curves C and have a contact of order r, the points 771 ’ 
on C may be assigned to the points ?7t on C in an infinite number 
of ways which will make mm' an infinitesimal of order r + 1, — for 
that purpose it is sufficient to set k = h + ah^+\ where $<r and 
where a is a function of A which remains finite for A = 0. On the 
other hand, if 5 < r, the order of mm' cannot exceed 5 +■ 1. 

212. Analytic method. It follows from the preceding section that 
the order of contact of two curves C and C' is given by evaluating 
the order of the infinitesimal 


y 7j — 4" A) — 4“ A) 

with respect to h. Since the two curves are tangent at A, 
P{x^ =f(xQ) and F\x^^) It may happen that others of the 

derivatives are equal at the same point, and we shall suppose for 
the sake of generality that this is true of the first 71 derivatives : 


(23) 




but that the next derivatives + and /<”+ are unequal. 
Applying Taylor’s series to each of the functions F{x) and/(a;), we 
find 


Y^F(x,)A-jFXxo)A--- 

A» 

+ ^"W+ i.2...(.+i) [»■■"“(-.) + •]. 

II = + j/'(*o) + ■ ■ ■ 

+ + i. +1) + •']. 


or, subtracting, 

h)t + i 

(24) Y-y = W 4- e - c'] , 


where c and c' are infinitesimals. It follows that the order of contact 
of two curves is equal to the order n of the highest derivatives of F(x) 
and f(x) which are equal for x^Xq. 

The conditions (23), which are due to Lagrange, are the necessary 
and sufficient conditions that x = Xq should be a multiple root of 
order n + 1 of the equation F(x)=f(x). But the roots of this 
equation are the abscissae of the points of intersection of the two 
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curves C and C ; hence it may be said that two curves which have 
contact of order n have + 1 coincident points of intersection. 

The equation (24) shows that Y — y changes sign with A if w is 
even, and that it does not if n is odd. Hence curves which have 
contact of odd order do not cross, but curves which have contact of 
even order do cross at their point of tangency. It is easy to see why 
this should be true. Let us consider for definiteness a curve C' 
which cuts another curve C in three points near the point .4. If 
the curve be deformed continuously in such a way that each of 
the three points of intersection approaches A, the limiting position 
of C' has contact of the second order with C, and a figure shows that 
the two curves cross at the point A. This argument is evidently 
general. 

If the equations of the two curves are not solved with respect to 
Y and y, which is the case in general, the ordinary rules for the 
calculation of the derivatives in question enable us to write down 
the necessary conditions that the curves should have contact of 
order w. The problem is therefore free from any particular diffi- 
culties. We shall examine only a few special cases which arise 
frequently. Eirst let us suppose that the equations of each of the 
curves are given in terms of an auxiliary variable 


(^) 


C x=^f(t), 


(CO 




and that \p(t^ = <t>(t^ and i-®- that the curves are tan- 

gent at a point A whose coordinates are f(t^), <t>(tQ). Iff'(^o) ^ 
zero, as we shall suppose, the common tangent is not parallel to the 
y axis, and we may obtain the points of the two curves which have 
the same abscissae by setting u = t. On the other hand, x — Xq is of 
the first order with respect tot — to, and we are led t6 evaluate the 
order of f(^) — <l>(t) with respect to ^ In order that the two 

curves have at least contact of order n, it is necessary and sufficient 
that we should have 


(25) i/^(to) — </>(to) , 

and the order of contact will not exceed n if the next derivatives 
^»+i)(jf^) are unequal. 

Again, consider the case where the curve O is represented by the 
two equations 


(26) 


^=f(t) 


y = 
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and the curve C" by the single equation F{Xj y) = 0. This case may 
be reduced to the preceding by replacing x in y) by f{t) and 
considering the implicit function y — defined by the equation 

Then the curve C’ is also represented by two equations of the form 

(28) ^»==/(0> y = «A(0* 

In order that the curves C and C' should have contact of order n at 
a point A which corresponds to a value of the parameter, it is 
necessary that the conditions (25) should be satisfied. But the 
successive derivatives of the implicit function Mt') are given bv the 
equations 

+|^[m?+£/"(o+|^r(^)=o. 


d^F dF 

Hence necessary conditions for contact of order n will be obtained 
by inserting in these equations the relations 

The resulting conditions may be expressed as follows : 

Let 

tihen the two given curves will have at least contact of order n if and 
OTtly if 

(30) F(^o) = 0, P(^o) = 0, F<«)(^,) = 0. 

The roots of the equation F(^) = 0 are the values of t which cor- 
respond to points of intersection of the two given curves. Hence 
tlie preceding conditions amount to saying that ^ =5 is a multiple 
i*eot of order n, i.e. that the two curves have n -f 1 coincident points 
uf intersection. 




1*LANK (iliVEH 




m 

213. OiCttlitteg ctirfii. CHvmi a I'minl mirvii r* mul atitillir^r tiirvii 
(*' wlikh il«pewlii u|wm « 'h 1 fi, 1^* 

(3!) FCx, 1^, 

it ii po««ibl« iti rluwwi* ihitn** ti | I piir<iiiirti'»rf» iii siirti n 

wiiy ilml C** whI (* ahall havn fnmtart of «irili*r n iit ;iii> 

fioiiit i>f (\ Far* r * \m gi\aii by tlw t‘i|itii|.iitia« j\ 1 1, ?/ i|ii 1 

I'liim thi cmidiiioiiiH that i\m tntrvfsn rshMtil*! Iia^a i-'iintart 

Hf order n at the point wiioro t /*, are givni l»y tlie (M0|, 

wlifre 

If 4 Im gi?on* these n +1 e(|uatioiis thdeniant* iti goin*nil ilio n i I 
imrametors a, e, *•** F The onrve r’* olitastiiHi m t|y?i way i» 
railed an mtuldfm^ mrve U» tht‘ rurve i\ 

Let us apply tliie theory the simpler of rtirves. Tim 

equation of a Ktmight lino y ■■■■■ rrx f /Mlrpemk ii|ew iho two parane 
oters a and the corresponding osmdiit.ing siriiiglii lines will have 
contact of the hrnt order. If y is the cqtmiiori of flic curfo c\ 

the parameters a. and h nitmt satisfy the twi» :cf|iniiit»iiii 

M #ix« ■ f * firj fi ; 

hence the osculating line iu the (wliniiry Um^mt% m we ikmld 
expect 

The equation of a circle 

(32) (/ 

depends uptm tim three parameters o, /♦, atitl F ; hiuire the ciirre* 
sptnuling osculating cindes will have eoiiliici of the urilur. 

Let y --/(»r) he the equation i>f the given eiirfe we shall olilaiii 
the corws^t vahioa of fi* atul H hy requiring that lli»^ circle stioiild 
inoit this curve In ilmm ciuncident points. This giws* Iraiilw ihii 
eqtiatkn (»12)* the two is|uaiions 

(33) .r o T (y 0* I f -f (y .. |qy» Ih 

The values of a ami k found from the er|iiatifitii (Xl| are |irt*d»ly 
the colirdiimtei of the center rd ctirvaiiire (f 2l>fiL heiice llic 
laiimj circle iciV/i r^e circle o/ mftmiuff, Hnm^ I tie roiO’ 

tact i« ill genarid of order two* we iiiiiy coiirlude tliiit iii geinuiil lAc 
circle t)f mmmhm o/ a plm^ mitm pmM»m lie fiirre ii# ik^ir pmni 
o/ t&ngmeg, 
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All tlie above results might have been foreseen a priorL Por, 
since the coordinates of the center of curvature depend only on 
ic, y, y\ and y", any two curves which have contact of the second 
order have the same center of curvature. But the center of curva- 
ture of the osculating circle is evidently the center of that circle 
itself; hence the circle of curvature must coincide with the oscu- 
lating circle. On the other hand, let us consider two circles of 
curvature near each other. The difference between their radii, 
which is equal to the arc of the evolute between the two centers, 
is greater than the distance between the centers ; hence one of 
the two circles must lie wholly inside the other, which could not 
happen if both of them lay wholly on one side of the curve C in 
the neighborhood of the point of contact. It follows that they 
cross the curve C. 

There are, however, on any plane curve, in general, certain points 
at which the osculating circle does not cross the curve ; this excep- 
tion to the rule is, in fact, typical. G-iven a curve C' which depends 
upon n -h 1 parameters, we may add to the n-\-l equations (30) the 
new equation 

F^+i)(^o) = 0 

provided that we regard as one of the unknown quantities and 
determine it at the same time that we determine the parameters 
a, 5, c, • ••, Z. It follows that there are, in general, on any plane 
curve C, a certain number of points at which the order of con- 
tact with the osculating curve C' is For example, there are 

usually points at which the tangent has contact of the second order ; 
these are the points of inflection, for which = 0. In order to find 
the points at which the osculating circle has contact of the third 
order, the last of equations (33) must be differentiated again, which 
gives 

3yV4-(2/~^)2/"' = 0, 


or finally, eliminating y --hj 

(34) (l+y^)y'"-3yV^ = 0. 

The points which satisfy this last condition are those for which 
dR jdx = 0 , i.e. those at which the radius of curvature is a maxi- 
mum or a minimum. On the ellipse, for example, these points are 
the vertices ; on the cycloid they are the points at which the tan- 
gent is parallel to the base. 
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214. Osculating curves as limiting curves. It is evident that an 
osculating curve may be thought of as the limiting position of a 
curve C’ which meets the fixed curve U in -h 1 points near a fixed 
point A of C, which is the limiting position of each of the points 
of intersection. Let us consider for definiteness a family of 
curves which depends upon three parameters a, b, and c, and let 

+ hi, + /i 2 , and tf, + be three values of t near tQ. The curve 
C' which meets the curve C in the three corresponding points is 
given by the three equations 

(35) F(^o4"^i) = 0, F(3{o + A2) = 0, F(^q + /ig) = 0. 

Subtracting the first of these equations from each of the others and 
.applying the law of the mean to each of the differences obtained, 
we find the equivalent system 

(36) F(^o + Ax) = 0, F(to + hi) = 0, F'(zfo + A^) - 0, 

where ki lies between hi and h^, and kz between Ax and Ag. Again, 

subtracting the second of these equations from the third and apply- 
ing the law of the mean, we find a third system equivalent to either 
of the preceding, 

(37) F(^o -f Ax) = 0, FXto + Ax) = 0, F"(zJo + h) = 0, 

where li lies between ki and A 2 . As Ax, Ag, and Ag all approach 
zero, ki, k^, and li also all approach zero, and the preceding equa- 
tions become, in the limit, 

F(g = 0, F'(i„) = 0, P'(g = 0, 

which ai'e the very equations which determine the osculating curve. 
The same argument applies for any number of parameters whatever. 
Indeed, we might define the osculating curve to be the limiting 
position of a curve C' which is tangent to C at points and cuts C 
at q other points, where ^ + 1, as all these i? + ^ points 

approach coincidence. 

Por instance, the osculating circle is the limiting position of a 
circle which cuts the given curve C in three neighboring points. It 
is also the limiting position of a circle which is tangent to C and 
which cuts C at another point whose distance from the point of 
tangency is infinitesimal. Let us consider for a moment the latter 
property, which is easily verified. 

Let us take the given point on C as the origin, the tangent at 
that point as the x axis, and the direction of the normal toward the 



X, Ed.] 


EXERCISES 


451 


center of curvature as the positive direction of the y axis. At the 
origin, y' = 0. Hence R = 1/y", and therefore, by Taylor’s series, 


= + 

where c approaches zero with x. It fol- 
lows that R is the limit of the expres- 
sion x^/(2y) = ’W^^/(2MP) as the point 
M approaches the origin. On the other 
hand, let Ri be the radius of the circle 
Cl which is tangent to the x axis at the 
origin and which passes through M. 
Then we shall have 


y\ 



Fia. 47 


z 


OP^ = = MP(2Ri - MP ) , 

or 

_ MP. 

2MP^^^ 2 ’ 


hence the limit of the radius Ri is really equal to the radius of 
curvature R. 


EXERCISES 

1. Apply the general formulse to find the evolute of an ellipse ; of an hyper- 
bola ; of a parabola. 

2. Show that the radius of curvature of a conic is proportional to the cube 
of the segment of the normal between its points of intersection with the curve 
and with an axis of symmetry. 

3. Show that the radius of curvature of the parabola is equal to twice the 
segment of the normal between the curve and the directrix. 

4. Let F and F' be the foci of an ellipse, M a point on the ellipse, MN the 
normal at that point, and N the point of intersection of that normal and the 
major axis of the ellipse. Erect a perpendicular NK to MN at JV, meeting MF 
at JT. At K erect a perpendicular KO to MF, meeting JOT at 0, Show that 
0 is the center of curvature of the ellipse at the point if. 

6. For the extremities of the major axis the preceding construction becomes 
illusory. Let AOA' be the major axis and BO'S the minor axis of the ellipse. 
On the segments OA and OB construct the rectangle OA EB. From B let fall 
a perpendicular on AF, meeting the major and minor axes at C and D, respec- 
tively. Show that C and D are the centers of curvature of the ellipse for the 
points A and respectively. 

6. Show that the evolute of the spiral p = is a spiral congruent to the 
given spiral. 
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7. The path of any point on the circumference of a circle which rolls with- 
out slipping along another (fixed) circle is called an epicycloid or an hypocycloid. 
Show that the evolute of any such curve is another curve of the same kind. 

8. Let A B be an arc of a curve upon which there are no singular points and 
no points of inflection. At each point m of this arc lay off from the point m 
along the normal at w a given constant length I in each direction. Let vit and 
??i 2 he the extremities of these segments. As the point wi describes the arc AB, 
the points nii and 7^2 will describe two corresponding arcs AiBi and 
Derive the formulae Si = S — 16^ 82 = S 10, where S, Si , and S 2 are the 
lengths of the arcs AB, AiBi, and A 2 B ^ , respectively, and where 6 is the angle 
between the normals at the points A and B. It is supposed that the arc At Bi 
lies on the same side of AB as the evolute, and that it does not meet the evolute. 

[Licence, Paris, July, 1870.] 

9. Determine a curve such that the radius of curvatures p at any point M 

and the length of the arc s — AM measured from any fixed point A on the curve 
satisfy the equation as = a^, where « is a given constant length. 

[Licence, Paris, July, 188J1.] 

10. Let U be a given curve of the third degree which has a double point 

at 0. A right angle MON’ revolves about the point 0, meeting the curve C in 
two variable points M and N. Determine the envelope of the straight line MN, 
In particular, solve the problem for each of the curves -f 7/8 = /xxy. 

[Licence, Bordeaux, July, 1886.] 

11. Find the points at which the curve represented by the equations 

X = a (nw — sin «) , 2 / = a (n — cos 0} 

has contact of higher order than the second with the osculating circle. 

[Licence, Grenoble, July, 1886.] 

12. Let m, mi , and ni 2 he three neighboring points on a plane curve. Find 
the limit approached by the radius of the circle circumscribed about the triangle 
fornaed by the tangents at these three points as the points approach coincidence. 

13. If the evolute of a plane curve without points of inflection is a closed 
curve, the total length of the evolute is equal to twice the difference between the 
sum of the maximum radii of curvature and the sum of the minimum radii of 
curvature of the given curve, 

14. At each point of a curve lay off a constant segment at a constant angle 
with the normal. Show that the locus of the extremity of this segment is a 
curve whose normal passes through the center of curvature of the given curve. 

15. Let r he the length of the radius vector from a fixed pole to any point of 
a plane curve, and p the perpendicular distance from the pole to the tangent. 
Derive the formula B = dz dT/dp, where R is the radius of curvature. 

16. Show that the locus of the foci of the parabolas which have contact of 
the second order with a given curve at a fixed point is a circle. 

17 . Find the locus of the centers of the ellipses whose axes have a fired direc- 
tion^ and which have contact of the second order at a flxed point with a given 
curve. 
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I. OSCULATING PLANE 

215. Definition and equation. Let MT be the tangent at a point M 
of a given skew curve V. A plane through Ml'' and a point of 
r near M in general approaches a limiting position as the point M' 
approaches the point M. If it does, the limiting position of the 
plane is called the osculating plane to the curve P at the point M. 
We shall proceed to find its equation. 

Let 

( 1 ) y = 4>(f), s — 

be the equations of the curve T in terms of a parameter and let t 
and ^ -f A be the values of t which correspond to the points M and 
M', respectively. Then the equation of the plane MTM' is 

A{X -- x) ^ B{Y -- y) + C {Z ^ z) ^ 0, 

where the coefficients A, B, and (7 must satisfy the two relations 

(2) Af(t) + = 0, 

(3) AlfitA^h) h) - </>0] -f- Clxl;(tA-h) = 

Expanding /(t -f 7i), <^(^5 + h) and \l/(t + h) by Taylor’s series, the 
equation (3) becomes 

^ { ¥'(0 + o + '0 } + 5 { ^ IVit) H- ej J + • ■ • = 0 . 

After multiplying by h, let us subtract from this equation the equa- 
tion (2), and then divide both sides of the resulting equation by 
Ay2. Doing so, we find a system equivalent to (2) and (3) : 

Af(t)-]~Bcl>Xt)A~CxlfXt)==0, 

^c/"( 0 + + ^2] + + ^3] = 0 , 

where cj, and cg approach zero with h. In the limit as Ii 
approaches zero the second of these ecpiations becomes 

(4) Af\t) + Br(t:) 4- Cf '(0 = 0. 

453 
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Hence the equation of the osculating plane is 

(5) A(X a;) + J5(7~ y) + = 0, 

where A, J5, and C satisfy the relations 


i A dx A- Bdy + C £?» = 0 , 

\Ad'^x + Bd^y + Cd'‘z = 0. 

The coeffi-cients A, B, and C may be eliminated from (5) and (6), 
and the equation of the osculating plane may be written in the form 


X-x Y-y Z 
dx dy dz 

d^x d^y d^z 



Among the planes which pass through the tangent, the osculating 
plane is the one which the curve lies nearest near the point of tan- 
gency. To show this, let us consider any other plane through the 
tangent, and let F(t) be the function obtained by substituting 
f(t + 7i), </)(^ + A), \p(t + A) for Xy Yy Zy respectively, in the left-hand 
side of the equation (5), which we shall now assume to be the equa- 
tion of the new tangent plane. Then we shall have 




where 7 } approaches zero with A. The distance from any second 
point M’ of r near to this plane is therefore an infinitesimal of 
the second order; and, since Fif) has the same sign for all sufficiently 
small values of A, it is clear that the given curve lies wholly on one 
side of the tangent plane considered, near the point of tangency. 

These results do not hold for the osculating plane, however. For 
that plane, -f- -h Ci/r" = 0 j henOe the expansions for the 
coordinates of a point of T must be carried to terms of the third 
order. Doing so, we find 

- rro \ d? + V- 

It follows that the distance from a point of r to the osculating 
plane is an infinitesimal of the third order; and, since F(t') changes 
sign with A, it is clear that a skew curve crosses its osculating plane 
at their common point. These characteristics distinguish the oscu- 
lating plane sharply from the other tangent planes. 
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216. Stationary osculating plane. The results just obtained are not 
valid if the coefficients A^B, C oi the osculating plane satisfy the 
relation 

(7) A d:»a; + + Cd^z = 0, 

If this relation is satisfied, the expansions for the coordinates must 
be carried to terms of the fourth order, and we should obtain a 
relation of the form 

/Ad^x + Bd^y-^Cd^z , \ 

= rxiTi V ^ V* 

The osculating plane is said to be stationary at any point of V for 
which (7) is satisfied; if A d*x + Bd^y + C d^z does not vanish 
also, — and it does not in general, — F(t) changes sign with h and 
t/ie curve does not cross its osculating plane. Moreover the distance 
from a point on the curve to the osculating plane at such a point is 
an infinitesimal of the fourth order. On the other hand, if the 
relation A d!^x B d'^y ^ C d"^ z 0 is satisfied at the same point, 
the expansions would have to be carried to terms of the fifth order ; 
and so on. 

Eliminating A, J5, and C between the equations (6) and (7), we 
obtain the equation 

dx dy dz 

(8) A = d^x d^y d?z — 0, 

d^x d^y d^z 

whose roots are the values of t which correspond to the points of T 
where the osculating plane is stationary. There are then, usually, 
on any skew curve, points of this kind. 

This leads us to inquire whether there are curves all of whose 
osculating planes are stationary. To be precise, let us try to find 
all the possible sets of three functions x, y, z of a single variable tj 
which, together with all their derivatives up to and including those 
of the third order, are continuous, and which satisfy the equation 
(8) for all values of t between two limits a and h (a < h). 

Let us suppose first that at least one of the minors of A which 
correspond to the elements of the third row, say dx d^y — dy d^Xj does 
not vanish in the interval (a, h). The two equations 


( 9 ) 


dz = Cl dx Cz dy, 
d^z = Cid^x H- Czd^y, 
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(10) 

Differentiating 


each of the otjuations (It) and making uee of (10), 


,H\dx-] (l('t dy ‘ 0 . f/f ’> I ‘ > ' 

whenon (ff, - d(\ follows that eaeh of the eoeflieients 

and r, is a (wmatant; henee a single integration t>f the first of 


iiquatioiw (9) givt‘S 

X 


i\x 4' 4* <*», 


where is another constant. This shtiws that the eurvo T i« a 
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plane Q. But dx#« (Ut&x dotm not ¥ant«h for t ^ r; hmw^ a imwli^r Hi 
can be fmaid Huch that that minor ^Um not v&nlah anywhnto in tlif* iniurval 
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between e -- h anil c \ h muat lie in mmm tdane If, HInco U niuit hm^ an 
Infinite number of polnta in common with P and alao with it followi itiai 
theae three plantw intmt coincide. 

Bimilar rewc»ning showa that all the imlnta of T lie In the iam® plane uiilrw 
all three of the determlnanta 

tied®*' ily#i ^ il«#y 

vaniah at the aamc }adnt in the inU'-rval fit* h). If tlirae Uirri* ilciertiiltiftiili do 
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portions which lie In different planes^ the indnla of Juncllon leiiii poltiii it 
which the oacuhaing plane la indeterinitmie4 
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■wliere Ci and Ca are constants. Finally, another integration gives 
y = C\X 4- Oi, 2 = OaX 4- Ga, 
which shows that P is a straight line. 


217. Stationary tangents. The preceding paragraph suggests the study of 
certain points on a skew curve which we had not previously defined, namely 
the points at which we have 


( 11 ) 


dx dy dz 


The tangent at such a point is said to he stationary. It is easy to show by the 
formula for the distance between a point and a straight line that the distance 
from a point of T to the tangent at a neighboring point, which is in general an 
infinitesimal of the second order, is of the third order for a stationary tangent. 
If the given curve P is a plane curve, the stationary tangents are the tangents at 
the points of inflection. The preceding paragraph shows that the only curve 
whose tangents are all stationary is the straight line. 

At a point where the tangent is stationary, A = 0, and the equation of the 
osculating plane becomes indeterminate. But in general this indetermination 
can be removed. For, returning to the calculation at the beginning of § 216 
and carrying the expansions of the coordinates of M' to terms of the third order, 
it is easy to show, by means of (11), that the equation of the plane through M' 
and the tangent at M is of the form 


X-x Y^y Z-z 

r(t) <p'(t) r{t) 

/'"(«) 4- Cl <f>'"(t)^€2 f'"(t)4-c8 


= 0 , 


where ci, csj cs approach zero with h. Hence that plane approaches a perfectly 
definite limiting position, and the equation of the osculating plane is given by 
replacing the second of equations (6) by the equation 

Ad^z+Bd^y-^CdH = 0. 


If the coordinates of the point M also satisfy the equation 

d^x _ _ dH 

dx dy dz 


the second of the equations (6) should be replaced by the equation 
Ad^x- Bd^y 4- Gdsz = 0, 

where q is the least integer for which this latter equation is distinct from the 
equation Adx= Bdy Gdz = 0. The proof of this statement and the exami- 
nation of the behavior of the curve with respect to its osculating plane are left 
to the reader. 

Usually the preceding equation involving the third differentials is sufficient, 
and the coefficients A, B, C do not satisfy the equation 

Ad*® 4- Bd*y 4- Od*z = 0. 

In this case the curve crosses every tangent plane except the osculating plane. 
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218. Special curves. Let us consider the skew curves T which satisfy a 
relation of the form 


(12) xdy — ydx, — Kdz^ 

where JT is a given constant. From (12) we find immediately 

( xd^y yd^x = Ed^z, 

\xd^y -yd^x-jr dxd^y — dyd^x = Ed^z. 


Let us try to find the osculating plane of r which passes through a given point 
(a, 5, c) of space. The coordinates (x, y, z) of the point of tangency must satisfy 
the equation 

I a-x h-y c-z I 


dx dy dz 

d^x d^y d^z 


= 0 , 


which, by means of (12) and (13), may be written in the form 
(14) ay — 5 £b + E(c — «) = 0 . 

Hence the possible points of tangency are the points of intersection of the 
curve r with the plane (14), which passes through (uy &, c). 

Again, replacing dz, d?z and d^z by their values from (12) and (18), the equa- 
tion A 5= 0, which gives the points at which the osculating plane is stationary, 
becomes 

Az=L(clx^y -dy = 0 ; 

E 


hence we shall have at the same points 

d^x __ _ yd^x — xd^y _ 

' dx dy ydx — xdy^dz' 

which shows that the tangent is stationary at any point at which the osculating 
plane is stationary. 

It is easy to write down the equations of skew curves which satisfy (12) ; for 
example, the curves 

where A, H, C, m, and n are any constants, are of that kind. Of these 
the simplest are the skew cubic x = t, y = 2 = and the skew quartic 

X = t, y = z = The circular helix 

x = acost, y = asint, z = Et 
is another example of the same kind. 

In order to find all the curves which satisfy (12), let us write that equation in 
the form 

d(xy — Ez) =:2ydx. 

If we set 

a =/(<), xy-Kz = 0(t), 
the preceding equation becomes 
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Solving these three equations for a, y, and we find the general equations of T 
in the form 


(15) 


= /( 0 , 


2 / = 


2 /'( 0 ’ 


Kz = 






where f{t) and <l>{t) are arbitrary functions of the parameter t It is clear, how- 
ever, that one of these functions may be assigned at random without loss of 
generality. In fact we may set f(t) = t, since this amounts to choosing/(i) as a 
new parameter. 


11. ENVELOPES OF SURFACES 

Before taking up ' the study of the curvature of skew curves, we 
shall discuss the theory of envelopes of surfaces. 


219. One-parameter families. Let be a surface of the family 


(16) f(x,y,z,a)=^0, 

where a is the variable parameter. If there exists a surface E which 
is tangent to each of the surfaces S along a curve C, the surface E 
is called the envelope of the family (16), and the curve of tangency 
C of the two surfaces S and E is called the characteristic curve. 

In order to see whether an envelope exists it is evidently neces- 
sary to discover whether it is possible to find a curve C on each of 
the surfaces S such that the locus of all these curves is tangent to 
each surface S along the corresponding curve C. Let (x, ?/, z) be 
the cobrdinates of a point Af on a characteristic. If M is not a 
singular point of S, the equation of the tangent plane to iS at Jkf is 


As we pass from point to point of the surface E, as, y, z, and a are 
evidently functions of the two independent variables which express 
the position of the point upon E, and these functions satisfy the 
equation (16). Hence their differentials satisfy the relation 


(17) 


dx 


dx 




Moreover the necessary and sufficient condition that the tangent 
plane to E should coincide with the tangent plane to S is 


da 


0 . 


or, by (17), 
(18) 
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Moreover, in order that the surface which is the locus of the point 
of tangency (x, y, z) should be tangent to Sj it is also necessary 
that we should have 


or, by (21), 


4. rf,, 4. 4- ft 


V j _ , 3/ ,, 


Since a and h are independent variables, it follows that the equations 


( 22 ) 



dh 


= 0 


must be satisfied simultaneously by the coordinates (£c, y, z) of the 
point of tangency. Hence we shall obtain the equation of the 
envelope, if one exists, by eliminating a and h between the three 
equations (19) and (22). The surface obtained will surely be tan- 
gent to S at (sc, y, «) unless the equations 

Zx dy dz 

are satisfied simultaneously by the values (x, y, z) which satisfy (19) 
and (22) ; hence this surface is either the envelope or else the locus 
of singular points of S. 

We have seen that there are two kinds of envelopes, depending 
on the number of parameters in the given family. For example, 
the tangent planes to a sphere form a two-parameter family, and 
each plane of the family touches the surface at only one point. 
On the other hand, the tangent planes to a cone or to a cylinder 
form a one-parameter family, and each member of the family is 
tangent to the surface along the whole length of a generator. 


221. Developable surfaces. The envelope of any one-parameter family 
of planes is called a developable surface. Let 

(23) 0 = aa? -f- yf(a) + «#»(«) 

be the equation of a variable plane P, where a is a parameter and 
where and </»(«) are any two functions of a. Then the equa- 
tion (23) and the equation 

(24) a + yf(<x) +• <#>'(«) = ^ 

represent the envelope of the family, or, for a given value of a, they 
represent the characteristic on the corresponding plane. But these 
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two equations represent a straight line; hence each characteristic 
is a straight line <7, and the developable surface is a ruled surface. 
We proceed to show that all the straight lines G are tangent to the 
same skew curve. In order to do so let us differentiate (24) again 
with regard to or. The equation obtained 

(25) y/"(a) + <^» = 0 

determines a particular point M on G. We proceed to show that G 
is tangent at M to the skew curve T which M describes as a varies. 
The equations of T are precisely (23)^ (24), (25), from which, if we 
desired, we might find as, and z as functions of the variable 
parameter a. Differentiating the first two of these and using the 
third of them, we find the relations 

(26) dz^adx 4-/(a)<^y, dx +f(a) dy = 0, 

which show that the tangent to T is parallel to G. But these two 
straight lines also have a common point ; hence they coincide. 

The osculating plane to the curve r is the plane P itself. To 
prove this it is only necessary to show that the first and second 
differentials of x, and z with respect to a satisfy the relations 

dz=i a dx + f(a) dy, 

= a dPx + /(a) d^y . 

The first of these is the first of equations (26), which is known to 
hold. Differentiating it again with respect to a, we find 

d^z = ad'^x +f(a)d’^y + [dx ’\-f(oc)dy'] da, 

which, by the second of equations (26), reduces to the second of the 
equations to be proved. 

It follows that any developable surface may he defined as the locus 
of the tangents to a certain skew curve T. In exceptional cases the 
curve r may reduce to a point at a finite or at an infinite distance ; 
then the surface is either a cone or a cylinder. This will happen 
whenever f"(a) = 0. 

Conversely, the locus of the tangents to any skew curve T is a 
developable surface. For, let 

*=/(<), y =<#>(<). 

be the equations of any skew curve r. The osculating planes 
A{X-x) + B(r-y)-^C(Z-z) = 0 
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form a one-parameter family, whose envelope is given by the pre- 
ceding equation and the equation 

dA(X - a;) + dB(Y--y) + dC(Z - = 0. 

Por any fixed value of t the same equations represent the charac- 
teristic in the corresponding osculating plane. We shall show that 
this characteristic is precisely the tangent at the corresponding 
point of r. It will be sufficient to establish the equations 

Adx + Bdy+ Cdz=:0f dA dx dB dy + dC dz = 0. 

The first of these is the first of (6), while the second is easily 
obtained by differentiating the first and then making use of the 
second of (6). It follows that the characteristic is parallel to 
the tangent, and it is evident that each of them passes through 
the point (x, z) ; hence they coincide. 

This method of forming the developable gives a clear idea of 
the appearance of the surface. Let AR be an arc of a skew curve. 
At each point M of AJ5 draw the tangent, and consider only that 
half of the tangent which extends in a certain direction, — from A 
toward JB, for example. These half rays form one nappe Si of the 
developable, bounded on three sides by the arc AB and the tan- 
gents A and B and extending to infinity. The other ends of the tan- 
gents form another nappe similar to Si and joined to Si along the 
arc AB. To an observer placed above them these two nappes appear 
to cover each other partially. It is evident that any plane not tan- 
gent to r through any point 0 oi AB cuts the two nappes Si and *S 2 
of the developable in two branches of a curve which has a cusp at 0. 
The skew curve T is often called the edge of regression of the 
developable surface.* 

It is easy to verify directly the statement just made. Let us 
take 0 as origin, the secant plane as the xy plane, the tangent to T as 
the axis of and the osculating plane as the xz plane. Assuming 
that the coSrdinates x and y of a point of T can be expanded in powers 
of the independent variable «, the equations of T are of the form 

£c = d 9 y = -f- • • •> 

for the equations 

dz dz dz^ 


* Thfi Enirlish term “ edge of regression does not suggest that the curve is a locus 
o( The French terms “arSte de rehroussement” and “point de rehronssement 

are more suggestive. —Traxs. 
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must be satisfied at the origin. Hence tbe equations of a tangent 
at a point near tbe origin are 

X — _ V — __ 

^Q/^Z -f- • • • 3^8^* -j- . . . 

Setting Z = 0, tbe coordinates X and Y of tbe point where tbe tan- 
gent meets tbe secant plane are found to bave developments wbicb 
begin with terms in z^ and in z^^ respectively ; bence there is surely 
a cusp at tbe origin. 


Xxample. Let us select as the edge of regression the skew cubic x = = 

z = tK The equation of the osculating plane to the curve is 

(27) <8-3t2X+3tr-Z=:0; 

bence we shall obtain the equation of the corresponding developable by writing 
down the condition that (27) should have a double root in t, which amounts to 
eliminating t between the equations 


(28) 


t2~2tx + r=o, 
xt2~2«r-i-z = o. 


The result of this elimination is the equation 


(XT - z )2 - 4{X2 - r)(r 2 - xz) = o, 

which shows that the developable is of the fourth order. 

It should be noticed that the equations (28) represent the tangent to the given 
cubic. 


222. Differential equation of developable surfaces. If gs = F(Zj y) be 
tbe equation of a developable surface, the function F(x, y) satisfies 
the equation s^ — rt = 0, where r, s, and t represent, as usual, tbe 
three second partial derivatives of tbe function F(Xj y). 

For tbe tangent planes to the given surface, 

Z =:pX qY +z — qy^ 

must form a one-parameter family; hence only one of the three 
coefiB.cients jp, q, and — qy can vary arbitrarily. In particular 

there must be a relation between p and q of the form /(jo, q) = 0. 
It follows that the Jacobian Z)(j9, q)/D(x, y) = — 5 ® must vanish 

identically. 

Conversely, if F(x^ y) satisfies the equation rt — s^ = 0,p and q 
are connected by at least one relation. If there were two distinct 
relations, p and q would be constants, F(x, y) would be of tbe form 
aa? 4- 5y -f c, and tbe surface z = F{Xf y) would be a plane. If there 
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is a single relation between ^ and it may be written in the form 
^ where jp does not reduce to a constant. But we also have 


y(rt-s^)^ 


D(x, y) ' 


hence z~-;px — qy is also a function of say whenever 

rt s^ = 0. Then the unknown function F(x, y) and its partial 
derivatives p and q satisfy the two equations 


q = <h(p), ^-pix:-<l>(p)y = HP)‘ ‘ 

Differentiating the second of these equations with respect to x and 
with respect to y, we find 

[x + j/ If = c* + y + '/''(?)] If = 


Since p does not reduce to a constant, we must have 

x + y •l>'(p) + 'I'Xp) = ® ; 

hence the equation of the surface is to be found by eliminating p 
between this equation and the equation 

K-=px + y <l>{p) + >Hp), 

which is exactly the process for finding the envelope of the family 
of planes represented by the latter equation, p being thought of as 
the variable parameter. 


223. Envelope of a family of skew curves. A one-parameter family 
of skew curves has, in general, no envelope. Let us consider first 
a family of straight lines 

(29) x = as+p, y = + 

where a, b, p, and q are given functions of a variable parameter a. 
We shall proceed to find the conditions under which every member 
of this family is tangent to the same skew curve T. Let » = ^(a) 
be the « coordinate of the point M at which the variable straight 
line D touches its envelope T. Then the required curve V will be 
represented by the equations (29) together with the equation 
« = and the direction cosines of the tangent to V will be pro- 
portional to dx/da, dy/da, d^Jda, i.e. to the three quantities 

a <^'(a) + a'4,(pc) -V p’ , b + 6'<#.(a) + q’ , ^'(a), 
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where h\p\ and are the derivatives of a, and q, respec- 
tively. The necessary and sufficient condition that this tangent be 
the straight line D itself is that we should have 


— — dy dz 

da ^ da^ da da 

that is^ 

+ jp' = 0, V^(a) + sr' = 0. 

The unknown function ^(a) must satisfy these two equations; 
hence the family of straight lines has no envelope unless the two 
are compatible, that is, unless 

a) ~ == 0. 

If this condition is satisfied, we shall obtain the envelope by setting 
^(or) = -y/a.' = ^ 

It is easy to generalize the preceding argument. Let us consider a 
one-parameter family of skew curves ( C) represented by the equations 

(30) F(a;, y, is;, a) = 0, y, or) = 0 , 

where a is the variable parameter. If each of these curves C is 
tangent to the same curve T, the coordinates (cc, y, of the point 
M at which the envelope touches the curve C which corresponds to 
the parameter value a are functions of a which satisfy (30) and 
which also satisfy another relation distinct from those two. Let 
c?ar, dy, dz be the differentials with respect to a displacement of M 
along C ; since a: is constant along C, these differentials must satisfy 
the two equations 


■ — dy¥^dz = (S, 


On the other hand, let &r, Sy, Sz, 8a be the differentials of x, y, «, 
and a with respect to a displacement of M along r. These differen- 
tials satisfy the equations 
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The necessary and sufficient conditions that the curves C and T 
he tangent are 

dx __ dy ___ d» 

8a; “ ~ 

or, making use of (31) and (32), 




da 


8a = 0. 


It follows that the coordinates (x, y, z) of the point oftangency must 
satisfy the equations 


(33) 


F==0, 0 = 0, 




Hence, if the family (30) is to have an envelope, the four equations 
(33) must be compatible for all values of a. Conversely, if these 
four equations have a common solution in a;, y, and z for all values 
of a, the argument shows that the curve P described by the point 
(xj y, z) is tangent at each point (a;, y, z) upon it to the correspond- 
ing curve C. This is all under the supposition that the ratios between 
dx^ dy, and dz are determined by the equations (31), that is, that the 
point (x, y, z) is not a singular point of the curve C. 

Note. If the curves C are the characteristics of a one-parameter 
family of surfaces F(x, y, «, a) = 0, the equations (33) reduce to 
the three distinct equations 


(34) 


F = 0, 




hence the curve represented by these equations is the envelope 
of the characteristics. This is the generalization of the theorem 
proved above for the generators of a developable surface. 


The equations of a one-parameter family of straight lines are often written 
in the form 


(36) 


X — aip _ y — yp __ z — go 
a h c 


where xp, yp, zp, a, 6, c are functions of a variable parameter a. It is easy to 
find directly the condition that this family should have an envelope. Let I 
denote the common value of each of the preceding ratios ; then the coordinates 
of any point of the straight line are given by the equations 

» = Xo + ?ct, y = yp-fZ6, 2 : = Zo + ^c, 

and the question is to determine whether it is possible to substitute for I such a 
function of a that the variable straight line should always remain tangent to 
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cxirve r in the positive sense, the point m describes the curve :S in 
a certain sense, which we shall adopt as positive. Then the corre- 
sponding arcs s and a increase simultaneously (Fig. 48). 

It is evident that if the point 0 be displaced, the whole curve S 
undergoes the same translation ; hence we may suppose that 0 lies 
at the origin of coordinates. Likewise, if the positive sense on the 
curve r be reversed, the curve 'S, is replaced by a curve symmetrical 
to it with respect to the point 0 ; but it should be noticed that the 
positive sense of the tangent mt to is independent of the sense of 
motion on F. 

The tangent plane to the directing cone along the generator Oin is 
parallel to the omdatlng plane at M. For, let AX + BY -j- CZ = 0 
be the equation of the plane ()mm\ the center 0 of the sphere being 
at the origin. This plane is parallel to the two tangents at M and 
at 4/'; hence, if t and ^ -f A are the parameter values which corre- 
spond to M and iU', respectively, we must have 

(38) Af{f) -f + Cf(t) = 0. 

(39) AfQ + h) +• -f h) -f -f 7^) = 0. 

The second of these equations may be replaced by the equation 

,1 /'.(Lti) -/IC) + n + ^0 - m , f + ^ 0 

k h h ' 

which biU’omes, in the limit as h approaches zero, 

(40) Af\t) -b B^\t) -f CV'^(0 = 0. 

The tMpiations (38) and (40), which determine A, B, and C for the 
tangent plane at m, are exactly the same as the equations (6) which 
determine /I, and C for the osculating plane. 

225. Radius of curvature. Let w be the angle between the positive 
directions of the tangents MT and M'T^ at two neighboring points 
M ami AT of V. Then the limit of the ratio w/arc MM', as M 
approaches A/', is called the eurmtnre of T at the point A/, just as 
for a plane curve. The reciprocal of the curvature is called the 
radius of euriHiture: it is the limit of axe MM 

Again, the radius of curvature Ji may be defined to be the limit 
of the ratio of the two inhnitesimal arcs MAf' and mm', for we have 

arc AfM' _ arc MM' ^ arc mm' ^ chord mm,' 

(a arc mm' chord mm' <d 
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and each of the fractions (arc mm')/(chord) and (chord 
approaches the limit unity as m approaches m'. The aross(=Mif') 
and increase or decrease simultaneously; hence 


( 41 ) 



Let the equations of T be given in the form 
(42) y = 4»(0, ^ = 

where 0 is the origin of coordinates. Then the coordinates of the 
point m are nothing else than the direction cosines of MTj namely 


dx 

d^’ 


j8 = 


ds 


dz 


Differentiating these equations, we find 


ds d^x —dxd^s , ^ ds d^y — dy d^s , dsd^z dz ^s 

= 5? ’ = ' 


d<^=^do?->rd^->rd-f = 


^{ds d^x — dx d^^ 
ds^ ' 


where S indicates as usual the sum of the three similar terms 
obtained by replacing x by x, y, z successively. Finally, expanding 
and making use of the expressions for ds^ and ds d^s, we find 

S Sdx d‘^xY 

ds* 


By Lg^range’s identity (§ iSl) this equation may be written in 
the form 


where 

(43) 


d(j^ = 


+ £2 + 
ds* ' 


iA = dycP‘z — dzd^yf B dzd^x — dxd^Zy 
\ C = dx d^y — dy d^x^ 


a notation which we shall use consistently in what follows. Then 
the formula (41) for the radius of curvature becomes 


(44) 




ds^ 


and it is evident that li^ is a rational function of a;, y, «, a?', y\ z\ 
x'\ y", The expression for the radius of curvature itself is 
irrational, but it is essentially a positive quantity. 
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Note. If the independent variable selected is the arc s of the 
curve r, the functions f(s), and ^{ 5 ) satisfy the equation 

Then we shall have 

(45) - da ==/"(s) ds, dfi = <^"( 5 ) ds, dy = xl/'^(s) ds, 

. = s c/'w]^ + ir(s)y + [my\ds\ 

and the expression for the radius of curvature assumes the partic- 
ularly elegant form 

(44') |i = [/"(*)]* + ms)J + [^"(s)]“. 

226. Principal normal. Center of curvature. Let us draw a line 
through M (on T) parallel to mt, the tangent to 2 at m. Let MN 
be the direction on this line which corresponds to the positive direc- 
tion wi. The new line MN is called the principal normal to T at ilf : 
it is that normal which lies in the osculating plane, since mt is 
perpendicular to Om and Oynt is parallel to the osculating plane 
(§ 224). The direction MN is called the positive direction of the 
principal normal. This direction is uniquely defined, since the posi- 
tive direction of mt does not depend upon the choice of the positive 
direction upon V. We shall see in a moment how the direction in 
question might he defined without using the indicatrix. 

If a length M C equal to the radius of curvature at ilf be laid off 
on MN from the point M, the extremity C is called the center of 
curvature of T at M, and the circle drawn around C in the osculat- 
ing plane with a radius MC is called the circle of curvature. Let 
a\ f be the direction cosines of the principal normal. Then the 
coordinates (iCi, ?/i, «i) of the center of curvature are 

Xi ■=z X jRa! j = = « + 

But we also have 

f ^ da ^ da ds ^ j.da ^ dsd^x — dxd^s 
^ ^ dor ds dor ^ ds ds^ 

and similar formulae for and f. Replacing a' by its value in 
the expression for £c, we find 

^^d^d^x — dxd^s 
= x + 
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Ih n 4 ' 


itd'Js 

rdij 

dM* 


f ' r/.r 

J dz 

dM^ 


-1 d*/ ' 

H dx 

d»* 
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X, r, and X be replaced by these expansions in the left-hand member, 
the value of that member is found to be 


(«a' + ^^' + vy) + o(|+7) = f (l + ij). 


where t/ approaches zero with s. This quantity is positive for all 
values of s near zero. Likewise, replacing (X, r, Z) by the cobrdi- 
nates (x Ra', y -j- iJ^', » 4 - Ry') of the center of curvature, the 
result of the substitution is R, which is essentially positive. Hence 
the theorem is proved. 


227. Polar line. Polar surface. The perpendicular A to the oscu- 
lating plane at the center of curvature is called the polar line. This 
straight line is the characteristic of the normal plane to P. For, in 
the first place, it is evident that the line of intersection D of the 
normal planes at two neighboring points M and M' is perpendicular 
to each of the lines MT and j hence it is also perpendicular to 
the plane As if' approaches M, the plane mOm' approaches 

parallelism to the osculating plane ; hence the line D approaches a 
line perpendicular to the osculating plane. On the other hand, to 
show that it passes through the center of curvature, let « be the 
independent variable; then the equation of the normal plane is 

(47) a{X + P(r- y) + r(Z - = 0, 

and the characteristic is defined by (47) together with the equation 

(48) ^(^K-x) + ^{Y-y) + ^{Z-z)-l=Q. 

Thi^ new equation represents a plane perpendicular to the principal 
normal through the center of curvature ; hence the intersection of 
the two planes is the polar line. 

The polar lines form a ruled surface, which is called the polar 
surface. It is evident that this surface is a developable, since we 
have just seen that it is the envelope of the normal plane to V. 
If r is a plane curve, the polar surface is a cylinder whose right 
section is the evolute of r ; in this special case the preceding state- 
ments are self-evident. 


228. Torsion. If the words “tangent line” in the definition of 
curvature (§ 225) be replaced by the words “ osculating plane,” a 
new geometrical concept is introduced which measures, in a manner, 
the rate at which the osculating plane turns. Let cd' be the angle 
between the osculating planes at two neighboring points M and M'; 
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■where iC is a quautity defined by the equation (49) itself. This giires 


d^ = 


K^ds^ 

(A“ + + ay’ 


■where K is defined by (49) ; or, expanding, 


1 ( dz dz 
dx\ d^z d^x 


dx dy 
d^x d^y 


dx dy 
(Px d^y 


= fS'{dz d^x d^y — dxdj^z d^y) , 


dz dx 
d}z d^x 


wiiore S denotes tlie sum of the three terms obtained by cyclic per- 
mutation of the three letters x, y, z. But this value of K is exactly 
the development of the determinant A [(8), § 216]; hence 


dT^± 


Ads 

^2 _j_ 32 ^ ^2' 


and therefore the radius of torsion is given by the formula 


(50) 


A 


If we agree to consider T essentially positive, as we did the radius 
of curvature, its value will be the absolute value of the second mem- 
ber. But it should be noticed that the expression for T is rational 
in x, y, Zy x\ y', z\ cc", y", z^'\ hence it is natural to represent the 
radius of torsion by a length affected by a sign. The two signs 
which T may have correspond to entirely different aspects of the 
curve r at the point M. 

Since the sign of T depends only on that of A, we shall investigate 
the difference in the appearance of r near M when A has different 
signs. Let us suppose that the trihedron Oxyz is placed so that an 
observer standing on the xy plane with his feet at 0 and his head in 
the positive z axis would see the x axis turn through 90® to his left 
if the X axis turned round into the y axis (see footnote, p. 477), 
Suppose that the positive direction of the binormal MN^ has been so 
chosen that the trihedron formed from the lines MTy MNy MN^ has 
the same aspect as the trihedron formed from the lines Ox, Oy, Oz ; 
that is, if the ctirve r be moved into such a position that M coincides 
with 0, MT with Ox, and iV/iV with Oy, the direction coin- 

cide with the positive z axis. During this motion the absolute value 
of T remains unchanged ; hence A cannot vanish, and hence it cannot 
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even change sign.=^ In this position of the curve T with respect to 
the axes now in the figure the coordinates of a point near the origin 
will be given by the formulae 


rx = ait -f-c), 

(51) X y = +. (^8 -f- c') ? 

[ ^5 = (Cj -{- f 


where c, c', c" approach zero with t, provided that the parameter t is 
so chosen that ^ = 0 at the origin. Eor with the system of axes 
employed we must have dy = = () when ^ = 0. Moreover 

we may suppose that ax > 0, for a change in the parameter from t to 
— t will change ax to — • aj. The coefficient is positive since y must 
be positive near the origin, but may be either positive or negative. 
On the other hand, for ^ = 0, A —l^axb^c^ dt^. Hence the sign of A 
is the sign of Cg. There are then two cases to be distinguished. If 
Os > 0, 35 and z are both negative for — A < ^ < 0, and both positive 
for 0 < ^ <.A, where A is a sufficiently small positive number ; i.e. 
an observer standing on the xy plane with his feet at a point IP on 


i:v 



Fig. 49 , a 





p 


M ''X 


Fio. 49, h 


the positive half of the principal normal would see the arc MM^ at 
his left and above the osculating plane, and the arc ikfikf " at his right 
below that plane (Fig. 49, a). In this case the curve is said to be 
sinistrorsal. On the other hand, if Cg < 0, the aspect of the curve 
would be exactly reversed (Fig. 49, b)^ and the curve would be said 
to be dextrorsal. These two aspects are essentially distinct For 
example, if two spirals (helices) of the same pitch be drawn on the 
same right circular cylinder, or on two congruent cylinders, they 
will be superposable if they are both sinistrorsal or both dextrorsal ; 
but if one of them is sinistrorsal and the other dextrorsal, one of 
them will be superposable upon the helix symmetrical to the other 
one with respect to a plane of symmetry. 

* It would be easy to show directly that A does not change sign when we pass fronci 
one set of rectangular axes to another set which have the same aspect. 
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In consequence of these results we shall write 
(52) T = 

i.e. at a point where the curve is dextrorsal T shall be positive, while 
T shall be negative at a point where the curve is sinistrorsal. A dif- 
ferent arrangement of the original coordinate trihedron Oxyz would 
lead to exactly opposite results.* 


229. Frenet’s formulae. Each point ikf of T is the vertex of a tri- 
rectangular trihedron whose aspect is the same as that of the trihe- 
dron Oxyz, and whose edges are the tangent, the principal normal, 
and the binormal. The positive direction of the principal normal is 
already fixed. That of the tangent may be chosen at pleasure, but 
this choice then fixes the positive direction on the binormal. The dif- 
ferentials of the nine direction cosines (or, p, y), (or*-, p', y'), (a", y") 

of these edges may be expressed very simply in terms of jR, T, and 
the direction cosines themselves, by means of certain formulae due 
to Frenet.t We have already found the formulae for da, dp, and dy : 


(53) 


da ^ a' 

ds R ds R ds R 


The direction cosines of the positive binormal (§ 228) are 
A ... B „ C 












where c = ± 1. Since the trihedron {MTy MN, MNj^) has the same 
aspect as the trihedron Oxyz, we must have 


a' = jS'^y — /3y", or a' 


By-^ CP 


On the other hand, the fgrmula for da'' may be written 
B(B dA -AdB)A' C(C dA-A dC) 
(A^A-B^A- 

or, by (49) and the relation iT = A, 

da" ^ Cp-By ^ a'L 

ds * (^2 + B'^ A- A® + 4* 


*It is usual in America to adopt an arrangement of axes precisely opposite to that 
described above. Hence we should write r= -j- {A^ + A- 0^)/A, etc. See also 
the footnote to formula (54), § 229. — Trans. 

t Nouvelles Amialea de Math^matiques, 1864, p. 284. 
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replacing dtt, dfi, dy, dn’\ dfi'', dy 

" liy till- 

nr flit lias from (53) fttiil 

(M). This giviw 




«' d»' -t- /S' d0 i 

y'dy 

tii 

' 

wO, 

*r d,d \ fi d0 t 

y dy' f 

0. 

,t"d,,‘ f fl''d(i’ ( 

y"dy' 4 

lii 

■ ^ 

is ti; 

whenoe, solving for dp', dy‘, 




/KPS 
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r ’ 
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dn n r 


The formulae (41), (44), and (BB) eon»iit4tte Freiml’i foriiudit'. 

Moi$» The formuhe (54) «how that the taiigeiif^ t«* tlir ^jilieriiml 
eur?e # de8edt>ed hj the point ft who«e iTHirtliniitesi are y” li 

imrallel to the prineiiml normal Thin mn Iw veritl«l gtioinetrlmlly, 
Let A’' be the mtm whoi© cortex k at if mui wtioie diriwirix m tlti* 
cnirve #. The generate (hi m perpendiinilar lo the |»Imw wliieli in 
tangent to the cone S along Om (§ *S^ k the |M4ar roite 

to S, But thia property ii a reeiproeal tme, La ilii gpn«ratiir ri« 
of *1 ig iurely |airpendimikr to the plwie wtileh k liittgi*iil to 
along f>»* Hanea tlwi tangent mi to the anrfi S, Ii Is perpii- 
dieular to aw‘.h of the lines (hi and fha, i» p^ri'wiwliriittf tii flit 
plana mtm. For the raagon the taiigant ttf* tii ilia aitrfa # ii 
parpendiaular to the plime mifn. It follows tliiit mi and nf art 
paralkL 

• If m awl wrllteti tim temiitk far ilw tewlew In ili# ftiriti Iff ;'i"' A/I < '* i' I- i "% 
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230. Expansion of x, y, and 2 in powers of s. Given two functions 
R =: T = of an independent variable s, the first of which 

is positive, there exists a skew curve T which is completely defined 
except for its position in space, and whose radius of curvature and 
radius of torsion are expressed by the given equations in terms of 
'the arc 5 of the curve counted from some fixed point upon it. A rig- 
orous proof of this theorem cannot be given until we have discussed 
the theory of differential equations. J ust now we shall merely show 
how to find the expansions for the coordinates of a point on the 
required curve in powers of s, assuming that such expansions exist. 

Let us take as axes the tangent, the principal normal, and the 
binormal at 0, the origin of arcs on T. Then we shall have 


( 66 ) 


'dx\ 

ds) 






/d^x\ 

172 Wl 


+ 




1.2.3 

.8 




o'^1.2 


(d^y\ , /^\ , 

V*Vo 1.2.3 \tfeVo'' 


'i U5 /o’^1.2 \dsV 


+ 


/d^z\ 
1.2.3 Us® 


where x, y, and z are the coordinates of a point on T. But 


dx 

ds 


d^x 


da 

ds 




whence, differentiating, 
d^x 


. flV 

” ds R\r'^ T}' 

In general, the repeated application of Irenet’s formulffi gives 


d^x 

ds”^ 




where are known functions ot R, T, and their successive 

derivatives vrith respect to s. In a similar manner the successive 
derivatives of y and « are to be found by replacing (or, a', a") by 
(B S'. S"! and (y, y', y"), respectively. But we have, at the origin, 

Z = 1.1 = 0 , yl I 0. = 0! ^ = 1, vH 0, a'J = 0, = 0, yi- = 1 ; 

hence the formulae (56) become 




s 

X = J 




s* 

2R 


4. . 

.s® dR 
‘ ds 


' 6RT 


+ • 
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where the terms not written down are of degree higher than three. 
It is understood, of course, that iJ, T, dR /ds, • • • are to be replaced 
by their values for 5 = 0. 

These formulae enable us to calculate the principal parts of cer- 
tain infinitesimals. Tor instance, the distance from a point of the 
curve to the osculating plane is an infinitesimal of the third order, 
and its principal part is — s^/^RT. The distance from a point on 
the curve to the x axis, i.e. to the tangent, is of the second order, 
and its principal part is s^/2R (compare § 214). Again, let us cal- 
culate the length of an infinitesimal chord c. We find 

o'* = a:^ + + . ■ . , 

where the terms not written down are of degree higher than four. 
This equation may be written in the form 



which shows that the difference 5 — c is an infinitesimal of the 
third order and that its principal part is s^/24:R'^. 

In an exactly similar manner it may be shown that the shortest 
distance between the tangent at the origin and the tangent at a 
neighboring point is an infinitesimal of the third order whose prin- 
cipal part is s^/12RT, This theorem is due to bouquet. 

231. Involutes and evolutes. A curve is called an involute of a 
second curve V if all the tangents to T are among the normals to Ti , 
and conversely, the curve T is called an evolute of Ti. It is evident 
that all the involutes of a given curve V lie on the developable sur- 
face of which r is the edge of regression, and cut the generators of 
the developable orthogonally. 

Let (x, y, z) be the coordinates of a point M of T, (a, y) the 
direction cosines of the tangent MT, and I the segment MMi between 
M and the point Mi where a certain involute cuts MT, Then the 
coordinates of Mi are 

auj s= a; -j- Zu, = y + 1^, zi^ z Zy, 

dxi^ dx + I da a dl, 
dyi^dy + ldp + Pdl, 
dzi == dz Idy y d!Z. 


whence 
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In order that the curve described by should be normal to MMi 
it is necessary and sufficient that a dxx + ^dyi -f y dzi should vanish, 
i.e. that we should have 

adx ^ dy -{■ y dz dl da ^d^ y dy) = 0, 

which reduces to + <^^ = 0. It follows that the involutes to a 
given skew curve V may be drawn by the same construction which 
was used for plane curves (§ 206). 

Let us try to find all the evolutes of a 
given curve T, that is, let us try to pick 
out a one-parameter family of normals to 
the given curve according to some contin- 
uous law which will group these normals 
into a developable surface (Fig. 50). Let 
/) be an evolute, the angle between the 
normal Af Mi and the principal normal MiV, 
and I the segment MP between M and the 
projection P of the point Mi on the principal normal. Then the 
coordinates (xu yi, Zi) of Mi are 

r Xi zzi X la^ -j- tan 

(57) J 2/i = 2/ + Z/3'4-^/3''tan<^», 

= z ly^ -f" ly^^ tan 

as we see by projecting the broken line MPMi upon the three axes 
successively. The tangent to the curve described by the point Mi 
must be the line MMi itself, that is, we must have 

dxi _ dyx _ dzi 
xx-x^yi-^y Zi — z 

Let k denote the common value of these ratios ; then the condition 
- x) may be transformed, by inserting the values of aji 
and dxi and applying Frenet's formulae, into the form 

a < 2^5 4* oc' ^dl + I tan ~ — klj 

+ tan tan <j>~^ = 0. 

The conditions dyt =k{yt- y) and = fc(»i - «) lead to exactly 
similar forms, ■which may be deduced from the preceding y rep^ 
cing (a, a', «") by (A /3', P") and (y, y', y"), respectively. Since the 
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determinant of the nine direction cosines is equal to unity, these 
three equations are equivalent to the set 


( 68 ) 


C^S 

dl I tan y 
Ids 

d(l tan <^) ^ = kl tan . 


From the first of these l = R, which shows that the point P is the 
center of curvature and that the line PM is the polar line. It fol- 
lows that all the evolutes of a given skew curve V lie on the polar sur- 
face, In order to determine these evolutes completely it only remains 
to eliminate k between the last two of equations (58). Doing so 
and replacing Iloy R throughout, we find ds=T d<f>. Hence may 
be found by a single quadrature : 

(59) ^ = 


If we consider two different determinations of the angle which 
correspond to two different values of the constant difference 

between these two determinations of <l> remains constant all along F. 
It follows that two normals to the curve T which are tangent to two 
different evolutes intersect at a constant angle. Hence, if we know 
a single family of normals to T which form a developable surface, 
all other families of normals which form developable surfaces may 
be found by turning each member of the given family of normals 
through ther same angle, which is otherwise arbitrary, around its 
point of intersection with T. 


Note I. If r is a plane curve, T is infinite, and the preceding 
formula gives <^ = • The evolute which corresponds to <^>0 = 0 is 

the plane evolute studied in § 206, which is the locus of the centers 
of curvature of V. There are an infinite number of other evolutes, 
which lie on the cylinder whose right section is the ordinary evo- 
lute. We shall study these curves, which are called helices^ in the 
next section. This is the only case in which the locus of the cen- 
ters of curvature is an evolute. In order that (69) should be satis- 
fied by taking = 0, it is necessary that T should be infinite or 
that A should vanish identically ; hence the curve is in any case a 
plane curve (§ 216). 
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Ifote 11. If the curve D is an evqlute of T, it follows that T is an 
involute of D. Hence 

dsi = d{MMi), 

where Si denotes the length of the arc of the evolute counted from 
some fixed point. This shows that all the evolutes of any given 
curve are rectifiable. ^ 


232. Helices. Let C be any plane curve and let ns lay off on tbe perpendic- 
ular to the plane of C erected at any point m on C a length mM proportional to 
the length of the arc <r of C counted from some fixed point A. Then the skew 
curve r described by the point M is called a helix. Let us take the plane of C 
as the zy plane and let 

aj=:/(cr), y=0(o-) 

be the coordinates of a point m of C in terms of the arc o*. Then the coordi- 
nates of the corresponding point M of the curve V will be 


(60) y = ^(<r), Z-Kor, 

where K is the given factor of proportionality. The functions / and satisfy 
the relation 1 j hence, from (60), 

d 32 = (/^2 + < t >'^ + == (1 + > 

where 5 denotes the length of the arc of T. It follows that s := cry/ 1 + S[, 
or, if 8 and cr be counted from the same point A on C,s = o- vT+^, since fl* - 0. 
The direction cosines ot the tangent to r are 


(61) 


f'jo) ^ , 

^ VTT^’ Vi + VTT^ 


Since 7 is independent of <r, it is evident that the tangent to V makes a constant 
angle with the z axis ; this property is characteristic ; Any curve whose tangent 
makes a constant angle with afzed straight line is a helix. In order to prove 
this, let us take the 2 axis parallel to the given straight line, and let C be the 
projection of the given curve T on the zy plane. The equations of V may always 
be written in the form 


(62) ^ » y ^ ^ “■ ’ 

where the functions / and <t> satisfy the relation == 1, for thM merely 

amounts to taking the arc o of C as the independent variable. It follows that 

dz 'k'(<r) f' . 




' 4 . ^'3 Vl 4 - 


hence the necessary and sufficient condition that 7 he constant “ 

he constant, that is, that ^(<r) should he of the fonn N<r + so. It 

the equations of the curve r wiU he of the form (60) if the origin he moved to 

*^*StooT7“ircOTrt«i^t,’the'f^ula dy/ds = y 7B sho-^ that Y = 0. ^ 

principal normal is perpendicular to the generators of the cylinder. Since it is 
L perpendicular to the tangent to the helix, it is normal ^ 
therefore the osculating plane is normal to the cylinder. It follows that the 
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liiiioniiftl U.i» in tlin langent plann at right anghw to the taiigoni to tho helix ■ 
hence it aliM> makes a cinistaiit angle with tin* s nxin, ij., y • ronstont, ' 
SincoY' 0, the formula .JvVt/a y/Il y"/ 7'«howHfhat y/ll < y’-fT ()■ 
hence the ratio T/ll i« onmtaiit fi*r the helix, 

Kaoh of the jiropertlea iiieiitioiieil alH.ru In fharaeterij.lir for the hell* i m 
u* show, for example, that, mrn l urvv/or mhHi th- nttm T/ll in rmntant U ,t 
helix. (.1. UKRTtlAHH.) 

l<Vt)m Kretiet'a fornmla. we have 


(fit rtf) tty T 1 

(*«•’ rtf)-’ ' tty" H tl' 

hence, if H k a eonslant, a single integration gives 

It" , //(« ■ 4, ft” III) It, Y" ify t;, 

where 4, It, V, are three ntiw A.liling thuMe three .•.luaii.ina after 

multiplying them by a, ft, y, resiHetively, we timi 

4 II 1 /ifl ( Vy It, 
or 

An f lift I Cy It 

But thd thw 

^ A ^ ft ft 

ir^ 'f f.’a' 4 - \ I fH I 

ara th© direc-tlon of a ^tain A. lyid itm prmmUtm niua. 

tii»n ihowi^that th^ tarigont, makoa a f’oiiataut with thi« Hfjo. thm 

giviu mtm is a Imllx, 

Again, lotus find tho radiiw of inimturo. By ami fill) wo hati 


tf 

H 

whine©, sinoi 7^ r... 

im 


ill 


I 

I -f 




r 

H 




I 

I f 




I 

m ' 


I 




This showit that the ratio {1 4. Ktyii is Initepemleiit of K. Bin when K 0 
thi» ratio retluee* to the rttolpriieal l/i> of tho railitm of etirvature of the rkht 
iioctiou 0, which is easily verifliui (j( ana), ,|e„,.e the preemKng formula may 
be written In the form It r{\ i /f «), whloh sltow* that the ratio of the railiiw 

Is a coiiHtot''* ^ *** * ^*^''** eiuve V 

It Is now easy to find all tlm carves for wlilch 11 uul T am IhiiIi cmsiani, 
tbrnror* M **"""**"‘’ helices, hy llerfra«d*s 

helU xohkh Ikn ,m « flmdtn- eylimter. This proptmithm is d.m u, fuisen*.* 

assumJf 4 T'"*** 

wurtrer, torsion mtmtarn, mt] ‘ 



XI, §233] 


CUEVATUKE TOKSIOIT 


485 


233. Bertrand’s curves. The principal normals to a plane curve are also the 
principal normals to an infinite number of other curves, — the parallels to the 
given curve. J. Bertrand attempted to find in a similar manner all the skew 
curves whose principal normals are the principal normals to a given skew 
curve r. Let the coordinates a:, 2 /, 2 of a point of T be given as functions of the 
arc s. Let us lay off on each principal normal a segment of length Z, and let the 
coordinates of the extremity of this segment he X, F, Z ; then we shall have 


(64) + Y=y + l^, Z = z + ly\ 

The necessary and sufficient condition that the principal normal to the curve T' 
described by the point (X, Y, Z) should coincide with the principal normal to V 
is that the two equations 

a'dX-4-^'dF+7'dZ = 0, 

a'{dYd^Z - dZ(PY) + ^'(dZ(PX ^ dXd^Z) + y'(dXd^Y- dYd^X) = 0 

should be satisfied simultaneously. The meaning of each of these equations is 
evident. Lrom the first, dl = 0; hence the length of the segment I should be a 
constant. Replacing dX, d^X, dF, • • • in the second equation by their values 
from Frenet’s formulae and from the formulae obtained by differentiating 
Frenet^, and then simplifying, we finally find 

whence, integrating, 


where V is the constant of integration. It follows that the required curves are 
those for which there exists a linear relation between the curvature and the torsion. 
On the other hand, it is easy to show that this condition is sufficient and that 
the length I is given by the relation (66). 

A remarkable particular case had already been solved by Monge, namely 
that in which the radius of curvature is a constant. In that case (65) becomes 
I = E, and the curve T' defined by the equations (64) is the locus of the centers 
of curvature of F. From (04), assuming I — It = constairt, we find the equations 

= dY = -~p"ds, dZ=-^y"ds, 

which show that the tangent to F' is the polar line of F. The radius of curva- 
ture jR^ of F' is given by the formula 

dX^ + dF^ + dZ2 
d6c"‘-i + + d7''2 ' 

hence B' also is constant and equal to E. The relation between the two curves 
F and F' is therefore a reciprocal one : each of them is the edge of regression of 
the polar surface of the other. It is easy to verify each of these statements for 
the particular case of the circular helix. 
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It li «»«y tc» fteti thu f^rmulsp for *11 nlm mitwm wlit» railiiw cif 
eiirwuwi li eoiiiteiit. li<4 II givim rsfllttg ami liA *i, |l, 7 *»y 

ttot functions of a varl&Wo l»miiiiiter which satisfy the relation | . •. i* 

Thou th« «iuattoiw 

(66) X-.nfttdcr, 7. lifyOtr, 

whore ikr f f roj»«^rit a curft? which luwi the wniulml 
orty» and It Is easy m show that all oum« which liato that pmimnf may Imi 
obteliiud In this maniwir. For <r, y art* osciw^tly thi dlrectioii ctiiltios of tli« 
otture defluod hy (dd)^ and o* Is tlio %m of its »|diorkmi indltmtrl* (| rih), 


I?. CONTACT BETWEEN SKEW C!CliVKH 
CONTACT BETWEEN cnEVES ANO SCEFACKB 


234. Contact botwwn two cumi. Thu ortior of uontaot of twt^ 
skew tiurfaa i» dafiiitMi in tho imo way m ft»r pliwo tniryoa, Liit T 
and F Ihi two onrvai whioE aro tangont at a |Knnt d. Tu oaidi iwint 
M of r near A lot us assign a jmiut of f' acusordiiig t4i iuidi a law 
that M and Af approatdi A simultain^nisly. Wo fmiotsai to find 
the maximum (n*der of the infinitesimal AiM*' with riispeetto the 
principal infinitesimal /fol/, the are <jf T, if ihis mmimmn order 
is n + 1, we shall say that the two enrvos have tHmimt (if mkr 
I^et us assume a systtsm of trirtH*tangular ♦ axes in spire, stieh 
that tlie y.u plane is not parallel to the mmmmi tJuigimt at d, and 
let the equations of the two curves be 







F F(^|, 
Z v.n #{#). 


If are the coordinates of A, the eocirdinafai of At and At* 

are, respeetively, 


"P hf "p A), 4* '^)3> [»!*© 4* A, t*(f9 T A), 4'" A)J| 

wherii k is a function of k which Is cicfintd by the law of corre- 
spandenoe atiumed l^tweiin Af and M* and which ap|irtiiu.ttici w*ro 
with k We may mdcct k m the principal iiifiniteiiiiml liistiiitfl of 
the arcAAf (§211); and a nmoumtj conditloti llial lOI^ sliriulcl 
be an infinitesiimd of order n + Hs that e«4i of ilic lilfftwimts 

A «- A, F(x^ 4- A) «« + A) , #(,r^ -p k) * + A) 

♦ It li im»y to ihfor, hy pwlug to thi foiwmk fi»r ll»# tllstomw Utwmu im pdati 
la ahlfoat cdlwliaatts, that this tuttmiiUoa l» m% •wtatW. 
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should be ail infinitesimal of order w. -f- 1 or more. It follows that 
we must have 

Aj — A = F(pCQ + k) —f(Xo -f- A) = 

^(xq + *) — <l>(xo -f A) = yh^+\ 

where cc, /8, y remain finite as k approaches zero. Eeplacing k by 
its value h + from the first of these equations, the latter two 

become 

F(£Co + ^ + — f(xQ + A) = 

^(sco + ^ + arA”+^) - + A) = yA”+^ 

Expanding F(a:o 4* ^ and <&(a5o + A + by Taylor’s 

series, all the terms which contain a will have a factor ; hence, 
in order that the preceding condition be satisfied, each of the 
differences 

F(Xq + A) — f{xQ + A) , <E»(a;o + A) — <i>(xQ + A) 

should be of order ^ 4- 1 or more. It follows that if MM' is of 
order n 4- 1, the distance MN between the points M and N of the 
two curves which have the same abscissa + A will be at least of 
order w- + 1. Hence the maximum order of the infinitesimal in 
question will be obtained hy putting into con'espondence th& points 
of the> two curves which have the same abscissa. 

This maximum order is easily evaluated. Since the two curves 
are tangent we shall have 

/(x„) = F(a:o), /'(*o) = -P"(*o). ^(x.) = *(a:„), = *'(“o) • 

Let us suppose for generality that we also have 

/"(Xo) = F''(xo) , • ■ (a>o) = 

^''(x„) = •• •, 

but that at least one of the differences - 

does not vanish. Then the distance MM' will be of order n + 1 
and the contact will be of order n. This result may also be stated 
as follows : To find the order of contact of two curves T and T', con- 
sider the two sets of projections (C, C’) and (Cj, C|) of the given 
curves on the xy plane and the xz plane, respectively, and find the 
order of contact of each set ; then the order of contact of the given 
curves T and T' will be the smaller of these two. 
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If the two curves U and T' are given in the form 

(r) »=/(0. = « = ■/'(<)» 

(r') r=*(M), Z = ^(u), 

they will be tangent at a point u = t = to if 

If we suppose that f'(t^) is not zero, the tangent at the point of 
contact is not parallel to the yz plane, and the points on the two 
curves which have the same abscissa correspond to the same value 
of t. In order that the contact should be of order n it is neces- 
sary and sufficient that each of the infinitesimals ^(t) — <^(^) and 
^(0 ““ should be of order ti + 1 with respect to ^ ~ i-®* that 

we should have 

^'(to) = <l>'(to) , ■■■, (to) = (to) , 

^'(to) = ,j;'(to) , ■¥"> (to) = (to) , 

and that at least one of the differences 


<E.Cn+3)(^o) - 
should not vanish. 

It is easy to reduce to the preceding the case in which one of the 
curves V is given by equations of the form 


(67) x=f(t), y = <l>(t), ^ = 

and the other curve T' by two implicit equations 


F(x, y, ») = 0, (x, y, «) = 0 . 

Eesuming the reasoning of § 212, we could show that a necessary 
condition that the contact should he of order Ttr at a point of r 
where t = to is that we should have 


F (to) = Q, 
Fi (to) = 0 , 


( 68 ) 

where 

F(0 = -F’[/(0.<^(0>#)], 


F'(to) = 0, 

F{(fo) = 0, 


F<")(to) = 0, 
Fi»>(to) = 0, 


Fi(t) = F^lf(t), 4,(t), ^|,(t)2. 


235. OscnUting curves. Let T be a curve whose equations are 
given in the form (67), and let T' be one of a family of curves in 
2n + 2 parameters a, b, e, •••, I, which is defined by the equations 

(69) F(x,y,z,a,b,...,l) = 0, F,(x,y, z, a,b, e, ■ ■ 1) = Q . 
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In general it is possible to determine tbe 2w + 2 parameters in such 
a way that the corresponding curve T' has contact of order n with 
the given curve T at a given point. The curve thus determined is 
called the osculating curve of the family (69) to the curve F. The 
equations which determine the values of the parameters a, ^ 

are precisely the 2n + 2 equations (68), It should be noted that 
these equations cannot be solved unless each of the functions F and 
Fi contain at least n + 1 parameters. For example, if the curves 
r' are plane curves, one of the equations (69) contains only three 
parameters ; hence a plane curve cannot have contact of order 
higher than two with a skew curve at a point taken at random on 
the curve. 

Let us apply this theory to the simpler classes of curves, — the 
straight line and the circle. A straight line depends on four param- 
eters ; hence the osculating straight line will have contact of the 
first order. It is easy to show that it coincides with the tangent, 
for if we write the equations of the straight line in the form 


a: = a«4-jp, y=^hz-{-q, 


the equations (68) become 


yO = ^^0 + 99 3/0 = ^^09 


where (ccq, 3 / 0 ? ^ 0 ) is supposed point of contact on F. Solving 
these equations, we find 




2/0. 


Xq 

jp = a-o — 3 


? = 2/o- 


2^0 , 




which are precisely the values which give the tangent. A neces- 
sary condition that the tangent should have contact of the second 
order is that x'q = azl', yH = that is. 


0,^' A' 

A ^ K 

The points where this happens are those discussed in § 217. 

The family of all circles in space depends on six parameters; 
hence the osculating circle will hay® contact of the second order. 
Let the equations of the circle be written in the form 

F (x, y, z) = A(x ~ a) + B(i/ — 6) -h C(z — c) =0, 

Fi (x, y, is) = (« — ay + (2/ — Vy — c)“ — = 0, 
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where the parameters are a, c, R, and the two ratios of the three 
coefficients A, B, C, The equations which determine the osculating 
circle are 


A(x — a) A- B(y — 5) -f- C(z — c) = 0, 


4^ +£^ 4.C — 
^ dt ^ ^ dt dt 


= 0 , 


dJ^x d^v 


(a — (£f + (y — Vf + (a — c)® = 

d^x , . dJ^y , . . dj^z , dx^ + 

(«-»)^ + (y-5)^ + (.-<=)^ + — ■ 


■0, 


where a;, «/, and z are to be replaced by /(^), <^(^), and respec- 
tively. The second and the third of these equations show that the 
plane of the osculating circle is the osculating plane of the curve T. 
If a, b, and c be thought of as the running co5rdinates, the last 
two equations represent, respectively, the normal plane at the point 
(a:, 2/, z) and the normal plane at a point whose distance from 
(Xf y, z) is infinitesimal. Hence the center of the osculating circle 
is the point of intersection of the osculating plane and the polar 
line. It follows that the osculating circle coincides with the circle 
of curvature, as we might have foreseen by noticing that two curves 
which have contact of the second order have the same circle of 
curvature, since the values of y', z\ y'', are the same for the two 
curves. 


236. Contact between a curve and a surface. Let 5 be a surface 
and r a curve tangent to 5 at a point A. To any point ikf of T 
near A let us assign a point of S according to such a law that 
M and M' approach A simultaneously. Eirst let us try to find what 
law of correspondence between M and will render the order 
of the infinitesimal MM' with respect to the arc AM a maximum. 
Let us choose a system of rectangular cobrdinates in such a way 
that the tangent to r shall not be parallel to the yz plane, and that 
the tangent plane to S shall not be parallel to the z axis. Let 
Vof «o) the coordinates of ^ ; Z = F(x, y) the equation of /S ; 
y =/(aj), a; = <f>(x) the equations of V ; and n + 1 the order of the 
infinitesimal MM' for the given law of correspondence. The 
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coordinattjs of M are [xq + h, f(x^ + h), <^(a:o + A)]. Let X, F, and 
Z == F(X^ Y) be tbe coordinates of M'. In order that MM' sbonld 
Toe of order + 1 witli respect to tbe arc AM, or, what amounts to 
the same thing, with respect to h, it is necessary that each of the 
differences X -- x, Y — y, and Z — z should be an infinitesimal at 
least of order + 1, that is, that we should have 

X - ic = F - 2/ = -g- - « = F(Z, F) - 

where a, p, y remain finite as h approaches zero. Hence we shall 

have 

F{x + y + -z = 

and the difference F{x, y^ — z will be itself at least of order 
This shows that the order of the infinitesimal MN, where N is the 
point where a parallel to the z axis pierces the surface, will be at 
least as great as that of MM', The maximum order of contact — 
which we shall call the order of contact of the curve and the surface 
— is therefore that of the distance MN with respect to the arc AM 
or with respect to h. Or, again, we may say that the order of con- 
tact of the curve and the surface is the order of contact between V 
and the curve T' in which the surface S is cut by the cylinder which 
projects r upon the xy plane, (It is evident that the z axis may be 
any line not parallel to the tangent plane.) For the eq^uations of 
the curve T' are 

y =/(x), = Flx,f(x)2 = 

and, by hypothesis, 

<E>(a;o) = , <E>'(«o) = <l>X^o) • 

If we also have 

the curve and the surface have contact of order n. Since the equa- 
tion <&(«) = gives the abscissae of the points of intersection of 
the curve and the surface, these conditions for contact of order n 
at a point A may be expressed by saying that the curve meets the 
surface in -H 1 coincident points at A, 

finally, if the curve T is given by equations of the form a: =M, 
y==^(t),z = and the surface i’ is given by a single equation 
of the form F(x, y, z) = 0, the curve T' just defined. wUl have equa- 
tions of the form a: =f{t), y = <#>(0- * = ^ 

tion defined by the equation 
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III order that T and T’ should have contact of order n, the infini- 
tesimal 7r(^) — must be of order ^ + 1 with respect to ^ j 
that is, we must have 

W = ^X^o) , • • • , (^o) = (^o) * 

Using F(^) to denote the function considered in § 234, these equa- 
tions may be written in the form 

F(«o) = 0, P(g = 0, F'‘>(<„)=0. 

These conditions may be expressed by saying that the curve and 
the surface have n -\-l coincident points of intersection at their 
point of contact. 

If S be one of a family of surfaces which depends on n + 1 
parameters - Z, the parameters may be so chosen that S 

has contact of order n with a given curve at a given point ; this 
surface is called the osculating surface. 

In the case of a plane there are three parameters. The equations 
which determine these parameters for the osculating plane are 

Af (t) -1- B<l> (t) -f CV (0 + i> == 0, 
Af(t)-^B<|>•(f)A^C^f;'(t) =0, 

Af\t) + B<l>\t) + = 0. 

It is clear that these are the same equations we found before for 
the osculating plane, and that the contact is in general of the second 
order. If the order of contact is higher, we must have 

Af’\t) + B<l>’'\t) + Cf%t) == 0, 

i.e. the osculating plane must be stationary. 

237. Osculating sphere. The equation of a sphere depends on four 
parameters; hence the osculating sphere will have contact of the 
third order. Tor simplicity let us suppose that the cobrdinates 
X, y, » of a point of the given curve V are expressed in terms of the 
arc s of that curve. In order that a sphere whose center is (<x, b, c) 
and whose radius is p should have contact of the third order with 
r at a given point (x, y, z) bn T, we must have 

F(s) = 0, P(5) = 0, PXs) = 0, F'"(a) = 0, 

where 

F (s) = (a; — a)* -|- («/ — by 
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and where ?/, z are expressed as functions of s. Expanding the 
last three of the equations of condition and applying Erenet’s 
formulsB, we find 


F' (i) == (as — a)a + (2/ — 5))8 + (« — c)y = 0, 
F"(.)=(*-«)|+(y-6)f + (*-c)^'+l=0, 



~ + (y - *)'®' + (* - ")v'] = <>• 


These three equations determine a, b, and c. But the first of them 
represents the normal plane to the curve V at the point (x, z) in 
the running coordinates (a, by c), and the other two may be derived 
from this one by differentiating twice with respect to s. Hence 
the center of the osculating sphere is the point where the polar line 
touches its envelope. In order to solve the three equations we may 
reduce the last one by means of the others to the form 

dR 

(X - a) + (^ - c) 7" = T 

from which it is easy to derive the formulae 

a = x + Ra'-T~<z", b = y + Rp' - T ^ p", 

c==. + Ry’-T^y". 

Hence the radius of the osculating sphere is given by the formula 

If R is constant, the center of the osculating sphere coincides vnth 
the center of curvature, -which agrees with the result obtained in 
§233. 


238. Osculating straight Unes. If the equations of a family of 
curves depend on n 4- 2 parameters, the parameters may be chosen 
in such a way that the resulting curve C has contact of order n with 
a given surface S at a point M. For the equation which expresses 
that C meets S at Jtf and the « + 1 equations which express that 
there are » -1- 1 coincident points of intersection at M constitute 
n + 2 equations for the determination of the parameters. 
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For example, the equations of a straight line depend on four 
parameters. Hence, through each point M of a given surface 
there exist one or more straight lines which have contact of the 
second order with the surface. In order to determine these lines, 
let us take the origin at the point M, and let us suppose that the 
z axis is not parallel to the tangent plane at M. Let « = F(x, y) 
be the equation of the surface with respect to these axes. The 
required line evidently passes through the origin, and its equations 
are of the form 

a h c 

Hence the equation cp = F(ap, bp) should have a triple root p = 0 ; 
that is, we should have 

c=-. ap + bq, 

0 = a^r + 2abs + b^t, 

where g', r, s, t denote the values of the first and second deriva- 
tives of F(x, y) at the origin. The first of these equations expresses 
that the required line lies in the tangent plane, which is evident 
a priori. The second equation is a quadratic equation in the ratio 
5/a, and its roots are real if — rt is positive. Hence there are in 
general two and only two straight lines through any point of a given 
surface which have contact of the second order with that surface. 
These lines will be real or imaginary according as — rt is positive 
or negative. We shall meet these lines again in the following 
chapter, in the study of the curvature of surfaces. 

EXERCISES 

1. Find, in finite form, the equations of the evolutes of the curve which 
cuts the straight line generators of a right circular cone at a constant angle. 
Discuss the problem. 

[Licence^ Marseilles, July, 1884.] 

2. Do there exist skew curves V for which the three points of intersection 
of a fixed plane P with the tangent, the principal normal, and the binormal are 
the vertices of an equilateral triangle ? 

3. Let r he the edge of regression of a surface which is the envelope of 
a one-parameter family of spheres, i.e. the envelope of the characteristic circles. 
Show that the curve which is the locus of the centers of the spheres lies on 
the polar surface of r. Also state and prove the converse. 

4. Let r be a given skew curve, M a point on r, and 0 a fixed point in 
space. Through 0 draw a line parallel to the polar line to V at M, and lay off 
on this parallel a segment ON equal to the radius of curvature of T at M. Show 
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that the curve V' described hy the point N and the curve T" described by the 
center of curvature of T have their tangents perpendicular, their elements of 
length equal, and their radii of curvature equal, at corresponding points. 

[Bouquet.] 

5. If the osculating sphere to a given skew curve V has a constant radius a, 
show that r lies on a sphere of radius a, at least unless the radius of curvature 
of r is constant and equal to a. 

6. Show that the necessary and sufficient condition that the locus of the 
center of curvature of a helix drawn on a cylinder should be another helix on a 
cylinder parallel to the first one is that the right section of the second cylinder 
should be a circle or a logarithmic spiral. In the latter case show that all the 
helices lie on circular cones which have the same axis and the same vertex. 

[Tissot, Nouvelles Annales^ Yol. XI, 1852.] 

7^1^. If two skew curves have the same principal normals, the osculating 
planes of the two curves at the points where they meet the same normal make 
a constant angle with each other. The two points just mentioned and the cen- 
ters of curvature of the two curves form a system of four points whose anhar- 
monic ratio is constant. The product of the radii of torsion of the two curves 
at corresponding points is a constant. 

[Paul Sbrbet ; Mannheim ; Schell.] 

8*. Let », 2 be the rectangular coordinates of a point on a skew curve r, 

and a the arc of that curve. Then the curve To defined by the equations 


Xo= j* cc" ds , ^ f ’ 

where ajoi yo? 2o are the running coordinates, is called the conjugate curve to V; 
and the curve defined by the equations 

X=: acos^ + xosin^, r= ycos^ + yosin^, Z = zcos^ + iJosintf, 

where X, Y, Z are the running coordinates and ^ is a constant angle, is called 
a related curve. Find the orientation of the fundamental trihedron for each of 
these curves, and find their radii of curvature and of torsion. 

If the curvature of T is constant, the torsion of the curve To is constant, and 
the related curves are curves of the Bertrand type (§ 233). Hence find the 
general equations of the latter curves. 

9 Let r and V' be two skew curves which are tangent at a point A. From 
A lay off infinitesimal arcs AM and AM' from A along the two cnives m the 
same direction. Sind the limiting position of the line MM'. . 


10. In order that a straight line rigidly connected to f 

dron of a skew curve and passing through the vertex of the _ 

describe a developable surface, that straight line must comcide 
at least unless the given skew curve is a helix. In the latter 
infinite number of straight lines which have the required property. 
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For a curve of the Bertrand type there exist two hyperbolic paraboloids 
rigidly connected to the fundamental trihedron, each of whose generators 
describes a developable surface. 

[CbsAro, Bivista di Mathematical Vol. II, 1892, p. 156.] 

ll*. In order that the principal normals of a given skew curve should be the 
binomials of another curve, the radii of curvature and the radii of torsion of 
the first curve must satisfy a relation of the form 



where A and B are constants. 

[Mannheim, Comptes rendus, 1877.] 

[The case in which a straight line through a point on a skew curve rigidly 
connected with the fundamental trihedron is also the principal normal (or the 
binormal) of another skew curve has been discussed by Pellet {Comptes rendus. 
May, 1887), by Ceshro (NouveUes Annates^ 1888, p. 147), and by Balitrand 
(Matkesis, 1894, p. 159).] 

12. If the osculating plane to a skew curve T is always tangent to a fixed 
sphere whose center is O, show that the plane through the tangent perpen- 
dicular to the principal normal passes through 0, and show that the ratio of 
the radius of curvature to the radius of torsion is a linear function of the arc. 
State and prove the converse theorems. 
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I. CURYATURE OF CURVES DRAWN ON A SURFACE 


239. Fundamental formula. Meusnier’s theorem. In order to study 
the curvature of a surface at a non-singular point AT, we shall sup- 
pose the surface referred to a system of rectangular coordinates 
such that the axis of z is not parallel to the tangent plane at M. 
If the surface is analytic, its equation may he written in the form 


( 1 ) 

where F(x^ y) is developable in power series according to powers of 
aj — cco and y — yo in the neighborhood of the point M t/oj «o) 
(§ 194). But the arguments which we shall use do not require the 
assumption that the surface should be analytic : we shall merely 
suppose that the function Fix, y), together with its first and second 
derivatives, is continuous near the point (xo? 2/0) shall use 

Mongers notation, p, q, r, 5, t, for these derivatives. 

It is seen immediately from the equation of the tangent plane 
that the direction cosines of the normal to the surface are propor- 
tional to p, q, and — 1. If we adopt as the positive direction of the 
normal that which makes an acute angle with the positive z axis, 
the actual direction cosines themselves X, /i, v are given by the 
formulae 

— P — q ,^1— — . 

(2^ ^ ^ Vi+yTT*' ” Vi+y + j* 

Let C be a curve on the surface S through the point Af, and let 
the equations of this curve be given in parameter form; then the 
functions of the parameter which represent the coordinates of a 
point of this curve satisfy the equation (1), and hence their differ- 
entials satisfy the two relations 


( 3 ) 

( 4 ) 


dz =^pdx -{-qdy, 

(Pz=pd^x -f- q d^y -f- r + 2$dx dy-\‘t dy^. 

m 
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The first of these equations means that the tangent to the curve C 
lies in the tangent plane to the surface. In order to interpret the 
second geometrically, let us express the differentials which occur in 
it in terms of known geometrical quantities. If the independent 
variable be the arc o- of the curve <7, we shall have 

clx __ ^ ^ d^y _ ^ __ y' 

5 ^““’ Ar^~R’ da^~ r’ d<^~W 

where the letters a, yS, y, a', y\ R have the same me anings as in . 
§ 229. Substituting these values in (4) and dividing by Vl 
that equation becomes 

y' — pa* — __ ra^ + 2saP + 

R Vl Vl + + 2^^ 

or, by (2), 

Xa' 4- 4- vy^ __ + 2gayg 4- 

R Vl + +7^ 

But the numerator Xa' 4- /xyS' + vy' is nothing but the cosine of the 
angle 6 included between the principal normal to C and the positive 
direction of the normal to the surface ; hence the preceding formula 
may be written in the form 

cos 0 __ ra^ + 2saP + 

R VH- 4- 2^2 

This formula is exactly equivalent to the formula (4); hence it 
contains all the information we can discover concerning the curva- 
ture of curves drawn on the surface. Since R and Vl4j?®4-^‘^ 
are both essentially positive, cos $ and ra^ 4 2sap 4 have the same 
sign, i.e. the sign of the latter quantity* shows whether 0 is acute or 
obtuse. In the first place, let us consider all the curves on the sur- 
face 5 through the point M which have the same osculating plane 
(which shall be other than the tangent plane) at the point M. All 
these curves have the same tangent, namely the intersection of the 
osculating plane with the tangent plane to the surface. The direc- 
tion cosines or, y therefore coincide for all these curves. Again, 
the principal normal to any of these curves coincides with one of 
the two directions which can be selected upon the perpendicular to the 
tangent line in the osculating plane, Let <o be the angle which the 
normal to the surface makes with one of these directions j then we 
shall have 0 = 0 ) or ^==7r — a>. But the sign of ra^ + 2sap -f- 
shows whether the angle 6 is acute or obtuse j hence the positive 
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directioa of the principal normal is the same for all these curves. 
Since 6 is also the same for all the curves, the radius of curvature 
i? is the same for them all ; that is to say, all the curves on the sur- 
face through the ^oint M tvhich have the same osculating plane have 
the same center of curvature. 

It follows that we need only study the curvature of the plane 
sections of the surface. Eirst let us study the variation of the 
curvature of the sections of the surface by planes which all pass 
through the same tangent MT. We may suppose, without loss of 
generality, that ra^ + 2safi -h > 0, for a change in the direction 
of the z axis is sufficient to change the signs of r, s, and t. For all 
these plane sections we shall have, therefore, cos ^ > 0, and the 
angle B is acute. If be the radius of curvature of the section 
by the normal plane through MT, since the corresponding angle B 
is zero,' we shall have 

1 ra^ + 2soc^ 4- 

Ri + 

Comparing this formula with equation (5), which gives the radius 
of curvature of any oblique section, we find 


or i2 = JRi cos B, which shows that the center of curvature of any 
oblique section is the projection of the center of aurvature of the 
normal section through the same tangent line. This is Meusnier’s 
theorem. 

The preceding theorem reduces the study of the curvature of 
oblique sections to the study of the curvature of normal sections. 
We shall discuss directly the results obtained by Euler. First let 
us remark that the formula (5) will appear in two different forms 
for a normal section according as ra^ + 2sa^ + 1^^ is positive or 
negative. In order to avoid the inconvenience of, can-ying these 
two signs, we shall agree to affix the sign + or the sign — ■ to the 
radius of curvature i2 of a normal section according as the direction 
from M to the center of curvature of the section is the same as or 
opposite to the positive direction of the normal to the surface. 
With this convention, R is given in either case by the formula 

1 ro^ 4 “ + t^ ^ 

R 


( 7 ) 
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which shows without ambiguity the direction in which the center 
of ourrature lies. 

From (7) it is easy to determine the position of the surface with 
respect to its tangent plane near the point of tangency. For if 
^ — rt<0y the quadratic form ra^ + 2s<x/3 +• keeps the same 
sign — the sign of r and of t — as the normal plane turns around 
the normal; hence all the normal sections have their centers of 
curvature on the same side of the tangent plane, and therefore all 
lie on the same side of that plane : the surface is said to be convex 
at such a point, and the point is called an elliptic point. On the 
contrary, if 8^ -^rt> 0, the form ra^ -j- 2sa^ + vanishes for two 
particular positions of the normal plane, and the corresponding 
normal sections have, in general, a point of inflection. When the 
normal plane lies in one of the dihedral angles formed by these two 
planes, R is positive, and the corresponding section lies above the tan- 
gent plane; when the normal plane lies in the other dihedral angle, 
R is negative, and the section lies below the tangent plane. Hence 
in this case the surface crosses its tangent plane at the point of 
tangency. Such a point is called a hyperbolic point. Finally, if 
= 0, all the normal sections lie on the same side of the tan- 
gent plane near the point of tangency except that one for which 
the radius of curvature is infinite. The latter section usually 
crosses the tangent plane. Such a point is called a parabolic point. 

It is easy to verify these results by a direct study of the differ- 
ence u=z z — z' of the values of z for a point on the surface and for 
the point on the tangent plane at M which projects into the same 
point (a;, y') on the xy plane. For we have 


z’ ^p(x — Xq) 4- q(^y — 2/o) > 
whence, for the point of tangency (xq, yo), 


and 


du dz^ 



— =r 

’ dxdy 


/» < 0, M is a maximum or a minimum at M 

(§ 56), and since « vanishes at M, it has the same sign for all other 
^ints m the neighborhood. On the other hand, if s“-r<> 0, u 
has neither a maximum nor a minimum at M, and hence it changes 
Sign in any neighborhood of M, 



XII, § 240] 


CURVES OK A SURFACE 


501 


240. Euler’s theorems. The indicatrix. In order to study the varia- 
tion of the radius of curvature of a normal section, let us take the 
point M as the origin and the tangent plane at M as the xy plane. 
With such a system of axes we shall have p = = 0, and the 
formula (7) becomes 

(8) ^ ~ ^ -j- 25 cos ^ sin t sin**«j!>, 

where is the angle which the trace of the normal plane makes 
with the positive x axis. Equating the derivative of the second 
member to zero, we find that the points at which R may be a maxi- 
mum or a minimum stand at right angles. The following geomet- 
rical picture is a convenient means of visualizing the variation of R, 
Let us lay off, on the line of intersection of the normal plane with 
the xy plane, from the origin, a length Om equal numerically to the 
square root of the absolute value of the corresponding radius of cur- 
vature. The point m will describe a curve, which gives an instanta- 
neous picture of the variation of the radius of curvature. This cxirve 
is called the indicatrix. Let us examine the three possible cases. 

1) s^ — rt< 0. In this case the radius R has a constant sign, which 
we shall suppose positive. The coordinates of tw- are f = Ve cos 
and = Ve sin ; hence the equation of the indicatrix is 

(9) 

which is the equation of an ellipse whose center is the origin. It is 
clear that is at a maximum for the section made by the normal 
plane through the major axis of this ellipse, and at a minimum for 
the normal plane through the minor axis. The sections made by two 
planes which are equally inclined to the two axes evidently have the 
same curvature. The two sections whose planes pass through the 
axes of the indicatrix are called the principal normal sections, and 
the corresponding radii of curvature are called the principal radii of 
curvature. If the axes of the indicatrix are taken for the axes of x 
and y, we shall have 5 = 0, and the formula (8) becomes 

i = rcos®<#» + jf sin^<3t>. 

it 

With these axes the principal radii of curvature Ri and R^ correspond 
to <#> = 0 and ^ = 7r/2, respectively ; hence l/7?i = r, IJR^ = t, and 

i. — sin^<^ 

/e”" R<> 


( 10 ) 
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2) ^rt> 0. The normal sections which correspond to the 
values of ^ which satisfy the equation 

T cos^<j> + 2s cos <f> sin <f> -j- t sin^<^ = 0 

have infinite radii of curvature. Let Z{0Zi and LIOL^ be the inter- 
sections of these two planes with the xy plane. When the trace of 
bhe normal plane lies in the angle LiOL^, for example, the radius 
of curvature is positive. Hence the corresponding portion of the 
indicatrix is represented by the equation 

re ^2siyj^tyf=.l, 

where ^ and tj are, as in the previous case, the coordinates of the 
point m. This is an hyperbola whose asymptotes are the lines 
L[OLi and When the trace of the normal plane lies in the 

other angle L^OLi, R is negative, and the coordinates of m are 

i = V— R cos <l>, i; = V— sin <j5>. 

Hence the corresponding portion of the indicatrix is the hyperbola 

which is conjugate to the preceding hyperbola. These two hyper- 
bolas together form a picture of the variation of the radius of curva- 
ture in this case. If the axes of the hyperbolas be taken as the 
X and y axes, the formula (8) may be written in the form (10), as in 
the previous case, where now, however, the principal radii of curva- 
ture Ri and R^ have opposite signs. 

3) — rt = 0. In this case the radius of curvature i? has a 
fixed sign, which we shall suppose positive. The indicatrix is still 
represented by the equation (9), but, since its center is at the origin 
and it is of the parabolic type, it must be composed of two parallel 
straight lines. If the axis of y be taken parallel to these lines, we 
shall have 5 = 0, ^ = 0, and the general formula (8) becomes 

1 

~ = rcos^«#,, 
or 

1 _ eos^<l> 

R'^ R^ 

This case may also be considered to be a limiting case of either of 
the preceding, and the formula just found may be thought of as th© 
limiting case of (10), when R 2 becomes infinite. 
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Euler’s formulae may be established without using the formula (5). Taking 
the point M of the given surface as the origin and the tangent plane as the xy 
plane, the expansion of z by Taylor’s series may be written in the form 

rx® -j- 2sxy + ty^ 

z = 

1.2 ’ 

where the terms not written down are of order greater than two. In order 
to find the radii of curvature of the section made by a plane y = x tan 0, we 
may introduce the transformation 

X = x'cos0 — y'sin0, y — x'sin0 + y'cos<f>, 
and then set y' = 0 . This gives the expansion of z in powers of x', 

_ r cos*0 4- 25sin0 COS0 + ^ sm2 0 

_ a +..., 

which, by § 214, leads to the formula (8). 

Notes. The section of the surface by its tangent plane is given by the equation 
0 = rx2 ^ 25xy + ty^ 4 2/) 4 • • • , 

and has a double point at the origin. The two tangents at this point are the 
asymptotic tangents. More generally, if two surfaces S and Si are both tangent 
at the origin to the xy plane, the projection of their curve of intersection on the 
xy plane is given by the equation 

0 = (r — ri)x2 4 2(5 — Si)xy 4 (t ~ ti)y^ H , 

where ri, 81 , h have the same meaning for the .surface Si that r, s, t have 
for 8. The nature of the double point depends upon the sign of the expression 
(a — 5 i)^— (r -■ ri){t - ti). If this expression is zero, the curve of intersection 
has, in general, a cusp at the origin. 

To recapitulate, there exist on any surface four remarkable posi- 
tions for the tangent at any point : two perpendicular tangents for 
•wliich the corresponding radii of curvature have a maximum or a 
minimum, and two so-called asymptotic^ or principal,* tangents, for 
wliich the corresponding radii of curvature are infinite. The latter are 
to be found by equating the trinomial + 2sap -f t^"^ to zero (§ 238). 
We proceed to show how to find the principal normal sections and 
the principal radii of curvature for any system of rectangular axes. 

241. Principal radii of curvature. There are in general two different 
normal sections whose radii of curvature are equal to any given 
value of R. The only exception is the case in which the given 
value of R is one of the principal radii of curvature, in which case 


* The reader should distinguish sharply the directions of the principal tangents 
(the asymptotes of the indicatrix) and the directions of the principal normal sections 
(the axes of the indicatrix). To avoid confusion we shall not use the teirn principal 
fanyeTK. —T bans. 
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only tlie corresponding principal section has the assigned radius 
of curvature. To determine the normal sections whose radius of 
curvature is a given number M, we may determine the values of 
ay fiy y by the three equations 

+ 2sa^ + y=pa + qP, a^ + ^ + y^=l. 

Jx 

It is easy to derive from these the following homogeneous combinar 
tion of degree zero in a and : 

VTT^^T? _ + 2sa p + 

R + (pa H- yfif 

It follows that the ratio j^/a is given by the equation 
p^ — tD) 4" ^^P(P9! (1 + 

where R = D 2'®. If this equation has a double root, that 
root satisfies each of the equations formed by setting the two first 
derivatives of the left-hand side with respect to a and equal to 
zero : 

^ ( a(pq-sD) + IB(l+q^-tD) = 0. 

Eliminating a and p and replacing D by its value, we obtain an 
equation for the principal radii of curvature : 

^ Urt-^s^)R^--VlTp^^l(l+P^^^ 

^ M +(l + i?^ + ?T = 0. 

On the other hand, eliminating D from the equations (12), we obtain 
an equation of the second degree which determines the lines of inter- 
section of the tangent plane with the principal normal sections ; 

-\-al3l(l+p^)i-~(l+ q^) r] fi^ipqt - (1 + - 0 . 

From the very nature of the problem the roots of the equations (13) 
and (14) will surely be real. It is easy to verify this fact directly. 

In order that the equation for R should have equal roots, it is 
necessary that the indicatrix should be a circle, in which case all 
the normal sections will have the same radius of curvature. Hence 
the second member of (11) must be independent of the ratio p/ay 
which necessitates the equations 

r 5 __ t 

l’\-p^'^ pq^ 



( 15 ) 
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The points which satisfy these equations axe called umbilics. At 
such points the equation (14) reduces to an identity, since every 
diameter of a circle is also an axis of symmetry. 

It is often possible to determine the principal normal sections 
from certain geometrical considerations. For instance, if a surface 
S has a plane of symmetry through a point M on the surface, it is 
clear that the line of intersection of that plane with the tangent 
plane at Af is a line of symmetry of the indicatrix ; hence the sec- 
tion by the plane of symmetry is one of the principal sections. For 
example, on a surface of revolution the meridian through any point 
is one of the principal normal sections ; it is evident that the plane 
of the other principal normal section passes through the normal to 
the surface and the tangent to the circular parallel at the point. 
But we know the center of curvature of one of the oblique sections 
through this tangent line, namely that of the circular parallel itself. 
It follows from Meusnier’s theorem that the center of curvature of 
the second principal section is the point where the normal to the 
surface meets the axis of revolution. 

At any point of a developable surface, s* — = 0, and the indicar 

trix is a pair of parallel straight lines. One of the principal sec- 
tions coincides with the generator, and the corresponding radius of 
curvature is infinite. The plane of the second principal section is 
perpendicular to the generator. All the points of a developable 
surface are parabolic, and, conversely, these are the only surfaces 
which have that property (§ 222). 

If anon-developable surface is convex at certain points, while other 
points of the surface are hyperbolic, there is usually a line of para- 
bolic points which separates the region where s* - is positive from 
the region where the same quantity is negative. For example, on the 
anchor ring, these parabolic lines are the extreme circular parallels. 


In general there are on any convex surface only a finite number of umbilics. 
W© proceed to show that the only real surface for which every point is an 
umbilic is the sphere. Let X, be the direction cosines of the normal to the 
surface. Differentiating (2), we find the formula 


d\ PQ'S — (l + Q'^r + 


8/a 

dz 




8X 
dv ' 


= 0 , 




or, toy ( 16 ), 
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The first equation shows that X is independent of the second that /x is inde- 
pendent of X \ hence the common value of 0X/0x, dti/dy is independent of both 
X and 2/, i.e. it is a constant, say 1/a. This fact leads to the equations 

^ _ X — xq _ y — yo ^ _ Va^ ^ (x xp)^ — (y — yo)^ 

_ X X — Xq 

^ V Va2 — (x — xo)2 — (y - yo)^’ 

__ M y ~yo 

V Va2 - (X - xo)^ - (y - yo)^’ 
whence, integrating, the value of z is found to be 

2 = 2o + Va^ - (X - Xo)2 - (y - yo)'^ , 

which is the equation of a sphere. It is evident that if SX/Sx = 0/x/0y = 0, the 
surface is a plane. But the equations (16) also have an infinite number of 
imaginary solutions which satisfy the relation 1 + ^2 q, as we can see by 

difierentiating this equation with respect to x and with respect to y. 


II. ASYMPTOTIC LINES CONJUGATE LINES 

242. Definition and properties of asymptotic lines. At every hyper- 
bolic point of a surface there are two tangents for which the corre- 
sponding normal sections have infinite radii of curvature, namely 
the asymptotes of the indicatrix. The curves on the given surface 
which are tangent at each of their points to one of these asymptotic 
directions are called asymptotic lines. If a point moves along any 
curve on a surface, the differentials dx, dy, dz are proportional to 
the direction cosines of the tangent. For an asymptotic tangent 
+ 2sap + _ q . h^ence the differentials dx and dy at any point 

of an asymptotic line must satisfy the relation 

(16) r dx^ 2s dx dy 1 dy^ = 0 . 

If the equation of the surface be given in the form z = F(x, y), and 
we substitute for r, s, and t their values as functions of x and y, 
this equation may be solved for dyjdx^ and we shall obtain the two 
solutions 

We shall see later that each of these equations has an infinite num- 
ber of solutions, and that every pair of values (ccq, 2/o) determines 
in general one and only one solution. It follows that there pass 
through every point of the surface, in general, two and only two 
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asymptotic lines : all these lines together form a double system of 
lines upon the surface. 

Again, the asymptotic lines may be defined without the use of 
any metrical relation : the asymptotic lines on a surface are those 
curves for which the osculating plane always coincides with the tanr 
gent plane to the surface. Eor the necessary and sufdcient condition 
that the osculating plane should coincide with the tangent plane to 
the surface is that the equations 


dz —pdx — qdy d^z — pd^x — gd^y = 


should be satisfied simultaneously (see § 215). The first of these 
equations is satisfied by any curve which lies on the surface. Dif- 
ferentiating it, we obtain the equation 

d^z—p d^x — g d^y — dp dx — dg dy 0 , 

which shows that the second of the preceding equations may be 
replaced by the following relation between the fiixst differentials : 


(18) 


dp dx dgdy= 0, 


an equation which coincides with (16). Moreover it is easy to 
explain why the two definitions are equivalent. Since the radius of 
curvature of the normal section which is tangent to an asymptote 
of the indicatrix is infinite, the radius of curvature of the asymp- 
totic line will also be infinite, by Meusnier’s theorem, at least unless 
the osculating plane is perpendicular to the normal plane, in which 
case Meusnier's theorem becomes illusory. Hence the osculating 
plane to an asymptotic line must coincide with the tangent plane, 
at least unless the radius of curvature is infinite ; but if this were 
true, the line would be a straight line and its osculating plane 
would be indeterminate. It follows from this property that any 


projective transformation carries the asymptotic lines into asymp- 
totic lines. It is evident also that the differential equation is of 
the same form whether the axes are rectangular or oblique, for the 
equation of the osculating plane remains of the same form. 

It is clear that the asymptotic lines exist only in case the points ot 
the surface are hyperbolic. But when the surface is analytic the 
differential equation (16) always has an infinite number of solu- 
tions, real or imaginary, whether s^^His positive or negative. As a 
generalization we shall say that any convex surface possesses two sys- 
terns of imaginary asymptotic lines. Thus the asymptotic Imes of an 
unparted hyperboloid are the two systems of rectilmear generators. 



508 


SURFACES 


[XII, § 243 


For an ellipsoid, or a sphere these generators are imaginary, but 
they satisfy the differential equation for the asymptotic lines. 

Example, Let us try to find the asymptotic lines of the surface 
z = 

In this example we have 

r = m{m — 5 = t = n(n — 

and the differential equation (16) may he written in the form 

This equation may he solved as a quadratic in {ydx)/(xdy). Let hi and Aa he 
the solutions. Then the two families of asymptotic lines are the curves which 
project, on the xy plane, into the curves 

yh=C2X. 


243. Differential equation in parameter form. Let the equations of 
the surface be given in terms of two parameters u and v : 

(19) X =/(w, v)j y = z = v ) . 

Using the second definition of asymptotic lines, let us w-rite the 
equation of the tangent plane in the form 

(20) A(X ~ a;) + B(Y - y) + C(Z - «) = 0, 
where Aj and C satisfy the equations 


( 21 ) 








' 0 , 


which Me the equations for A, B, and C found in § 39. Since .the 
osculating plane of an asymptotic line is the same as this tangent 
plane, these same coefilcients must satisfy the equations 

Adx +Bdy +Cd» =0, 

A (i** + Bd?y + CiPa = 0. 

The first of these equations, as above, is satisfied identically. Differ- 
entiating it, we see that the second may be replaced by the equation 

(^2) dA dx + dBdy + dCdK = (i, 

which is the required differential equation. If, for example, we 
set C = - 1 in the equations (21), A and B are equal, respectively, 
to the partial derivatives and q of a with respect to * and y, and 
the equation (22) coincides with (18). 
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JSxamples. As an example let us consider the conoid z = 4>(y/x), This equa> 
tion is equivalent to the system x = u, y = uv^ z = 0(u), and the equations (21) 
become 

A + Bn = 0, + C^'{v) = 0. 

These equations are satisfied if we set 0 = — w, A = - v4>'{v), B = (f/(v ) ; hence 
the equation (22) takes the form 

u4>'\v) dn® — 2^'(n) dudv = 0. 

One solution of this equation is n = const., which gives the rectilinear genera- 
tors. Dividing by dn, the remaining equation is 

dv _2du 
4>'{v) u * 

whence the second system of asymptotic lines are the curves on the surface 
defined by the equation = K<f>'(v), which project on the xy plane into the 
curves 

Again, consider the surfaces discussed by Jamet, whose equation may be 
written in the form 

x/g) = F(.). 

Taking the independent variables z and u ^ y/x, the differential equation of 
the asymptotic lines may be written in the form 




F"{z) 


m 


dz=± 



from which each of the systems of asymptotic lines may be found by a single 
quadrature. 

A helicoid is a surface defined by equations of the form 

x = pcos«, y = psin«, x =/(p) + hw. 

The reader may show that the differential equation of the asymptotic lin^ is 
pf"(p) dp^ - 2h dM dp + p*/'(p) 0 » 


from which w may be found by a single quadrature. 


244;. Asymptotic lines on a ruled surface. Eliminating A, and C 
between the equations (21) and the equation 

we find the general differential equation of the asymptotic, lines : 


( 23 ) 



d<f> 


du 

du 

du 


d<f> 

d^ 

dv 

dv 

dv 

d^x 

d^y 

d^z 
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This equation does not contain the second differentials d^u and d^v, 
for we have 

cit ov oudv ov^ 


and analogous expressions for d^y and d^z. Subtracting frona the 
third row of the determinant (23) the first row multiplied by d^u 
and the second row multiplied by d^Vj the differential equation 
becomes 


du^ ' 


Sf 

d<l> 


du 

du 

du 


d<i> 


dv 

dv 

dv 

• dudv + dv^ 

; cv^ 

... 



= 0 . 


Developing this determinant with respect to the elements of the 
first row and arranging with respect to dii ahd dv, the equation 
may be written in the form 


(24) D du^ + 2D' du dv + dv^ = 0 , 

where D, and D'' denote the three determinants 


dx 


dz 


dx 

djj_ 

dz 

du 

du 

du 


du 

du 

du 

dx 

Im. 

dz 

D' = 

dx 


dz 

dv 

dv 

dv 

, 

dv 

dv 

dv 

d^x 

Iv 

dH 


d^x 

d^y 

d^z 

du^ 

du^ 

du^ 


du dv 

dudv 

du dv 


dx 

Zy 

dz 

du 

du 

du 

dx 


dz 

dv 

dv 

dv 

dH 


d^z 

dv^ 

dv"^ 

dv^ 


As an application let us consider a ruled surface, that is, a surface 
whose equations are of the form 


x = Xo + au, y = + z:=Zo-i-yUj 

where Xo^yQ^ Zq, a, /?, y are all functions of a second variable param- 
eter V. If we set u = 0, the point (ojq, yo, Zq) describes a certain 
curve r which lies on the surface. On the other hand, if we set 
V = const, and let u vary, the point (x, y, z) will describe a straight- 
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line generator of the ruled surface, and the value of u at any point 
of the line will be proportional to the distance between the point 
(cc, 2/j «) and the point (£Co, ^o) at which the generator meets the 

curve r. It is evident from the formulae (25) that i) = 0, that D' 
is independent of -w, and that D" is a polynomial of the second 
degree in u: 

1 « 1 




acj -f- 

5c{' 4- 


Since dv is a factor of (24), one system of asymptotic lines consists 
of the rectilinear generators v = const. Dividing by dv, the remain- 
ing differential equation for the other system of asymptotic lines is 
of the form 

(26) + + JfM + ivr = 0, 


where L, M, and N are functions of the single variable v. An equa- 
tion of this type possesses certain remarkable properties, which we 
shall study later. Eor example, we shall see that the anharmonic 
rdtio of any four solutions is a constant. It follows that the anhar- 
monic ratio of the four points in which a generator meets any four 
asymptotic lines of the other system is the same for all generators, 
which enables us to discover all the asymptotic lines of the second 
system whenever any three of them are known. We shall also 
see that whenever one or two integrals of the equation (26) are 
known, all the rest can be found by two quadratures or by a single 
quadrature. Thus, if all the generators meet a fixed straight line, 
that line will be an asymptotic line of the second system, and all 
the others can be found by two quadratures. If the surface pos- 
sesses two such rectilinear directrices, we should know two asymp- 
totic lines of the second system, and it would appear that another 
quadrature would be required to find all the others. But we can 
obtain a more complete result. Eor if a surface possesses two 
rectilinear directrices, a projective transformation can be found 
which will carry one of them to infinity and transform the surface 
into a conoid ; but we saw in § 243 that the asymptotic lines on a 
conoid could be found without a single quadrature. 


245. Conjugate lines. Any two conjugate diameters of the indica- 
trix at a point of a given surface S are called conjugate tangents. 
To every tangent to the surface there' corresponds a conjupte 
tangent, which coincides with the first when and only when the given 
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tangent is an asymptotic tangent. Let ^ = JP(£c, y) be the equation of 
the surface Sj and let m and wJ be the slopes of the projections of 
two conjugate tangents on the xy plane. These projections on the 
xy plane must be harmonic conjugates with respect to the projec- 
tions of the two asymptotic tangents at the same point of the sur- 
face. But the slopes of the projections of the asymptotic tangents 
satisfy the equation 

r -f-25/u. + = 0. 

In order that the projections of the conjugate tangents should be 
harmonic conjugates with respect to the projections of the asymp- 
totic tangents, it is necessary and sufficient that we should have 

(27) r -f- s (m + m') -f = 0 . 

If (7 be a curve on the surface S, the envelope of the tangent 
plane to S at points along this curve is a developable surface which 
is tangent to S all along C. At every ^oint M of C the generator of 
this devdopahle is the conjugate tangent to the tangent to C. Along 
Vi Pi and q are functions of a single independent variable a. 
The generator of the developable is defined by the two equations 

Z^z^p(X^x)^q(Y^y)^0, 

-- dz p dx qdy dp(X — a:) — dq(Y — y) s= 0, 

the last of which reduces to 


Y — y __ ^ ^ ^ ^ rdx + sdy 
X — X dq sdx -h tdy 

Let m be the slope of the projection of the tangent to C and the 
slope of the projection of the generator. Then we shall have 



Z-aj 


m' 


and the preceding equation reduces to the form (27), which proTes 
the theorem stated above. 

Two one-parameter families of curves on a surface are said to 
form a conjugate network if the tangents to the two curves of the 
two families which pass through any point are conjugate tangents 
at that point. It is evident that there are an infinite number of 
conjugate networks on any surface, for the first family may be 
assigned arbitrarily, the second family then being determined by a 
differential equation of the first order. 
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Given a surface represented by equations of the form (19), let us find the 
conditions under which the curves u = const, and v = const, form a conjugate 
network. If we move along the curve d = const., the characteristic of the 
tangent plane is represented by the two equations 

A(X - ») + B{Y -.y)^C(Z-z) = 0, 

In order that this straight line should coincide with the tangent to the curve 
u = const., whose direction cosines are proportional to Sjb/Sv, dy/dv, dz/dv, it 
is necessary and sufficient that we should have 



dv dv 


: 0 , 


dA dz ^ dB dy ^ dC dz 
du dv du dv du dv 


Differentiating the first of these equations with regard to u, we see that the 
second may be replaced by the equation 


(28) 


A-^+ + C-^ 

du dv du dv du dv 


= 0 , 


and finally the elimination of A, B, and C between the equations (21) and (28) 
leads to the necessary and sufficient condition 


dx 

dy 

dz 

du 

du 

du 

dx 

dy 

dz 

dv 

dv 

dv 

d^x 

d^y 

d^z 

du dv 

du dv 

dudv 



This condition is equivalent to saying that », 3 /, z are three solutions of a 
differential equation of the form 


(29) 


du dv du dv 


where M and N are arbitrary functions of u and v. It follows that the knowl- 
edge of three distinct integrals of an equation of this form is sufficient to 
determine the equations of a surface which is referred to a conjugate network. 
Por example, if we set if = N" = 0 , eveiy integral pf the equation (29) is 
the sum of a function of u and a function of v ; hence, on any surface whose 
equations are of the form 

(80) x=/(u)+fi(v), y = «(u)+^i(®), z = f(it) + i('i(»), 

the curves (u) aud (v) form a conjugate network. 

Surfaces of the type (30) are called surfaces of trasMion. Any such surface 
may be described in two different ways by giving one rigid curve F a motion of 
translation such that one of its points moves along another rigid curve F'. Bor, 
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let ATo, ifi , Af 2 , Jlf be four points of the surface which correspond, respectively, 
to the four sets of values (wo, Do), (w, Do), (wo» ^)» 'w) of the parameters u and v. 

By (30) these four points are the vertices of a plane parallelogram. If Do is fixed 
and u allowed to vary, the point Mi will describe a curve r on the surface j like- 
wise, if Wo is kept fixed and d is allowed to vary, the point Ma will describe 
another curve T' on the surface. It follows that we may generate the surface by 
giving r a motion of translation which causes the point Ma to describe T', or by 
giving r' a motion of translation which causes the point Mi to describe r. It is 
evident from this method of generation that the two families of curves (u) and (d) 
are conjugate. For example, the tangents to the different positions of at the 
various points of F form a cylinder tangent to the surface along F ; hence the 
tangents to the two curves at any point are conjugate tangents. 


III. LINES OF CURVATURE 


246. Definition and properties of lines of curvature. A curve on a 
given surface S is called a line of curvature if the normals to the 
surface along that curve form a developable surface. If z =/(£e, y) 
is the equation of the surface referred to a system of rectangular 
axes, the equations of the normal to the surface are 


(31) 


(32) 


' — qZ + (y + 2'»). 

The necessary and sufficient condition that this line should describe 
a developable surface is that the two equations 

j — Z -f- d(x + y>z) = 0 , 

Zdq-{- d{y + qz) = 0 

should have a solution in terms of .2^ (§ 223), that is, that we 
should have 

d{x +pz) ^ d(y -h qz) 
d'p dq 

or, more simply, 

dx ^'pdz ^ dy qdz 
dp "" 

Again, replacing dz^ dp, and dq by their values, this equation may 
be written in the form 


(33) 0- + P^)da:+pqdy ^ pg dx q’^dy 

rdx + sdy sdx + tdy 

This equation possesses two solutions in dyfdx which are always 
real and unequal if the surface is real, except at an umbilic. For, 
if we replace dx and dy by a and respectively, the preceding 
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eq^xiation. witli the equation, found above [(14), § 241] for 

tlie the lines of intersection of the principal normal 

sections the tangent plane. It follows that the tangents to the 

lines of eixx'vature through any point coincide with the axes of the 
iiidicatrixL. shall see in the study of differential equations that 

there is oixo and only one line of curvature through every non- 
singnlan ]poiiit of a surface tangent to each one of the axes of the 
indicatri^c f^sit point, except at an umbilic. These lines are 

stl'ways nosbX if surface is real, and the network which they form 
is at once orthogonal and conjugate, — a characteristic property. 


-ETxamjpZe. Let us determine the lines of curvature of the paraboloid z 
1 x 1 tnis example 


y 


q = . 


a' ^ a 
and tLe differential equation (33) is 

( 0,2 -f- q/^) dz^ = (a2 + »2) dy^ or 


r = t = 0, 


dx 


dy 


Vy* + a* 

If w© talxe -fcli© positive sign for both radicals, the general solution is 

<^05 + V®*-* -f* a2)(y + Vy2 + = C, 

which, gives one system of lines of curvature. If we set 
(34) \ = x Vy^ -+• 4- y V®* + a®, 

the equatloxx of this system may be written in the form 


, = 0 . 


X + VX2 + ^ = 0 

hy virtuLO of the identity 

Qe. + V VPT^)“ + a* = i^V + V(»» + + ®”)]’ 

It follows that the projec.-ona of the lines of curvature of this first system are 
representsa. Toy the equation (34), where Xk an arbitrary constant. « mj he 
shown in tlie same manner that the projections of the Imes of curva 
othex sysfexn are represented by the equation 


(36) 


X Vy2 V®2 + ^ 


:Froin. tihi© equation xy = az of the given paraboloid, the equations (34) and 
(36) may h>e written in the form 

Vx^ + ^ Vy2 + = C, V®2 + - Vy3 + ^ 

Bnt the expressions + ^ and Vi;^ iS 

tances of tlie point (x, v, z) from the axes of x S'td y- o dlference 

of curv>atxi.r-e on the paraboloid are those curves for whzch the mm or 
of the aistccnces of any point upon them from tU axes ofxavdytsa constant. 
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247. Evolute of a surface. Let C be a line of curvature on a sur- 
face S, As a point M describes the curve C, the normal MN to the 
surface remains tangent to a curve F. Let (X, Y, Z) be the coor- 
dinates of the point A at which MJY is tangent to F. The ordinate 
Z is given by either of the equations (32), which reduce to a single 
equation since C is a line of curvature. The equations (32) may 
he written in the form 


rdx-^sdy $dx A- 

Multiplying each term of the first fraction by dx, each term of the 
second by and then taking the proportion by composition, we 
find 

Z z — + (pdx -h q dijY 

rdx^ A-2sdxdy t dy^ 

Again, since dx, d\j^ and dz are proportional to the direction cosines 
a, /8, y of the tangent, this equation may be written in the form 

TO? 4- 2sa^ H- TO? 4“ 28a^ 4- tf? 


Comparing this formula with (7), which gives the radius of curva- 
ture i2 of the normal section tangent to the line of curvature, with 
the proper sign, we see that it is equivalent to the equation 


(36) 


n 


Vl 4- ^2 


= Av, 


where v is the cosine of the acute angle between the z axis and the 
positive direction of the normal. But z 4* Yiv is exactly the value 
of Z for the center of curvature of the normal section under con- 
sideration. It follows that the jpoint of txngew^y A of the normal 
MN to its envelope F coincides with the centCT of cuTVCduTe of the 
pTincipal normal section tangent to C at M. Hence the curve F is 
the locus of these centers of curvature. If we consider all the lines 
of curvature of the system to which C belongs, the locus of the cor- 
responding curves F is a surface to which every normal to the 
given surface S is tangent. For the normal MJST, for example, is 
tangent at A to the curve F which lies on % 

The other line of curvatxue O' through M cuts C at right angles. 
The normal to S along C" is itself always tangent to a curve F' 
which is the locus of the centers of curvature of the normal sections 
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tangent to C. The locus of this curYe T’ for all the lines of cnrvar 
ture of the system to which C' belongs is a surface 3' to which all 
the normals to S are tangent. The two surfaces S and are not 
nsually analytically distinct, but form two nappes of the same sur- 
face, which is then represented by an irreducible equation. 

The normal MN to S is tangent to each of these nappes "X and 
at the two principal centers of curvature A and of the surface S 
at the point AT. It is easy to find the tangent 
planes to the two nappes at the points A and A' 

(Fig. 51). As the point M describes the curve 
C, the normal MN describes the developable 
surface D whose edge of regression is T; at 
the same time the point A ' where MN touches 
X^ describes a curve y' distinct from P', since 
the straight line MN cannot remain tangent to 
two distinct curves P and P'. The developable 
D and the surface X’ are tangent at A ' ; hence 
the tangent plane to X' at A' is tangent to D 
all along MN, It follows that it is the plane 
NM2\ which passes through the tangent to C. 

Similarly, it is evident that the tangent plane 
to 5 at A is the plane NMT^ through the tan- 
gent to the other line of curvature C". 

The two planes NMT and NMT stand at right angles. This fact 
leads to the following important conception. Let a normal OM be 
dropped from any point 0 in space on the surface 5, and let A and 

be the principal centers of curvature of S on this normal. The 
tangent planes to X and X' at A and A', respectively, are perpendic- 
ular. Since each of these planes passes through the given point O, it 
is clear that the two nappes of the evolute of any surface, N, observed 
from any point 0 in space, appear to cut each other at right angles. 
The converse of this proposition will be proved later. 

248. Rodrigues* formulae. If A, g., v denote the direction cosines 
of the normal, and R one of the principal radm of curvature, the 
corresponding principal center of curvature will be given by the 

formulae 

(37) X = X+liX, y = y + RH; Z = fi+Rr- 

As the point {x, y, z) describes a line of curvature tangent to 
the normal section whose radius of curvature is R, this cento of 
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curvaturej as we have just seen, will describe a curve T tangent to 
the normal MN j hence we must have 

A. ft V * 

or, replacing A, Y, and Z by their values from (37) and omitting the 
common term dRj 

dx ~f" 72 d\ ”j" JK d^ dz -I” 72 dv 

\ fX V 

The value of any of these ratios is zero, for if we take them by 
composition after multiplying each term of the first ratio by A, of 
the second by /x,, and of the third by v, we obtain another ratio 
equal to any of the three ; but the denominator of the new ratio is 
imily, while the numerator 

kdx fx dy vdz lt(X c2A + ft dfx + v dv^ 

is identically zero. This gives immediately the formulae of Olindo 
Rodrigues : 

(38) dx + RdX=:0, di/ + RdiA, = 0, dz + Rdv=0, 

wMot are very important in the theory of surfaces. It should be 
noticed, however, that these formulae apply only to a displacement 
of the point (a:, y, z) along a line of curvature. 


249. Lines of curvature in parameter form. If the equations of the 
surface are given in terms of two parameters u and v in the form 
(19), the equations of the normal are 


X-x Y-y z-z 
^ B ~~C~’ 

where A, B, and C are determined by the equations (21). The 
necessary and sufficient condition that this line should describe a 
developable surface is, by § 223, 


(39) 


dx dy dz 
ABC 
dA dB dC 



of V’ ^ ^ e^rpressio, 

m of ^e parameters a and u; hence this is the differenti 
equation of the lines of curvature. 
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As an example let us find the lines of curvature on the helicoid 

V 

z = a arc tan 

X 

whose equation is equivalent to the system 

x = pcosd, yszpRmd, z — ad. 

In this example the equations for A, R, and C are 

A cos ^ JS sin d = 0 , — Ap sin 6 + Bp cos 6 + Ca = 0 . 

Taking O = p, we find A = a sin B — a cos 0. After expansion and simpli- 
fication the differential equation (39) becomes 

dp2_„(na + a2)da2=o or de=:±—^L=> 

Choosing the sign +, for example, and integrating, we find 

p + Vp® + 02 = ae® - , or P = ^ [e^-^o — c-(®“®o)] . 

The projections of these lines of curvature on the xy plane are all spirals which 
are easily constructed. 

The same method enables us to form the equation of the second 
degree for the principal radii of curvature. With the same symbols 
A, Bi C, X, p, V we shall have, except for sign, 

^ _ A ___ B C 

^ ~ Va^+W+c'^’ ^ + £“ + c“’ ’’ + jB® + c* 

We shall adopt as the positive direction of the normal that which 
is given by the preceding equations. If R is a principal radius of 
curvature, taken with its proper sign, the coordinates of the corre- 
sponding center of curvature are 

X:=zx + pA, Y=^y-{-pBf Z = zi-pCj 

where 

R = pVA*-i-R2+ C®. 

If the point (x, 3 /, z) describes the line of curvature tangent to the 
principal normal section whose radius of curvature is R, we have 
seen that the point (A, F, Z) describes a curve T which is tangent 
to the normal to the surface. Hence we must have 

dx pdA + Adp dy pdB -i- Bdp dz pdC Cdp ^ 

A -S C 
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r fp 
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(41) 


ifx tl.i I'M 

fti '• i?« +' 

fill ft|/ 

Bm " ^ Bu Bp ^ 


A 

il 
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these curves is tangent at every point to one of the axes of the 
indicatrix at that point. This is again confirmed by the remark 
that the normals along a meridian form a plane^ and the normals 
along a parallel form a circular cone^ — in each case the normals 
form a developable surface. 

On a developable surface the first system of lines of curvature 
consists of the generators. The second system consists of the 
orthogonal trajectories of the generators, that is, of the involutes of 
the edge of regression (§ 231). These can be found by a single quad- 
rature. If we know one of them, all the rest can be found without 
even one quadrature. All of these results are easily verified directly. 

The study of the theory of evolutes of a skew curve led Joa- 
chimsthal to a very important theorem, which is often used in that 
theory. Let 5 and S* be two surfaces whose line of intersection C 
is a line of curvature on each surface. The normal MN to S along 
C describes a developable surface, and the normal MN^ to S* along 
C describes another developable surface. But each of these normals 
is normal to C. It follows from § 231 that if two surfaces have a 
common line of curvature^ they intersect at a constant angle along 
that line. 

Conversely, if two surfaces intersect at a constant angle, and if 
thsir line of intersection is a line of curvature on one of them, it is 
also a line of curvature on the other. For we have seen that if one 
family of normals to a skew curve C form a developable surface, 
the family of normals obtained by turning each of the first family 
through the same angle in its normal plane also form a developable 
surface. 

Any curve whatever on a plane or on a sphere is a line of curvar 
ture on that surface. It follows as a corollary to Joachimsthars 
theorem that the necessary and sufficient condition that a plane curve 
or a spherical curve on any surface should he a line of curvature is 
that the plane or the sphere on which the curve lies should cut the 
surfoLce at a constant angle, 

251. Dupin’ 8 theorem. We have already considered [§§43, 146] 
triply orthogonal systems of surfaces. The origin of the theory of 
such systems lay in a noted theorem due to Dupin, which we shall 
proceed to prove : 

Given any three families of surfaces which form a triply orthogonal 
system : the intersection of any two surfaces of different families is a 
line of curvature on each of them. 
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The axes of x aad y will be the axes of the indicatrix of the surface 
F{x, yj «) = 0 at the origin if (d^F^/dx dy)^ = 0. To show that this 
is the case, let us differentiate (43) with respect to y, omitting the 
terms which vanish at the origin ; we find 


or 


(44) 




= 0 . 


From the two relations analogous to (43) we could deduce two 
equations analogous to (44), which may be written down by cyclic 
permutation : 



Erom (44) and (45) it is evident that we shall have also 



which proves the theorem. 

A remarkable example of a triply orthogonal system is furnished 
by the confocal quadrics discussed in § 147. It was doubtless the 
investigation of this particular system which led Dupin to the gen- 
eral theorem. It follows that the lines of curvature on an ellipsoid 
or an hyperboloid (which had been determined previously by Monge) 
are the lines of intersection of that surface with its confocal quadrics. 

The paraboloids represented by the equation 


P 




= 2flj — 


where X is a variable parameter, form another triply orthogonal 
system, which determines the lines of curvature on the paraboloid. 
[Finally, the system discussed in § 246, 

^=a, Va* + + Vy“ + «* = /3, - Vy* + s* = y, 


is triply orthogonal. 
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hence the second system of lines of curvature are the lines in which the surface 
is cut by the developable surfaces which may be formed from the normals to T, 
If both systems of lines of curvature on a surface are circles, it is clear from 
the preceding argument that the surface may be thought of as the envelope of 
either of two one-parameter families of spheres. Let Si , -Sa j Sg be any three 
spheres of the first family, Ci, Ca, Gz the corresponding characteristic curves, 
and Ifi, -Mjj, Jfg the three points in which Oi, O 2 , Og are cut by a line of curva- 
ture C' of the other system. The sphere S' which is tangent to the surface along 
C' is also tangent to the spheres Si, Sa, Sg at Mi ^ M 2 ^Mz, respectively. Hence 
the required surface is the envelope of a family of spheres each of which touches 
three fixed spheres. This surface is the well-known Dupin cyclide. Mannheim 
gave an elegant proof that any Dupin cyclide is the surface into which a certain 
anchor ring is transformed by a certain inversion. Let 7 be the circle which 
is orthogonal to each of the three fixed spheres Si, S 2 , Sg. An inversion whose 
pole is a point on the circumference of 7 carries that circle into a straight line 
00', and carries the three spheres Si, Sg, Sg into three spheres Si, Sg, Sg 
orthogonal to 00 ', that is, the centers of the transformed spheres lie on 00 '. 
Let C'l, CL Cg be the intersections of these spheres with any plane through 
00', 0' a circle tangent to each of the circles Cf, CL CL and S' the sphere 
on which C' is a great circle. It is clear that S' remains tangent to each of the 
spheres Si, Sg, Sg as the whole figure is revolved about 00', and that the 
envelope of S' is an anchor ring whose meridian is the circle C'. 

Let us now determine the surface for which all of the lines of curvature of 
one system are plane curves whose planes are all parallel. Let us take the xy 
plane parallel to the planes in which these lines of curvature lie, and let 

X cos a: -f- sin a = F(ar, z) 


be the tangential equation of the section of the surface by a parallel to the xy 
plane, where F(ar, z) is a function of a and z which depends upon the surface 
under consideration. The coordinates x and y of a point of the surface are 
given by the preceding equation together with the equation 

0F 

— X sm cr + y cos a = — • 

The formulee for x, y, z are 

(46^ x= Fcosci - — sina, y = Fsina + — cosa, z=^z, 

' ' COL 


Any surface may be represented by equations of this form by choosing the 
function z) properly. The only exceptions are the ruled surfaces whose 
directing plane is the xy plane. It is easy to show that the coefficients A, B, C 
of the tangent plane may be taken to be 

A = C08q:, B = 8ina, 




hence the cosine of the angle between the normal and the z axis is 

Vl-f F|(a, 2) 

In order that all the sections by planes parallel to the xy plane be lines of 
ture, it is necessary and sufficient, by Joachimsthal’s theorem, that each of 
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of the two parameters z and n ; hence, by § 39, the equation of tlie 
tangent plane at M is 


X — X 
a 

a'z+p' 


r-y 

h 




Z ^z 
1 
0 


= 0 , 


where a', 5', jp', ^ denote the derivatives of a, p, q with respect 
to %(.. Replacing x and y by az and hz 4- q, respectively, and 
simplifying, this equation becomes 

(49) (h'z + q%X ^aZ-p)- (a<z + p'^Y^ bZ-q)==0, 

In the first place, we see that this plane always passes through the 
generator .G, which was evident a priori, and moreover, that the plane 
turns around G as the point of tangency M moves along G, at least 
unless the ratio {a^z -{‘p')/(b'z 4* <?') is independent of z, i.e. unless 
— h'p' = 0, — we shall discard this special case in what follows. 
Since the preceding ratio is linear in z, every plane through a gen- 
erator is tangent to the surface at one and only one point. As the 
point of tangency recedes indefinitely along the generator in either 
direction the tangent plane P approaches a limiting position P', 
which we shall call the tangent plane at the point at infinity on that 
generator. The equation of this limiting plane P' is 

(50) h\X -aZ -p)- a\Y -- - ^r) = 0. 

Let 0 ) be the angle between this plane P' and the tangent plane P at 
a point M {x, y, z) of the generator. The direction cosines («', y') 

and (or, P, y) of the normals to P' and P are proportional to 

h', — a', a'h dV 

and 

Vz 4- g\ - +p'), +y) - «(*'« + €) ^ 


respectively; hence 

^ . Az^B 

cos .. = aa- + ^^' + TV = V4V^*» + 25 * + c’ 

where 

^ + (<»*' - > 

B = a'f'. + 6'?' + («*' - ia')(«2' - W) > 

C=i>'“ +!2’'’ + (o?' - yy- 

After an easy reduction, we find, by Lagrange’s identity (§ 131), 

Vac - B* (a!q' — h'p') Vl+ 

(61) tan«i=-jj:j7^ 
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It follows that the limiting plane P' is perpendicular to the tangent 
plane Pi at a point Oi of the generator whose ordinate is given by 
the formula 


R a'p' -h -f (aP • 




The point Oi is called the central point of the generator, and the tan- 
gent plane Pi at Oi is called the central plane. The angle B between 
the tangent plane P at any point M of the generator and this central 
plane Pi is 7r/2 — o), and the formula (51) may be replaced by the 
formula 


tan ^ = 


_ -f {ab^ ~ ba^'lCz - z^) 


C - R2 - by) Vl + a^ -f- b^ 


Let p be the distance between the central point Oi and the point M, 
taken with the sign -f or the sign — according as the angle which 
OiM makes with the po sitive z axi s is acute or obtuse. Then we 
shall have = (« — zi) Vl + and the preceding formula may 

be written in the form 


(53) 


tan $ = kp, 


where k, which is called the parameter of distribution, is defined by 
the equation 

. 64 ^ lo - + + 

^ > ~ (a'q< - Vp')(l + + 4“) 


The fonnula (63) expresses in very simple form the manner in which 
the tangent plane turns about the generator. It contains no quantity 
which does not have a geometrical meaning : we shall see presently 
that k may be defined geometrically. However, there remains a cer- 
tain ambiguity in the formula (63), for it is not immediately evident 
in which sense the angle B should be counted. In other words, it is 
not clear, a priori, in which direction the tangent plane turns around 
the generator as the point moves along the generator. The sense of 
this rotation may be determined by the sign of h. 

In order to see the matter clearly, imagine an observer lying on a 
generator G, As the point of tangency M moves from his feet toward 
his head he will see the tangent plane P turn either from his left 
to his right or vice versa. A little reflection will show that the 
sense of rotation defined in this way remains unchanged if the 
observer turns around so that his head and feet change places. 
Two hyperbolic paraboloids having a generator in common and 
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lying symmetrically with respect to a plane through that generator 
give a clear idea of the two possible situations. Let us now move 
the axes in such a way that the new origin is at the central point Oi, 
the new » axis is the generator G itself, and the xz plane is the cen- 
tral plane Pi. It is evident that the value of the parameter of dis- 
tribution (64) remains unchanged during this movement of the axes, 
and that the formula (63) takes the form 


(53') tan^==^«, 

where B denotes the angle between the xz plane Pi and the tangent 
plane P, counted in a convenient sense. For the value of w© which 
corresponds to the z axis we must have a = 6= jp = 3 ' = 0, and the 
equation of the tangent plane at any point M of that axis becomes 


(6'« -f ^?')X-(a'sf+p')F = 0. 

In order that the origin be the central point and the xz plane the 
central plane, we must have also a' = 0, = 0 ; hence the equation 

of the tangent plane reduces to F = (b'z/p^Xy and the formula (64) 
gives ifc =- J'/p'. It follows that the angle 0 in (53') shouM be 
counted positive in the sense from Oy toward Ox, If the orienta- 
tion of the axes is that adopted in § 228, an observer lying in the 
z axis will see the tangent plane turn from his left toward his right 
if h is positive, or from his right toward his left if ifc is negative. 

The locus of the central points of the generators of a ruled surface 
is called the line of striction. The equations of this curve in terms 
of the parameter u are precisely the equations (48) and (52), 


Note If = 5'p' for a generator G, the tangent plane is the 
same at any point of that generator. If this relation is satMed 
for every generator, i.e. for all values of «, the ml^ surface is a 
developable surface (§ 223), and the results previously obtained c^ 
be easily verified. Tor if and b' do not vanish simultaneously, 
the tangent plane is the same at all points of ^y genei^or G, 
and becomes indeterminate for the point z = -p/a. =-?/*, i^ 
for the point where the generator touches its envelope. It m ^ 
to show that this value for * is the same as that giwn V (S2) 
a'q' = by. It follows that the line of striction ^ 

of regresrion on a developable surface. The parameter of distribution 
' is infinite for a developable. ^ omi 

If a' = 5' = 0 for every generator, the surface is a cy 
the central point is indeterminate. 
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254. Direct definition of the parameter of distribution. The central 
point and the parameter of distribution may be defined in an entirely 
different manner. Let G and Gi be two neighboring generators cor- 
responding to the values u and u + hoi the parameter, respectively, 
and let Gx be given by the equations 

(55) a; = (<r + Aa) z p Ajp, 2/ = (5 + g; -f- ^ 

Let 8 be the shortest distance between the two lines G and Gx , a the 
angle between G and Gxi and (A, y, Z) the point where G meets the 
common perpendicular. Then, by well-known formulae of Analytic 
Geometry, we shall have 

Ao^ Ay4-A5A^-f-(<t A 5— Ag)rre^ + A<t>Ay --('8 4- A5)Apl 
(Aa)2 4 (A5)2 4 Ai - & ' 

Aa Ag — A8 Ay> 

V(Aa)" 4 (A5)2 4 (a Aft - ^ Lay 

^ ^ _V(A^)^ 4 {^hY 4- (a M ~T a^^ 

Va*4i®4l V(a4 Aa)'‘4 (^4A6)'*4-1* 

As h approaches zero, Z approaches the quantity Zi defined by (52), 
and (sin a)/S approaches Jc, Hence the central point is the limiting 
position of the foot of the common perpendicular to G and Gi, while 
the parameter of distribution is the limit of the ratio (sin a) /8. 

In the expression for 8 let us replace Aa, A&, Ajo, by their 
expansions in powers of h: 

h? 

Aa = ha' 4- — a" •\ 

and the similar expansions for A8, A^, Aq, Then the numerator of 
the expression for 8 becomes 

— = — , 

-nrhUe the denominator is always of the first order with respect 
to h. It is evident that 8 is in general an infinitesimal of the first 
order with respect to h, except for developable surfaces, for which 
a'q' =h'p'. But the coefScient of h^/2 is the derivative of a'q' — b'p'-, 
hence this coefficient also vanishes for a developable, and the shortest 
distance between two neighboring generators is of the third order 
(§ 230). This remark is due to Bouquet, who also showed that if 
this distance is constantly of the fourth order, it must be precisely 
zero; that is, that in that case the given straight lines ai-e the 
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tangents to a plane curve or to a conical surface. In order to prove 
this, it is sufdcient to carry the development of Aa Aq — A5 Ap to 
terms of the fourth order. 

255. Congruences. Focal surface of a congruence. Every two-parameter 
family of straight lines 

(56) « = a«4-i>, 

where a, h, j?, q depend on two parameters a and p, is called a line 
congruence. Through any point in space there pass, in general, a 
certain number of lines of the congruence, for the two equations (66) 
determine a certain number of definite sets of values of a and P when 
cc, y, and » are given definite values. If any relation between a and 
be assumed, the equations (56) will represent a ruled surface, which 
is not usually developable. In order that the surface be developable, 
we must have 

da dq — dhdp ==^ 0, 


or, replacing da by (da /da) da -h (da/dp)dp, etc., 



This is a quadratic equation in dp /da. Solving it, we should usu- 
ally obtain two distinct solutions, 

( 68 ) = 

either of which defines a developable surface. Under very gen- 
eral limitations, which we shall state precisely a little later and 
which we shall just now suppose fulfilled, each of these equations 
is satisfied by an infinite number of functions of or, and each of them 
has one and only one solution which assumes a given value fi, when 
a = a„. It follows that every straight line G of the congruence 
belongs to two developable surfaces, all of whose generators ^ 
members of the congruence. Let T and T' be the edges of regression 
of these two developables, and A and A' the points where 6= touches 
r and r', respectively. The two points and ^ ' are called the /oca. 
point, of the generator O. They may be found as foUows without 
integrating the equation (67). The ordinate « of one of these points 
must satisfy both of the equations 

zda -{-dp = »dh 4- = 0, 
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or. replacing da,, dh, dp, dq by their developments, 

Eliminating z between these two equations^ we find again the equa- 
tion (57). But if we eliminate dfi /da we obtain an equation of the 
second degree 



whose two solutions are the values of z for the focal points. 

The locus of the focal points xi and A' consists of two nappes 
^ and of a surface whose equations are given in parameter form 
by the formulae (56) and (59). These two nappes are not in general 
two distinct surfaces^ but constitute two portions of the same ana- 
lytic surface. The whole surface is called the focal surface. It is 
evident that the focal surface is also the locus of the edges of regres- 
sion of the developable surfaces which can be formed from the lines 
of the congruence. For by the very definition of the curve T the 
tangent at any point a is a line of the congruence j hence a is a 
focal point for that line of the congruence. Every straight line 
of the congruence is tangent to each of the nappes S and for it 
is tangent to each of two curves which lie on these two nappeS;, 
respectively. * 

By an argument precisely similar to that of § 247 it is easy to 
determine the tangent planes at A and -4' to :§ and S' (Fig. 51). 
As the line G moves, remaining tangent to T, for example, it also 
remains tangent to the surface 5'. Its point of tangency A’ will 
describe a curve y’ which is necessarily distinct from T'. Hence 
the developable described by G during this motion is tangent to S' 
at A', since the tangent planes to the two surfaces both contain the 
line G and the tangent line to f. It follows that the tangent plane 
to S' at is precisely the osculating plane of T at Likewise, 
the tangent plane to S at A is the osculating plane of T' at A'. 
These two planes are called the focal planes of the generator O. 

It may happen that one of the nappes of the focal surface degen- 
erates into a curve C. In that case the straight lines of the con- 
gruence are all tangent to S, and merely meet C. One of the 
families of developables consists of the cones circumscribed about S 
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•wLose vertices are on C, If both of the nappes of the focal surface 
degenerate into curves C and C', the two families of developables 
consist of the cones through one of the curves whose vertices lie 
on the other. If both the curves C and C are straight lines^ the 
congruence is called a linear congruence. 


256. Congruence of normals. The normals to any surface evidently 
form a congruence, but the converse is not true: there exists no 
surface, in general, which is normal to every line of a given con- 
gruence. For, if we consider the congruence formed by the normals 
to a given surface >9, the two nappes of the focal surface are evidently 
the two nappes and S' of the evolute of S (§ 247), and we have seen 
that the two tangent planes at the points A and A' where the same 
normal touches S and S' stand at right angles. This is a character- 
istic property of a congruence of normals, as we shall see by trying 
to find the condition that the straight line (66) should always remain 
normal to the surface. The necessary and sufficient condition that it 
should is that there exist a function /(a, such that the surface S 
represented by the equations 

(60) = y:=^hzA-g, 

is normal to each of the lines (G). It follows that we must have 


dx 




dz 

da 


= 0 , 


dx 


ay 


'a/j ' a/3 ' aj8' 

or, replacing x and y by az p and bz + q, respectiTcly, and divid- 
ing by Va*-1- 


(61) 


JP .rH 


da 




.^ + b‘ + l 
„ ^ 4. r,?l 

d/3^ ^ V^^+¥Ti 


= 0. 


The necessary and sufficient condition that these equations be com- 
patible is 

B 


(62) 


8a^ 8a 




8p\-y/a^ + P + lj »a\Va“-|-a*-l-l/ 



If l-liw m t \m fmitii frtiiii (fll| lij a siiifli 

TIiii iibtaiiiwl in ttii» way il*+|vfifl ii|iiiii n am. 

fiteit pf iiil»icraiitiii Will fiirwt m «me’'|wr»iiiiPl#r immly uf fiariillfl 

Ill prcl«r til tIiMt tti# geiiittii'iml iipmtiiiii iif llw rpiniiiifiti il 
slioitlil ki iiPliPwt tliiil ilial wiinliltPin by iln iiaiitrp, ii iniln. 
ppiiilwit pf lliti p|wik*ii pf mm witl pf ihp nf iIh^ 
fitfiatiki. W« i«»| thprpfprp tlm « mui m ii I 1110 nf ilitaiiv 
grtiiiii«» ftiitt tlm jmrftittPtpr» it uml fi m lli«» mir«liii*ilr« i*f lln^ iifiiiii 
wlipfii a liiiP pf Ilia ppftgntptu^p pumm tltp filiiipt. Him wp ulmil 
liavii jri f -..'i wtd m wttl i* g ivpii fiiiiPlttiiw pf #f ami || wlii«i}i tati-* 
mil f«r «t w ^ r,s k Ii fcilkiw« ilmt itm immiiiipti pf |W 

tli« Wit pf mlmm m |8 Cb |p tim 

Clti the ptlmr hami, tlm mjisaihm ip7} tim ftirtii 

JM i J M % 

H'*'* 

■which ill thu ciiuatkm for (htt^rininitiK tlw linwi of intwicriiM «f 
the iry phuie witli the lievelitjmliUw wf tlic wingruMice after tt and 
P have liwtn replacwl lij' e and y, r»8|tiwtively. The l•«*n^^^t«»n 
da/&fi ® Mt/Bft, for «* > p j . 0. iiiejinH that the twi» wirvwi nf ihk 
kind whicli paes thnnigii the wriKiu inteiwct. at rigiit angiee ; lliat 
is, the tangent planee to tlie two develitjwiitle e»irfar'i«» wf the I'Wigru* 
eace wliiuh p »«8 thwiagli the « axia etaiid at right angle*. H»wc» the 
line taken as the a ii*l» was any Jine of the wiiignsence, we may atat* 
the following important tlicorem ; 

TAe wmmrtf md iuffirimi mmikkm th*»( lAe mmifht UntM e/ a 
ffimn mnyrumm Im th« w>rmtd» mm# Mur/itf# is tknt tks /tiritl fdanst 
thmuffh flwery Itm ^ the em^nuiitm shtmtd he fterfmndieutar tu mteh 
other. 


tf(4e. If the {auaW'Miim « and be eboeen as the riwtBia nt Mi# wgiM whfeh 
the line makes with tiw a md » mm, mgwcWrely. *# Mialt have 


and the eqaiMiuiai («l) beroitM 




, • 

VI 
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Then the condition of integrability (02) reduces to the form dq/da = dp/dpf which 
means that p and q must be the partial derivatives of the same function ^(a:, /3): 


dF dF 


where P(a, i3) can be found by a single quadrature. It follows that z is the 
solution of the total differential equation 

\Vl— a* — / 32 / \ dad^J \ dad^ / 

whence 

where C is an arbitrary constant. 


257. Theorem of Malus. If rays of light from a point source are reflected (or 
refracted) by any surface, the reflected (or refracted) rays are the normals to 
each of a family of parallel surfaces. This theorem, which is due to Malus, has 
been extended by Cauchy, Dupin, Gergonne, and Quetelet to the case of any 
number of successive reflections or refractions, and we may state the following 
more general theorem ; 

If a family of ray a of light are normal to some surface at any time^ they retain 
that property after any number of reflections and refractions. 

Since a reflection may be regarded as a refraction of index —1, it is evidently 
sufficient to prove the theorem for a single refraction. Let S be a surface nor- 
mal to the unrefracted rays, mM an incident ray which meets the surface of 
separation 2 at a point Af, and MR the refracted ray. By Descartes law, the 
incident ray, the refracted ray, and the normal MN lie in a plane, and the 
angles i and r (Fig. 62) satisfy the relation 
n sin i = sin r. For definiteness we shall sup- 
pose, as in the figure, that n is less than 
unity. Let 2 denote the distance Mm, and 
let us lay off on the refracted ray extended 
a length V - Mm' equal to k times 2, where 
A; is a constant factor which we shall deter- 
mine presently. The point m' describes a 
surface S'. We shall proceed to show that 
k may be chosen in* such a way that Mm' is 
normal to S'. Let C be any curve on 8. 

As the point m describes C the point M 
describes a curve r on the surface 2, and 52 

the corresponding point m' describes another ^ -n 

curve C' on S'. Let s, or, s' be the lengths of the arcs of the three curves C7, r, 
O' measured from corresponding fixed points on those curves, respective y, 
« the angle which the tangent MTi to V makes with the tangent to the 
normal section by the normal plane through the incident ray , an ^ an ^ ® 

angles 'which MTi makes ■with Mm and Mvn', respectively. ^In or er 
cos^, lor example, let us lay off on Mm a unit length and project it upon Jfri, 
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first directly, then by projecting it upon MT and from MT upon MTi, This, 
and the similar projection from Mm' upon JWTi, give the equations 

cos 0 = sin i cos cos (ft' = sin r cos w. 

Applying the formula (10') of § 82 for the differential of a segment to the seg- 
ments Mm and Mm'j we find 

dl = — dcrcoswsini, 
dV dcr cos « sin r — da' cos 0, 


where 0 denotes the angle between m'M and the tangent to 
dr by kdl, we find 


or, assuming A: = n, 


cos w dcr(k sin i — sin r) = ds' cos 0^ 
da' cos 0 = 0 . 


C'. 


Hence, replacing 


It follows that Mm' is normal to C', and, since C' is any curve whatever on 
iS', Mm' is also normal to the surface S', This surface S' is called the anti- 
caustic surface, or the secondary caustic. It is clear that S' is the envelope of 
the spheres described about M as center with a radius equal to n times Mm \ 
hence we may state the following theorem : 

Let us consider the surface S which is normal to the incident rays as the envelope 
of a family of spheres whcse centers lie on the surface of separation S. Then the 
anticaustic for the refracted rays is the envelope of a family of spheres with the 
same centers^ whose radii are to the radii of the corresponding spheres of the first 
family as unity is to the index of refraction. 

This envelope is composed of two nappes which correspond, respectively, 
to indices of refraction which are numerically equal and opposite In sign. In 
general these two nappes are portions of the same inseparable analytic surface. 


258. Complexes. A line complex consists of all the lines of a three-parameter 
family. Let the equations of a line be given in the form 

(64) x=zaz+p, y = + 

Any line complex may be defined by means of a relation between a, 6, o, a of 
the form 

(66) F(a, 6,p, Qi) = 0, 

and conversely. If JP is a polynomial in a, 6, p, g, the complex is called an 
algebraic complex. The lines of the complex through any point (xo, yo> *o) form 
a cone whose vertex is at that point ; its equation may be found by eliminating 
a, 6, p, q between the equations (64), (66), and 

(66) *0 = a«o-+ p, yo = bro + q. 

Hence the equation of this cone of the complex is 

(67) p/ ic - gp y — yo xpz — xzp y^% — ygp N ^ 

-- 2o z — ^0 Z — Zo Z — Zq j 

Similarly, there are in any plane in space an infinite number ot lines of the 
complex; these Unes envelop a curve which is called a curve of ike complex, 
li the complex is algebraic, tke order of the cone of the complex is the same aa the 
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class 0 / the curve of the complez. For, if we wish to find the number of lines of 
the complex which pass through any given point A and which lie in a plane P 
through that point, we may either count the number of generators in which P 
cuts the cone of the complex whose vertex is at A, or we may count the number 
of tangents which can be drawn from A to the curve of the complex which lies 
in the plane P. As the number must be the same in either case, the theorem is 
proved. 

If the cone of the complex is always a plane, the complex is said to be linear, 
and the equation (65) is of the form 

(68) Aa + Pb + Op + 1)? + P(ag ~ 6p) + P = 0. 

Then the locus of all the lines of the complex through any given point (xo, Pot «o) 
is the plane whose equation is 

169^ M(ai - iCJo) + P(y - Vo) + C{XoZ - Zqx) 

^ I + l>{yoz - zoy) + -E(yo« - ®oy) + P(z - zo) = o . 

The curve of the complex, since it must be of class unity, degenerates into a 
point, that is, all the lines of the complex which lie in a plane pass throng a 
single point of that plane, which is called the pole or the /ocas. A linear com- 
plex therefore establishes a correspondence between the points and the planes 
of space, such that any point in space corresponds to a plane through that point, 
and any plane to a point in that plane. A correspondence is also established 
among the straight lines in space. Let D be a straight line which does not 
belong to the complex, F and F' the foci of any two planes through D, and A 
the line FF'. Every plane through A has its focus at its point of mtersecdon ^ 
with the line D, since each of the lines <l>F and evidently belongs to the 
complex. It follows that every line which meets both D and A belongs to the 
complex, and, finally, that the focus of any plane through D is the point where 
that plane meets A. The lines D and A are called covjugctte lines; each of them 
is the locus of the foci of all planes through the other. 

If the line D recedes to infinity, the planes through it become parallel, and 
ii; is clear that the foci of a set of parallel planes lie on a straight line. There 
always exists a plane such that the locus of the foci of the planes parallel to it 
is perpendicular to that plane. If this particular line be taken as the z axis, 
the plane whose focus is any point on the z axis is parallel to the xy plane. By 
(69) the necessary and sufficient condition that this should be the case is that 
M=B=C = D = 0, and the equation of the complex takes the simple form 

(70) aq — bp + K=0. 

The plane whose focus is at the point (x, y, z) is given by the equation 

(71) Xy-rx+JK:(Z--z) = 0, 

where X, F, Z are the running cocirdinates. 

As an example let us determine the curves whose tangents belong to the 
preceding complex. Given such a curve, whose coordinates x, y, z are toown 
functions of a variable parameter, the equations of the tangent at any point are 

. 

dx dy dz 
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S, of inirfatun^ of the Eurfaee whose equation in rec- 

mtigmlar li 

[iDicence, Paris, July, 1876.] 

C CiiiitMf'r llitt of iiir«*e unequal axes defined by the equation 

*s 


Jf® 1/^ 

11^ ^ h‘i ' 


1 = 0 , 


md the t‘lllplie*l •^’tioii K in tlu^ xa plane. Find, at each point if of E : 1) the 
faliiiit tif liiij prliiol|»l wwlll of rittmuire Hi and Ba of the ellipsoid, 2) the rela- 
lioii h'l and Ha* SIJ the hsd of the centers of curvature of the principal 

^tlirt'W M llio piisiJi ,11 tlewril«« the ellipm^ B. 

[Xicencc, Paris, Hovember, 1877.] 

ft* Ihtrifc tl'io ei|wmtkit* of the m*cond degret^ for the principal radii of curva- 
tttf« at any *d the pamhohdd tlefined by the equation 

+ f =.-2*. 

« h 

Alio exprf», In ternti the viirkble x, each of the principal radii of curva- 
ttiw at any on the lino of intersection of the preceding paraboloid and the 
pyraholohl deliticii by Uie equation 


h X 


r.2»-X. 

[Licence, Paris, November, 1880.] 


i. Find t lm h«l of the cent era of curvature of the principal sections of the 
parmbtdohl flrllned by the Ciiuaiioit the point of the surface describes 

[iteence, Paris, July, 1888.] 

t» Find llw i*f|Uailon of the surfM»e which is the locus of the centers of cur- 
valitw «»f all th« |danii ««nillotw of a given surface 8 by planes wbicb all pass 
ttirniigti ill# aaiiie indnl M of the surfacjc. 

S. I#t M f bC' any tangent line at a |K>lnt M of a given quadric surface, 0 the 
fd niivatitre of the ol the surfa<*.e by any plane through^!, 

md tf tlio cotiti^r of curvatuw of the evolute of that plane section. Find the 

Itwiii Ilf ir m the wnmiit plane revolves about MT, 

[Licence, Clermont, July, 1888.] 

i. rtiiil itie i^yinpbiiie lines on the anchor ring formed by revolving a circle 

ali^iiif one of il4 taiigenla. ^ November, 1882.] 

Ift. I#t f * l«* A given curve in the m tdano in a system of 
A .iirfice k described by a circle whom^ plane remains 

zg ..ml *»)..««. .H.«u,r .iwcrllm th« cm C, while the 

K way tlu.1 ih« .Hr.*!.' ulwiiye inet'i* the * nxle. I’t'tlv® the 

..I the »«yn.pu.ti<- I.m.« on this mirfa.w, takhiR m the variable parameters th 
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co<5rdinate z of any point, and the angle B which the radius of the circle through 
the point makes with the trace of the plane of the circle on the zz plane. 

Apply the result to the particular case where the curve C is a parabola 
whose vertex is at the origin and whose axis is the x axis. 

[Licence^ Paris, July, 1880.] 

11. Determine the asymptotic lines on a ruled surface which is tangent to 
another ruled surface at every point of a generator A of the second surface, 
every generator of the first surface meeting A at some point. 

12. Determine the curves on a rectilinear helicoid whose osculating plane 
always contains the normal to the surface. 

[Licence, Paris, July, 1870.] 

18. Find the asymptotic lines on the ruled surface defined by tlie equations 
a; = (1 + a)cosa, y = (1 — -a) sinn, 25 = a. 

[Licence, Nancy, November, 1000.] 

li*. The sections of a surface S by planes through a straight line A and the 
curves of contact of the cones circumscribed about S with their vertices on A 
form a conjugate network on the surface. 

[Kobkxos.] 

15*. As a rigid straight line moves in such a way that three fixed points 
upon it always remain in three mutually perpendicular planes, the straight line 
always remains normal to a family of parallel surfaces. One of the family of 
surfaces is the locus of the middle point of the segment of the given line bounded 
by the point where the line meets one of the coordinate planes and by the foot 
of the perpendicular let fall upon the line from the origin of coSrdinates. 

[Darboitx, Comptes r&ndus, Tol. XCII, p. 446, 188L] 

16*. On any surface one imaginary line of curvature is the locus of the points 
for which the equation 1 + = o is satisfied. 

[In order to prove this, put the differential equation of the lines of curvature 
in the form 

(dpdy-dgdx)(l + jp 2 ^ _ qdx){pdp + qdq) =: 0.] 

[Darboux, Annalee de VMcoU normcUe, 1804.] 
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iMank-AM&amtoicx : ftn. 

iMt m, 76; 106; S4Sy 106; 

srr, 177. 

iW’8 lemma: 1S$, 75 ; S7S, 166 ; S79, 
17S; tMt; 3.^, 166; theorem: S77, 
177* 

IbellaE integrals : see Integrals, 
llwolute Talue : see Value. 

Algebraic curves: see Curves and 
llinctlons, Implicit, 

A,lgebraio ©quaUons : see D’Alembert’s 
tbeorem. 

s 6Sy ftn. ; 73, 42. 

Ampere’s transformation : 73, 42. 
Aiftsler : mi, 102. 

Amsier’s planimeu^r : mi, 102. 
Analytlo extenshm : 333, 180. 

Analytic functions, curves, etc.: see 
Itmctlons, Curves, etc. 

Anomaly, ©ocentrlo ; 24^, ex. 19 ; 40€, 
ISO. 

Apsldal surfaces : see Surfaces. 

Appelft 333, 26S. 

Ap'pelFi theorem : 333, 25$, 
Approximate evaluation : see Bvalua- 
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+ <8%;of asurlaoe: 33A — ; 
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131 , 96 ; in polar coordinates ; 1S9, 
96 . 

AmMt 333, 169. 

Array : 333, 169 ; see aim Double series 
and Infinite ierlas. 


Assemblages : UO, 68. 

Asymptotic lines : $06, 242. 

Asymptotic value of r : mi, 141. 
Average value theorem: see Law of 
the mean. 

Baltfyrandz 496, ex. 11. 

Beltrami: 87, ex. 21. 

BefrmuUi, B.i 41 1-, 195* 

Bertrand ; 6$, 32 ; 80, ftn. ; ISS, ex, 10 ; 

mi, 101; 4S4, 282; .^33, 288, 
Bertrand’s curves : 4$^, 233. 

Bilinear covariants : see Covariants. 
Binomial differentials : $47, ex. $. 
Binomial theorem : 104f 60 ; S8S, 179 ; 

391, 182; 474, 228. 

Bonnet: 414, 196. 

Bouquet: 4^0, 2Z0. 

Borda’s series : 13$, ex. 11. 

Bruno, Faa de: 34, ex. 19, 

Calculus of variations : see Variations, 
Cardloidy length : 164, $0. 

Catalan: $6$, ftn.; $94, ex. 0. 
Catenary: $$0, 107; $9$, ex. 1; 440, 
208. 

Cauohy : 7, 6 ; $9, 18 ; 91, 44 ; 106, 60 ; 
183, 91; $88, 140; S$8, 166; 331, 
167; 33$, 169; 333, 160 ; 347, 166; 
36$, 168; 369, 172 ; 373 , ftn. ; 33;f, 
182 ; 400, 187; 496 , ex. 9 ; 333^ 26?. 
Cauchy’s test (series constemt terms): 
333, 169; theorem (series con^nt 
terms): 336, 161; theorem (Integral 
convergence test); 369, 172? 

Caustics ; 433, 204 ; 630 i 267. 

Cayley: $79, 184. 

Change of variables : see also Transfor- 
mation; definite integrals ; 166, 84; 
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doable integrals : £64y 127 ; line in- 
tegrals : 186, 93 ; multiple integrals : 
$1^, 160 ; triple integrals ; 300, 145. 
Characteristic curve : 4^9, 219. 

Chasles : 166, 83. 

Chasles^ theorem: 166, 83. 

Center of curvature ; see Curvature. 
Cesitro : 49S, exs. 10 and 11. 
Complexes (algebraic, linear, cone of, 
etc.); 836, 268. 

Complex variable ; 375. 

Conditional convergence : see Con- 
vergence. 

Congruences, line : 531, 266 ; linear : 

533, 265 ; of normals : 533, 256. 
Conics (as unicursal curves) ; ^15 , 106 ; 
33^, 108. 

Conjugate curves : 495, ex. 8 ; lines ; 

511, 246 ; tangents : see Tangents. 
Conoid; 509, 243. 

Contact (of plane curves) ; 443, 211 ; 
(of skew curves); 486, 234; (of 
curves and surfaces) : 490, 236. 
Contact transformations: see Trans- 
formations. 

Continuity (definition ) : 3, Z; 13, 10 ; 

uniform: I44, 70; 351, 120. 
Continuous functions : see Functions. 
Contour lines : 363, 126. 

Convergence : 337, 156 ; 350, 167; 354, 
169; 359, 171; see also Infinite series, 
Integrals, etc. ; absolute : 344, 164 ; 
351, 167 ; 355, 169; conditional: ^.^7, 
166; interval of; 375, 177; of inte- 
grals : 369, 175 ; uniform ; 367, 174. 
Convex surfaces : 500, 239, 
Coordinates, elliptic; 368, 129; 307, 
147 ; orthogonal ; see Orthogonal 
systems; polar: 31, ex. 1 ; 66, 34; 
74, 38; 368, 129, 

Comer (of a curve) : 6, 5. 

Cotes : 199, 100. 

Covariants, bilinear ; 87, ex. 20. 

Cubic curves (unicursal) ; 333, 108. 
Cubic forms : see Forms. 

Curvature, of a plane curve (center of) ; 
63, 32 ; 433, 205 ; (circle of) ; 63, 32 ; 
434i 205 ; 448, 213 ; (radius of) : 63, 
32; 66, 34; 483, 206; of a skew 


curve (center, radius, etc.); 469, 225; 
471, 226 ; of a surface : 497, 239 ff. ; 
(principal centers of) : 138, 61 ; 501, 
240; (principal radii of): 138, 61; 
501, 240; 503, 241; 519, 249;. lines 
of: 514, 246; 521, 260, 261. 

Curves, algebraic : 321, 108 ; see also 
Functions, implicit ; analytic : 407, 
192 ; 409, 193 ; deficiency of : 231, 
108 ; see also Curves, unicursal ; 
plane; 5, 6; 62,Z3,‘, 92,45; 407, 
192 ; 4^0, 201 ff. ; regular : 4O8, 192 ; 
skew: 5, 5; 51, 27; 409, 193; 4OS, 
215 ff.; unicursal: 215, 106; 231, 
108. 

Curvilinear integrals : see Integrals, 
line. 

Cusp : 113, 63 ; 409, 192. 

Cuspidal edge : see Striction, line of. 

Cuts (for periodic function) ; 318, 163. 

Cyclide (Dupin’s) : 524, 262. 

Cycloid: 438, 207. 

D'Alembert: 131, 68; 391, 142 ; 333, 
159. 

D’Alembert’s test (series of constant 
terms): 332, 169; theorem; 131, 
63 ; 391, 142 ; see also Boots, exist- 
ence of. 

JDarbouz : 6, ftn. ; I40, ftn. ; 151, 78 ; 
524, 251 ; 540, exs. 16 and 16. 

Darboux’s theorem : 151, 73. 

Deficiency; 321, 108; see also Inte- 
grals, Abelian, and Curves, unicursal. 

Definite integrals : see Integrals. 

De V Hospital: see L' Hospital, de. 

Density: 296, 148. 

Derivatives, definition of: 5, 5; 13,11; 
17, 13; extensions of definition of: 
i7, 13 ; 365, 127 ; of implicit func- 
tions : 38, 21 ; 40, 23 ; 48, 24 ; rules 
for: 15, 11. 

Descartes’ folium : 346, ex. 2. 

Determinants, functional : see Func- 
tional determinants. 

Developable surfaces : see Surfaces. 

Development in series ; 405, 189 ; see 
also Infinite series, Taylor’s series, 
Fourier’s series, etc. 
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Bextrorsal (skew curve) : 4'^6, 228. 
Differential equations : see Equations ; 
invariants: see Invariants; notation: 

14 ff.; parameters: 43; S7, 

ex. 21 ; SIO, 244. 

Differentials, binomial: see Binomial 
differentials; definition of: 14; 

higher orders : ^9, 14 ; total : 

16; SIS, 161 ff.; see also Integrals, 
line, and Integral Pdx+ Q dy. 
Differentiation, order immaterial ; IS, 
11; of integrals: 154, 76; IBS, 97; 
194, 97; SeS, 176 ; S70, 175 ; of line 
integrals: 194i series: S64, 

174; S80, m\ 405, 189, 

Direction cosines : 76’^,’ 81. 

Direct path (for periodic functions): 
SIB, 168. 

Dirichlet: MO, 124; SOS, 148; 847, 
166 ; 4U, 1^6- 

Dirichlet’s integrals: 808, 148; condi- 
tions: 4i4i 1^6. 

Discontinuity : 4t^\ 0, ftn. 
Discontinuous functions; see Func- 
tions. 

Division of series: BBS, 183, 

Dominant functions : see Functions. 
Double integrals: see Integrals, double. 
Double points, of a curve: US, 63; 
SSI, 108; of involutions; MS, 112; 
of unicursal curves : SSS, 108. 
Double power series : see Power series, 
double. 

Double series: S58, 169; S67. 174; 
SS8, 182; see also Infinite series 
and Substitution of series. 
mhamel: 186, ftn. ; 15t, ftn, ; S40, 
168. 

Duhamel’s test (series of constant 
terms): S40, 168. 

Ihipini B$l, 251; SU, 252 ; 585, 267. 
Dupin’s cyclide : 584, 252; theorem: 
681, 251. 

Eccentric anomaly : see Anomaly . 
Edge, cuspidal: see Striction, line of; 

of regression ; 4O8, 221. 

Element of area: $67, 128 ; $75, 132. 
Element of volume : S04, 146. 


Ellipse, area of: 189, 94; $$0, 106; 
$48, ex. 19; length of: $84, 112; 
366, 174. 

Ellipsoid, area of : $94, ex. 9 ; volume 
of: $85, 187. 

Elliptic coordinates ; see Coordinates ; 
functions : see Functions ; integrals ; 
see Integrals ; points ; 500, 239. 
Envelopes (of plane curves) ; 4S6, 201 ; 
(of skew curves) : 405, 223 ; (of sur- 
faces) : 459, 219. 

Epicycloid ; 45$, ex. 7. 

Equations, differential (developable 
surfaces, asymptotic lines, etc.) : see 
Surfaces, developable ; Asymptotic 
lines, etc. 

Equations, total differential : see Dif- 
ferentials, total. 

Equations, partial differential (classi- 
fication) : 78, 38 ; (Laplace’s) ; SO, 
43 ; (reduction of) : 7$, 38. 

Equations, intrinsic (of a curve) : 441, 
210 ; reciprocal ; $84, 113 ; solutions 
of; see Boots and D’Alembert’s 
theorem ; tangential (of a curve) : 
$07, ex. 21. 

Error, limit of: see Remainder and 
Evaluation. 

JSuler: 184, 92 ; $86, 113 ; $40, ex. 4 ; 

$80, 134 ; 411, 196 ; 501, 240. 

Euler’s constant ; lOS, 49 ; integrals : 
184, 92 ; $80, 184 ; see also Function 
r ; theorem (surfaces) : 501, MO. 
Evaluation, approximate (of definite 
integrals) : 197, 99 ; 199, 100; $01, 
101; $07, ex. 24; see also Pla- 
nimeter; (factorials): $91, 141; 
(logP): $91, 141. 

Evaluation of integrals: $87, 140; 
$54, 123; $97, 143; 811, 160; S7S, 
176. 

Evolute: 48S, 204; 456, 206; 480, 
231 ; 576, 247. 

Existence of roots: see Boots and 
Functions, Implicit. 

Exponential, series for: 100, 48. 
Extrema: 116, 66; 118, 60; 1$5, 59; 
1$8, 61 ; $51, 120 ; see also Maxima 
and Minima. 
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Families (of straight lines): 5S6^ 
268 ff. 

Fermat: 1S7, 66. 

Finite functions : see Functions. 

Focal planes: 256; points: 531^ 

266; surface: 631, 266. 

Forms, binary cubic: 60, 30; in- 
determinate : see Indeterminate 
forms. 

FormulsB of reduction : see Beduction 
formulae. 

Fourier: 418, 19*^. 

Fourier’s series: 416, 197 ff.; see also 
Trigonometric series. 

Franklin: 267, 123. 

Frcnet: 477, 229. 

Frenet’s formulae ; 477, 229. 

Fresnel: 86, ex. 17. 

Fresnel’s wave surface : 86, ex. 17. 

Functional determinants: 46, 26; 52, 
28; 58, 29; 266, 127 ; 304, H6. 

Functions, analytic: 407, 191 ff.; 
B (p, q ) ; 279, 134; continuous : 143, 
70; 200, ftn.; 260, 120; 362, 178; 
378, 178 ; 4^2, 199 ; see also Con- 
tinuity; discontinuous: 4, 4; 161, 
79 ; 196, 98 ; 206, exs. 6 and 7 ; 
defined by integrals : 192, 97 ; 196, 
98; 221, 108; dominant: 386, 181; 
396, 186; elliptic: 233, 112; expo- 
nential ; see Exponential ; r(a) : 183, 
92 ; 279, 134 ; 290, 141 ; 308, 148 ; 
313, 160; homogeneous: 29, 18; 
hyperbolic: 219, 106; implicit: 36, 
20; 46, 26; 399, 187; integrable: 
147, 72 ; 206, ex. 8 ; inverse ; 41, 
28 ; 60, 26 ; 4O6, 190 ; logarithmic : 
see Logarithm; monotonic: 148, 
72; periodic: 318, 163; primitive: 
see Primitive functions and Inte- 
grals; rational: 3, 8; 168, 77; 206, 
ex. 12; 208, 108; real variables: 2, 
2; 11, 10 ; (etc., see special titles) ; 
transcendental : 221, 108 ; 236, 114 ; 
422, 199; trigonometric: 100, 48; 
220, 106; 236, 114; trigonometric 
(inverse): I04, 60; 382, 179. 

Fundamental theorem of Algebra: sec 
D’Alembert’s theorem. 


Galileo : 439, 207. 

Oamma function: see Function r(a). 
Gauss: 199, 101; 291, 142; 344, 163. 
Geometry of higher dimensions: see 
Higher dimensions. 

Gergonne: 636, 267. 

Goursat : 35, ftn. ; 46, ftn. ; 88, ex. 28. 
Graves: 166, 83. 

Graves’ theorem ; 166, 88. 

Greatest limit: 328, 166 ; 336, 160; 

351, 167 ; 377, 177. 

Green: 262, 126; 288, 140; 309, 149; 

316, 162 ; 318, 163. 

Green’s theorem ; 288, 140 ; 309, 149 ; 
316, 162 ; 318, 163. 

Hadamardz 378, ftn. 

Balphen t S3, ex. 11 ; 86, ex. 18. 
Harmonic series : 103, 49 ; 347, 166. 
Haro’s series : 183, ex. 11. 

Helicoid : 609, 248 ; 619, 249. 

Helix: 482, 231; 483, 282. 

Hermite : 97, 46 ; 171, 87; 206, ex. 12 ; 
236, ftn. 

Hessians: 68, 30. 

Higher dimensions : 310, 160. 

Highest common divisor: 211, 104. 
HilbeH: 171, 87. 

Hospital, deV: see L' Hospital, de. 
Houd: 219, 106. 

Hyperbola, area of : 218, 106. 
Hyperbolic functions ; see Functions.. 
Hyperbolic point ; 600, 289. 
Hypocycloid: 242, 117; 462, ex. 7. 

Implicit functions : see Functions and 
D’Alembert’s theorem. 

Improper integrals : see Integrals. 
Incommensurable numbers : I42, ftn. ; 

171, 87; 249, ex. 21. 

Indefinite integrals : see Integrals. 
Independence of Path: Aitf, 162; see 
also Integral Pdx-hQdy; of sun. 
face; 323, 166; see also Integrals, 
surface. 

Indeterminate forms : 10, 8 ; 97, 47. 
Index (of a function) : 167, 77; 20S, 
exs. 11 and 12 ; 322, 164. 

Indicatrix: 601, 240 ff. 
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Infinite, definition of : 4. 

Infinite limits : see Integrals, improper. 
Infinite series: 1; 95, ftn.; JSS, 

91 j SJ37, 166; alternating; IS£, 

91 ; complex terms : S^O, 167 fi. ; 
constant terms : 167 f£. ; devel- 

opment in: 99,46; 99,48; 201^ 101; 
379, 177; 404, 189; ^il, 195; 41^, 
197; 422, 199; see also Taylor’s 
series, etc. ; differentiation of : 364, 
174 ; 3S0, 179; 405, 189 ; division of : 
392, 183 ; dominant : see Functions, 
dominant ; Fourier’s : 4IS, 197 ff. ; 
liarmonic ; 103, 49 ; 847, 165; of in- 
finite series : see Substitution of series 
and Double series; integration of: 
201, 101; 364, 174; 368, 174; Mc- 
Laurin’s: see McLaurin’s series; 
multiplication of: 331, 168; 379, 
178; positive terms: 2, 1; 329, 
167 ft. ; reversion of : 407, 190 ; 
substitution of: see Substitution of 
series; sum of; 99, ftn.; 329, 167; 
see also Convergence ; Taylor’s : see 
Taylor’s series ; trigonometric : 4il, 
196 ft. ; variable terms ; 360, 173 ; 
see also Double series, etc. 
Infinitely small quantity : i9, 14 ; see 
also Infinitesimal. 

Infinitesimal: 19, 14; 150, 72 ; 252, 
120. 

Integrable functions : see Functions. 
Integrals, Abelian : 215, 106; 221, 108; 
226, 110 ; differentiation of : see Dif- 
ferentiation of integrals; definite: 
149, 68 fii. ; see also Evaluation of 
integrals ; double : 250, 120 ff.; ellip- 
tic: 226, 110; 231, 112; 333,112; 
246, ex. 6; functions defined by: 
see Functions; byperelliptic : 226, 
110; improper: 175, 89; 179, 90; 
183, 91; 236, 140; 277, 133 ; 289, 
161; 359, 173 ; 339,176; indefinite: 
154, 76 ; 208, 103 ff. ; see also Func- 
tions, primitive, and, Evaluation of 
Integrals; integration of: see Inte- 
gration of integrals ; line : 184t 88 ; 
201, 102; 263, 126 ; 316, 162; 322, 
166 ; see also Differentials, total, and 


Integral Fdz + Qdy, <md Green’s 
theorem; logarithm : 245, 118 ; mul- 
tiple: 310, 160 ff.; 358, 171; 367, 
174; Pdz + Qd^t 316, mft.; 
pseudo-elliptic : 234, 118 ; 246, ex. 6 ; 
247, ex. 7 ; surface: 280, 138 ff. ; 322, 
165; triple: 296, 143; xd^ -^dz: 
189, 94; 191, 96; 206, ex. 14. 
Integraphs : 201, 102, 

Integration, of binomial differenlmk: 
224, 109; of integrals: 256, 123; 
mechanical: 201, 102; of series; 
201, 101; 364, 174; $68, 174; sec 
also Integrals. 

Interpolation : 198, 100. 

Interval: function defined in : 3,2; 7, 
6 ; of convergence : see Convergence. 
Intrinsic equations : see Equations. 
Invariants : 59, 30 ; 70, 37. 

Inverse functions : see Functiom 
Inversion, of functions: see Func- 
tions; transformation of: 66, 36; 
39,36. 

Involutes ; 4^2, 204; .^3,206; 4S0, 231. 
Involutions: 331,112; 33^113; 247, 
ex. 7. 

Involutory transformations: 39, 

78, 41 ; 79, 42. 

Jacobi: 22, ftn.; 33, ex. 5; 40, ftn.; 
68, ftn. 

Jacobians: see Functional ieterati- 
nauts. 

Jamet: 509, 248- 
Joaehimsthdl : 520, 260- 
Joachhnsthars theoren: 526, 260 
Jordan : 360, ftn. 


Kdvin, Lord: 85, eaL m 
Kejder i 400, 

Filer’s equation : 3#9f cx. 19; 
189. 

JToeii^s : 543 , ex. 14- 


tmranget 5, 6; 7,6; 29, 38; 44; 

198, 100; 374 , 181; #4» Ws 4^f 

212 . 

wnange’s fmnmfia {implied 

tinnal : 3i. ex 8 ; .^4^ 1^ » 
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(interpolation): m, 100; identity: 
m, 131. 

Zami: SO, ftn.; SS, 43; S^5, ex. 10, 

laplace: 73, 88; 84, ex. 8; 404, 189. 

Laplace’s equation : 73, 38. 

Zaugel: UO, ftn. 

Law of the mean, for deriTatives : 8, 
8; 11; j?6', ftn.; 48; 156,7q\ 

ms, 127 ; for integrals (1st law) : 161, 
74 ; 363, 121 ; for integrals (2d law) : 
161, 74; 306, ex. IS; generalizations: 
10,8; OS, 48; 386, 127. 

Zebeague: 4m, 109. 

Zegendre: 3$, ex. 9; 68, 36; 173, 88; 
m', 174; ^^.4, 184. 

Legendre’s polynomials : 3$, ex. 9 ; 
173, 88 ; 301, 101 ; formula ; 4$i^ 
203; integrals: 33$, 112; 366, 174; 
894i 184; transformation; 68, .36- 
77, 41. 

ZeOmiz i 7,8 ; 19, ; 37, 17 ; 39, 18. 

Leibniz’ formula : 37, 17. 

Lemniscate: 333, 108; 334, 112. 

Length : 161, 80 ; 104, 80 ; etc. 

Zie: 6S, ftn. 

Z'BoapUal, dai 10, 8. 

L’ Hospital, de, theorem: 10, 8. 

Limit: i, 1; a lower: I40, 68; an 
upper: 91, ftn.; I40, 62; greatest : 
see Greatest limit; of error; see 
Evaluation ; of integration : see In- 
tegrals; the lower: 143, 68; the 
upper: 141, 62. 

Line complexes ; see Complexes ; con- 
gruences: see Congruences; inte- 
grals : see Integrals. 

Line of curvature : see Curvature. 

Line of striction : see Striction. 

Linear transformations: see Trans- 
formations. 

Ziouville: 331, 111. 

Logarithm: 67, 28; 100, 49; 103, 49: 
383, 179. 

Loop-circuit: 319, 163. 

Zyon ; 484, ftn. 

Malm: 636, 267. 

Mains’ theorem : 636, 267. 

Mannheim : 496, exs. 7 and 11 ; S34, 262. 


Mansion : 307, ex. 24. 

Mass : 396, 143. 

Maximum : 5, 3 ; 116, 56 ff. ; 331, 120 ; 
see also Extremum. 

McLaurin’s series : 99, 48 ; 883, 1 79 : 
see also Taylor’s series. 

Mean, law of the : see Law. 

Mechanical quadrature : 301, 102. 

Mertens : 363, 168. 

Meuanierz 497, 239. 

Meusnier’s theorem : 497, 239. 

Minimum; s, 3; 116, 06; see also 
Extremum. 

Mobius’ strip ; 380, ftn, 

Monge: 39, 18 ; 44^ 24 ; 633, 261. 

Monotonically increasing functions : 
see Eunctions, monotonic. 

Multiple series: SIO, 160 ff., 368, 171; 
S67, 174. 

Multiplication of series : see Series. 

Murphy : $73, ex. 1. 

Newton : 19, ftn. 

Normal sections : 497, 239 ; 601, 240. 

Normals, congruence of; 633, 266; 
length of: $0, 19; plane curves: 30, 
19 ; principal (skew curves) : 471, 
226. 

Numbers, incommensurable: I43, ftn.; 
171, 87 ; 349, ex. 21; transcenden- 
tal: 171, 87. 

Order of contact : see Contact. 

Ordinary points : see Points. 

Orthogonal systems, of curves: 376, 
132; triple: 80, 43 ; 531, 251. 

Oscillation : I43, 69; 351, 129; 448, 213. 

Osculating plane: 453, 215 ; 465, 216; 
sphere : 493, 237. 

Osculation : 9$, 45 ; 448, 213 ; 463, 
216 ; 466, 216 ; 488, 286 ; 493, 237. 

Osgood: 63, ftn.; 151, ftn.; 369, ftn. 

Ostrogradsky : 309, ftn. 

Ostrogradsky’s theorem : 309, 149. 

JPainlev6 : 88, ex. 23. 

Parabola : 1S6, 64 ; 137, 66 ; 330, 107. 

Parabolic point : 600, 239 ; 530, 249. 

Paraboloid : 616, 246 ; 633, 261. 
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Parallel curves : ^07^ ex. 20 ; surfaces : 
<56', ex. 16. 

Parameter of distribution : 5^8^ 263 ; 
BSD, 264. 

Parameters, differential ^ see Differ- 
ential. 

Partial differential equations ; see 
PquationSy partial differential. 
Peano; -^56, ftn. 

Pedal curves: 6^, 36; ^07^ exa. 21 
and 22. 

PelZet: AU, ex. 11. 

Periodic functions : see Functions. 
Periods: 818^ 153. 

Picard: Sm, 164 ; 588^ 258. 
Planimeter: 801, 102. 

Foincar^: 886, 181. 

Point transformations : see Transfor- 
mations. 

Points, ordinary : 110, 63 ; 408, 192. 
Points, singular: 110, 53; 114, 64; 

819, 153 ; 408, 192 ; 409, ftn. 

Poisson : 804, ex. 6 ; 88B, ex. 8. 

Polar coordinates : see Coordinates. 
Polar line : 478, 227. 

Polar surface : .^75, 227 . 

Polynomials, continuity of : 5,3; rela- 
tively prime: 811, 104; 814y 104. 
Potential equation : see Laplace's equa- 
tion. 

Power series: 875, 177 ff. ; double: 
894, 186. 

Primitive functions : 189,671] 154^76] 
see also Integrals. 

Principal normals, tangents, etc. : see 
Normals, Tangents, etc. 

Pr ingsheim : 840, 162. 

Prismoid: 885, 138; 310, 150. 
Prismoidal formula : 885, 138. 
Projective transformations : see Trans- 
formations. 

Pseudo-elliptic integrals : see Integrals. 
Puisevjx : 484i 232. 

Quadrature : 134i 64 ; 135, 65 ; 160, 
78 ; see also Area, Integrals, etc. 
Quadrics, confocal: 583, 251. 

Quartic curves : 888, 108. 
quetelet: 585, 257. 


Jiaahe: 840, 163. 

Raabe’s test : 840, 163. 

Radius of curvature, of torsion: see 
Curvature, Torsion. 

Rational functions : see Functions. 
Reciprocal equations: see Equations; 
polars : see Transformations ; radii ; 
see Transformations. 

Rectification of curves : see Length. 
Reduction formulae: 808, 103 ; 810, 
104; 886, 110; 887, 110; 889, 115; 
^40, 116; 844, 118; 848, exs. 15, 
16, and 17 ; 849, ex. 21. 

Regression, edge of: 408, 221. 

Regular curves : see Curves. 

Remainder (Taylor’s series) : 90, 44 ; 
98, 48. 

Reversion of series : 407 , 190. 

Rlccati equations: 511, 244. 

Biemanni 140, ftn.; 309, ftn.; 347, 
165. 

Riemann’s theorem : 809, ftn. ; see also 
Green's theorem. 

Moberts: 894, ex. 10. 

Ptodriguesi 88, ex. 8 ; 517, 248. 
Rodrigues’ formula: 517, 248. 

Rolle’s theorem : 7, 7. 

Roots, existence of; 5, 3; 891, 142; 
881, 164; see also Functions, im- 
plicit, and D’Alembert’s theorem. 
Roulette : 807, ex. 23 ; 880, 107 ; 586, 
252. 

Bouquet : 495, ex. 4. 

Ruled surfaces : see Surfaces. 

Scheffer •• 185, 56. 

Schell : 495, ex. 7. 

Schwarz: 11, 9. 

Schwarzian : 88, ex. 22. 

Sequences: 887, 156 ; see also Infinite 
series. 

Series : see Infinite series, Taylor’s 
series. Double series, etc. 

Serret: 884, f^i*; 495, ex. 7. 

Serret’s curves : 884, fl^^* 

Simpson: 199, 100. 

Singular points: 110, 53; iu, 54; 

S19, 158; 40S, 192; 409, ftn. 
Sinistrorsal (skenv curve): 476, 228. 



548 


INDEX 


Skew curves : see Curves. 

Steiner : 307^ ex. 23. 

Stokes i 2S2, 136. 

Stokes’ theorem : 186. 

Striction, line of : 6^29^ 263. 

Sturm: 174'<i 

Sturm sequences : 17 4i 88. 

Subnormal: 30^ 19. 

Substitution of series : 338^ 182 ; 397, 
186 ; see also Double series. 
Substitutions : see Transformations. 
Subtangent : 30, 19. 

Surface integrals : see Integrals. 
Surfaces: 75, 39; 497, 239 ff.; ana- 
lytic : 410, 194 ff. ; apsidal : 86, ex. 

17 ; developable ; 79, 42 ; 461, 221 ; 
464, 222 ; 505, 241 ; focal : 531, 256 ; . 
parallel: 86, ex. 16; ruled : B85, 188; 
509,24,4] 526, 253; translation : 5X3, 
245 ; tubular : 324, 262 ; unilateral : 
280, 136; wave; 86, ex. 17. 

Tangential equations : 207, ex. 21. 
Tangents, asymptotic : 503, 240 ; con- 
jugate : 511, 246 ; length of : 30, 19 ; 
principal: 503, 240; stationary ; 457, 
217 ; to curves (plane ) : 5,5 \ 63, 32; 
92, 46 ; 97, 47 ; to curves (skew) : 5, 
6; 51, 27 ; to surfaces: Id, 12; 39, 
22 ; 76, 39 and ftn. 

Tannery: 358, ftn. 

Taylor’s series: ^9, 44ff.; 48fE.; 

171, 86 ; 197, 61 ; 384, 180 ; 396, 186. 
Tchebycheff: 257, 123. 

Term-by-term differentiation ; see Dif- 
ferentiation of series; integration: 
see Integration of series. 

Tests for convergence: see Conver- 
gence. 

Thompson, Sir Wm . ; see Kelvin, Lord. 
Tissot : 435, ex. 6. 

Torsion and Badius of torsion: 473 
and 474, 228. 

Total differentials : see Differentials. 


Tractrix; 44I, 209. 

Transcendental numbers : 171^ g 7 . 
Transformations, contact : 67, 36 • 77 
41 ; 78, 42 ; involutory : 69, 86 ; 78, 
41; T9, 42, linear : 59, 30 ; of coordi- 
nates: 65,34; 7'6‘, 40; etc.; of curves: 

dd, 86; of independent variable: 61, 

31 ; 70, 38 ; 74, 39 ; of integrals : see 
Change of variables ; point: 66, 35; 
dd, 36; 77, 40; projective: 66, 35; 
69, 87 ; reciprocal polars : 69, 36 ; 
78, 41 ; reciprocal radii : 66, 36 ; 69, 
36. 

Trigonometric functions: see Func- 
tions ; series : 41I, 196. 

Triple integrals ; see Integrals. 

Triply orthogonal systems : see Orthog- 
onal systems. 

Umbilics : 505, 241 ; 520, 249. 
Uniform curves, continuity, conver- 
gence, infinitesimal ; see Curves, 
Continuity, Convergence, Infinitesi- 
mal, etc. 

Unilateral surfaces: see Surfaces and 
Mbbius’ strip, 

Upper limit : see Limit. 

Value, absolute ; 5, 8 ; 375. 

Variable, complex : 375. 

Variations, calculus of : 257, 128. 
Viviani: 286, 189. 

Viviani’s formula : 286, 139. 

Volume: 254, 122 ; 284, 187; 325, ex. 8; 
326, ex. 13. 

WaUis: 24O, 116. 

Wallis’ formula: 240, 116. 

Wave surface : 86, ex. 17. 

Weierstrass: 6, 6; 153, 76 ; 200, ftn.; 

402, 87; 4^^, 199. 

Weierstrass’ theorems 422, 199. 

Zimei : 4O6, ftn. 



